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Many problems in differential equations can 
be reduced to questions about the zeros of 
some (possibly infinite dimensional) 
nonlinear function.  Examples include 
equilibrium solutions, periodic solutions, 
their attached invariant manifolds, 
connecting orbits, invariant tori, etcetera.  In 
many applications, especially when there are 
no small parameters, the resulting nonlinear 
equations are too difficult to solve by hand, 
and we resort to numerical simulations to 
better understand the problem.

The main question addressed in this 
workshop is this: suppose we have 
computed a good numerical approximation 
-- can we establish the existence of a true 
solution nearby?  Combining tools from 
functional analysis, complex analysis, 
numerical analysis, and interval computing, 
we see that for many of the problems 
mentioned above the answer is yes.  Over the 
three days we will give a broad and example 
driven overview of the field of validated 
numerics.
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McGill University
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Florida Atlantic University
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Formal Series Solutions: 
Initial Value Problems, 

Stable/Unstable Manifolds, 
And Automatic Differentiation
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Computer Assisted Validation

Thm: (Devaney) suppose that f : R4 ! R4 is a Hamiltonian
vector field, with a saddle-focus equilibrium.

If there exists

transverse (relative to the energy section) homoclinic orbit

then f admits a chaotic horseshoe (near the homoclinic).

Thm: (Henard) suppose that f : R4 ! R4is a Hamiltonian
vector field, with a saddle-focus equilibrium. If there exists

transverse (relative to the energy section) homoclinic orbit

then there is a cylinder of periodic orbits, parameterized by

energy, accumulating to the homoclinic.

(Blue sky catastrophe)
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Computer Assisted Validation

Thm: (S. Kepley, MJ) the CRFBP with mass parameters m1 = 0.5,m2 = 0.3

and m3 = 0.2 has a transverse homoclinic orbit to a saddle-focus equilibrium.

The proof is with substantial computer assistance.

Prove the existence (with bounds) of a saddle focus equilibrium.

Validated numerics for the stable/unstable manifolds.

Prove that the stable/unstable manifolds intersect transversally.

representations of them.

Before we can validate these objects we must compute good

As J.P showed yesterday, Taylor series

are well suited for computer assisted proof.

(to appear in JDE)
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Initial Value Problems

Then (f · g)(z) =
1X

n=0

(a ⇤ b)nzn
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Initial Value Problems
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Initial Value Problems
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Initial Value Problems

�0 = x0
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Initial Value Problems

See the Bibliography of my first day lecture.

Powerful software for rigorous Taylor integration is found at:

http://capd.ii.uj.edu.pl/

• Maciej Capinski, Faculty of Applied Mathematics, AGH University of Science and Technology, Krakow, Poland 

• Jacek Cyranka, Faculty of Mathematics and Computer Science, Jagiellonian University, Kraków, Poland 

• Zbigniew Galias, Department of Electrical Engineering, AGH University of Science and Technology, Kraków, Poland 

• Tomasz Kapela, Division of Computational Mathematics, Jagiellonian University, Kraków, Poland 

• Marian Mrozek, Division of Computational Mathematics, Jagiellonian University, Kraków, Poland 

• Paweł Pilarczyk, Institute of Science and Technology Austria, Klosterneuburg, Austria 

• Daniel Wilczak, Division of Computational Mathematics, Jagiellonian University, Kraków, Poland 

• Piotr Zgliczyński, Division of Computational Mathematics, Jagiellonian University, Kraków, Poland 

• Marcin Żelawski, Division of Computational Mathematics, Jagiellonian University, Kraków, Poland 

http://wms.mat.agh.edu.pl/~mcapinsk/home.html
http://www.ii.uj.edu.pl/~cyranka
http://www.zet.agh.edu.pl/~galias/
http://www.ap.krakow.pl/~tkapela/
http://www.ii.uj.edu.pl/~mrozek
http://www.pawelpilarczyk.com/
http://www.ii.uj.edu.pl/~wilczak
http://www.ii.uj.edu.pl/~zgliczyn
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Initial Value Problems

=
1X

n=0

 
�an + ✏

nX

k=0

an�kak
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Example:

x

0 = �x+ ✏x

2
x(0) = x0

x(t) =
1X

n=0

ant
n

a0 = x0

x

0(t) =
1X

n=0

(n+ 1)an+1t
n

�x(t) + ✏x(t)2 = �
1X

n=0
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Initial Value Problems

Example:Example:

x

0 = �x+ ✏x

2
x(0) = x0

x(t) =
1X

n=0

ant
n

a0 = x0

(n+ 1)an+1 = �an + ✏
nX

k=0

an�kak

an+1 =
1

n+ 1

 
�an + ✏

nX

k=0

an�kak

!

an =
1

n
(�an�1 + ✏(a ⇤ a)n�1)
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Initial Value Problems

Example:

Algorithm:

end

an =
1

n
(�an�1 + ✏(a ⇤ a)n�1)
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Initial Value Problems

Example:

Consider

�(x0 + x, t) =
1X

m=0

1X

n=0

amnx
m
t

n

So that

�(x0 + x, 0) ⇢ [x0 � s, x0 + s]

x 2 [�1, 1]

Example:Example:

x

0 = �x+ ✏x

2
x(0) = x0

am0 =

8
><

>:

x0 if m = 0

s if m = 1

0 if m � 2
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Initial Value Problems

Example:Example:Example:Example:

x

0 = �x+ ✏x

2
x(0) = x0

@

@t

�(x0 + x, t) =
1X

m=0

1X

n=0

(n+ 1)amn+1x
m
t

n

F (�(x0 + x, t)) =
1X

m=0

1X

n=0

(�amn + ✏(a ⇤ a)mn)x
m
t

n
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Initial Value Problems

Example:Example:

x

0 = �x+ ✏x

2
x(0) = x0

(n+ 1)amn+1 = �amn + ✏(a ⇤ a)mn

amn =
1

n
(�amn�1 + ✏(a ⇤ a)mn�1)

am0 =

8
><

>:

x0 if m = 0

s if m = 1

0 if m � 2

n � 1, m � 0
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Initial Value Problems

Rn
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Initial Value Problems

Rn
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Initial Value Problems

Example:

F (x, y, z) =

0

@
�y � �x

⇢x� y � xz

��z + xy

1

A

Consider a “material line”

� : [�1, 1] ! R3
with power series

�(s) =
1X

m=0

0

@
am
bm
cm

1

A sm h�0
(s), f(�(s)i 6= 0 for all s 2 [�1, 1]

�(�(s), t) = �(s, t) =
1X

m=0

1X

n=0

0

@
amn

bmn

cmn

1

A smtn
0

@
am0

bm0

cm0

1

A =

0

@
am
bm
cm

1

A m � 0
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Initial Value Problems

Example:

F (x, y, z) =

0

@
�y � �x

⇢x� y � xz

��z + xy

1

A

@

@t
�(s, t) =

1X

m=0

1X

n=0

(n+ 1)

0

@
amn+1

bmn+1

cmn+1

1

A smtn

F (�(s, t)) =
1X

m=0

1X

n=0

0

@
�bmn � �amn

⇢amn � bmn � (a ⇤ c)mn

��cmn + (a ⇤ b)mn

1

A smtn
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Initial Value Problems

Example:

F (x, y, z) =

0

@
�y � �x

⇢x� y � xz

��z + xy

1

A

(n+ 1)

0

@
amn+1

bmn+1

cmn+1

1

A =

0

@
�bmn � �amn

⇢amn � bmn � (a ⇤ c)mn

��cmn + (a ⇤ b)mn

1

A

0

@
amn

bmn

cmn

1

A =
1

n

0

@
�bmn�1 � �amn�1

⇢amn�1 � bmn�1 � (a ⇤ c)mn�1

��cmn�1 + (a ⇤ b)mn�1

1

A

n � 1, m � 0.

0

@
am0

bm0

cm0

1

A =

0

@
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bm
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1
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Initial Value Problems

Example:
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Initial Value Problems

Example:

See: 
SIAM J. Appl. Dyn. Syst., 17(1), 157–202. (46 pages) 

Analytic Continuation of Local (Un)Stable Manifolds with Rigorous Computer Assisted Error Bounds 
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The Parameterization Method
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The Parameterization Method

Let F : RN ! RN
be a vector field

and p0 be an equilibrium point.

Suppose that DF (p0) is diagonalizable with stable eigenvalues

�1, . . . ,�m 2 C

We would like to find a parameterization P : Bm ! RN having that

P (0) = p0 P (Bm) ⇢ W s(p0)and that

that is: P should parameterize a local stable manifold attached to p0.

We use the parameterization method ...

Cabré, Fontich, and de la Llave

(See the bibliography at the end of these slides)
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The Parameterization Method

= F (P (�))

RN

m� stable eigenvalues

p0
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The Parameterization Method

P (0) = p0



The Parameterization Method

CiAP in Nonlinear Dynamics                                                                                                 Introduction and the method of radii polynomials

P

P
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The Parameterization Method

(or t  0 in the unstable case)
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The Parameterization Method
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The Parameterization Method
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The Parameterization Method

Example:

F (x, y, z) =

0

@
�y � �x

⇢x� y � xz

��z + xy

1

A

invariance equation is

For a one dimensional stable/unstable manifold

��
d

d�
P (�) = F (P (�))

Look for a solution
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The Parameterization Method

Example:

F (x, y, z) =

0

@
�y � �x

⇢x� y � xz

��z + xy

1

A
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The Parameterization Method

Example:

F (x, y, z) =

0

@
�y � �x

⇢x� y � xz

��z + xy

1

A

Need to extract terms of order n from the convolutions.
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The Parameterization Method

Example:
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The Parameterization Method

Example:



CiAP in Nonlinear Dynamics                                                                                                 Introduction and the method of radii polynomials

The Parameterization Method

Example:
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The Parameterization Method

as n� is not an eigenvalue.

So the parameterization is formally well defined.

For n = 2 to n = N

end

Solve

Store pn

Example:

Algorithm:
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The Parameterization Method

Example:
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The Parameterization Method

F (x, y, z) =

0

@
�y � �x

⇢x� y � xz

��z + xy

1

A

Look for a solution

Example:
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The Parameterization Method

Example:



CiAP in Nonlinear Dynamics                                                                                                 Introduction and the method of radii polynomials

The Parameterization Method

Example:



The Parameterization Method

Example:
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Chart maps and atlases
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Chart maps and atlases
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Example:

See: 
SIAM J. Appl. Dyn. Syst., 17(1), 157–202. (46 pages) 

Analytic Continuation of Local (Un)Stable Manifolds with Rigorous Computer Assisted Error Bounds 



Chart maps and atlases
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Example:



Chart maps and atlases
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Automatic Differentiation
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Automatic Differentiation

Example:
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Automatic Differentiation

Example:
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Automatic Differentiation
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Automatic Differentiation
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Automatic Differentiation

Example:
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m1 +m2 +m3 = 1

The CRFBP
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The CRFBP
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The CRFBP
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The CRFBP
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The CRFBP
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The CRFBP
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The CRFBP
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The CRFBP
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The CRFBP
Parameterized to order 45
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The CRFBP
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The CRFBP

T = ±0.25

30 initial boundary arcs

L0
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The CRFBP T = ±0.75

L0
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The CRFBP T = ±1

L0
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The CRFBP
T = ±1.25

L0
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The CRFBP T = ±1.5

L0
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The CRFBP T = ±2.5

L0
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The CRFBP

T = ±4
20 - space 40 - time
9372 stable charts
9295 unstable charts
run time 60.8 minutes
speed threshold 3

L0



The CRFBP
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30 initial boundary arcs

T = ±0.5

L5



The CRFBP
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T = ±0.75

L5



The CRFBP
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T = ±1.15

L5



The CRFBP
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T = ±1.5

L5



The CRFBP
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T = ±2

L5



The CRFBP
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T = ±3

L5



The CRFBP
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T = ±4

L5

20 - space 40 - time

speed threshold 3

4983 stable charts
4751 stable charts
run time 53 minutes
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The CRFBP
Looking for intersections
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The CRFBP



CiAP in Nonlinear Dynamics                                                                                                 Introduction and the method of radii polynomials

The CRFBP

23 homoclinic connections at L542 homoclinic connections at L0
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The CRFBP

Shortest connections at L0

Basic “letters in the alphabet”
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The CRFBP
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The CRFBP
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The CRFBP
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The CRFBP
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The CRFBP

Basic “letters in the alphabet”

Shortest connections at L5



CiAP in Nonlinear Dynamics                                                                                                 Introduction and the method of radii polynomials

The CRFBP
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The CRFBP
Continuation at L0
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The CRFBP
Continuation at L5
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The CRFBP

Question: how to validate these results?



CiAP in Nonlinear Dynamics                                                                                                 Introduction and the method of radii polynomials

Bibliography

References Cited

[1] Sigurd Angenent and Robertus van der Vorst. A superquadratic indefinite elliptic system and its
Morse-Conley-Floer homology. Math. Z., 231(2):203–248, 1999.

[2] A. Apte, A. Wurm, and P. J. Morrison. Renormalization and destruction of 1/�2 tori in the standard
notwist map. Chaos, 13(2):421–433, 2003.

[3] Gianni Arioli and Hans Koch. The critical renormalization fixed point for commuting pairs of area-
preserving maps. Comm. Math. Phys., 295(2):415–429, 2010.

[4] W.-J. Beyn. The numerical computation of connecting orbits in dynamical systems. IMA J. Numer.
Anal., 10(3):379–405, 1990.

[5] Carlo Boldrighini, Dong Li, and Yakov G. Sinai. Complex singular solutions of the 3-d Navier-Stokes
equations and related real solutions. J. Stat. Phys., 167(1):1–13, 2017.

[6] Raoul Bott. Morse theory indomitable. Inst. Hautes Études Sci. Publ. Math., (68):99–114 (1989),
1988.

[7] Maxime Breden, Jean-Philippe Lessard, and Jason D. Mireles James. Computation of maximal local
(un)stable manifold patches by the parameterization method. Indag. Math. (N.S.), 27(1):340–367,
2016.
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Definition B.4 (Conjugating covering map for the local unstable manifold of a
periodic orbit). We say that a smooth map P : [0, 2T ] ⇥ B

m ! X is a conjugating
covering map for W

u

loc(�) if

P (✓, 0) = �(✓),
@

@�

j
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j

(✓), (42)

for all 1  j  m, and
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), (43)

for all t � 0 such that
(e�

1

t

�1, . . . , e
�

m

t

�

m

) 2 B

m

.

If P is a conjugating covering map in the sense of Definition B.4 then the image
of P is a local unstable manifold for �. Justification of this claim is almost identical
to the argument given after Lemma B.2. A computationally convenient equivalent
condition is given in the next proposition, which forms the core of the parameteri-
zation method for periodic orbits of di↵erential equations. The proof for the case of
finite dimensional vector fields is found in [11], and can be adapted to the present
case of an unbounded ordinary di↵erential equation densely defined on a Banach
space.

Proposition 2 (Invariance equation: local unstable manifold for a periodic orbit).
A smooth function P : [0, 2T ] ⇥ B

m ! X is a conjugating covering map for a local
unstable manifold if and only if P satisfies the linear constraints of equation (42)
and P solves the partial di↵erential equation

F [P (✓,�)] =
@

@✓

P (✓,�) + �1�1
@

@�1
P (✓,�) + . . . + �

m

�

m

@

@�

m

P (✓,�), (44)

for all ✓ 2 [0, 2T ] and all � 2 B

m.

Remark 14 (A-priori existence). One could establish a-priori existence for the
periodic case in a manner similar to that discussed in Remark 13. The result is that
a solution of equation (44) exists and is unique (up to the scalings of the unstable
vector bundles) as long as the non-resonance condition

↵1�1 + . . . + ↵

m

�

m

6= �

j

, for all ↵ 2 Nm

0 , and each 1  j  m,

holds between the Floquet exponents. Note that this is exactly the same notion
of non-resonance which appears in the equilibrium case (see Definition B.3) except
with unstable eigenvalues replaced by unstable Floquet exponents. It also parallels the
situation encountered when parameterizing local stable/unstable manifolds attached
to periodic orbits of finite dimensional ODEs. See [6, 37, 25, 11, 12] for further
discussion.
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In practice the high-order parameterizations developed here are often “global enough” to
uncover homoclinic connections. This suggests that the method could be helpful in computer-
assisted existence proofs, a topic which will be the object of future study. Indeed, it seems pos-
sible to combine the techniques of [32] with the recent work of [20, 43] and the
parameterization method of the present study to obtain computer-assisted proofs of homoclinic
and heteroclinic connecting dynamics for infinite-dimensional systems. Another interesting
project would be to apply the methods of the present work to the di�cult stable/unstable
manifold computations of the period five point discussed in [7]. Unfortunately, the explicit
form of the map used for that study is not given in the reference (however, the authors remark
that the map is an 11th-order polynomial, a fact which suggests that the multiple-shooting
approach of the present work could be a great help).

Another interesting direction of future research would be to apply rigorous globalization
methods such as those of [66, 78] to grow the local manifolds studied here. This could lead to
a better understanding of the connecting orbit structure and topological entropy for discrete
time systems.
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read the submitted version of the manuscript for making a number of helpful suggestions. The
final version is much improved thanks to their e↵orts.

REFERENCES

[1] P. Aguirre, E. J. Doedel, B. Krauskopf, and H. M. Osinga, Investigating the consequences of global
bifurcations for two-dimensional invariant manifolds of vector fields, Discrete Contin. Dyn. Syst. Ser.
A, 29 (2011), pp. 1309–1344, https://doi.org/10.3934/dcds.2011.29.1309.

[2] P. Aguirre, B. Krauskopf, and H. M. Osinga, Global invariant manifolds near a Shilnikov homoclinic
bifurcation, J. Comput. Dyn., 1 (2014), pp. 1–38, https://doi.org/10.3934/jcd.2014.1.1.
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20. Jaime Burgos-Garćıa. Families of periodic orbits in the planar Hill’s four-body problem.
Astrophys. Space Sci., 361(11):Paper No. 353, 21, 2016.

21. Jaime Burgos-Garcia and Abimael Bengochea. Horseshoe orbits in the restricted four-body
problem. Astrophys. Space Sci., 362(11):Paper No. 212, 14, 2017.
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30. J. Burgos-Garćıa. Órbitas periodicas en el problema restringido de cuatro cuerpos. PhD
thesis, UAM-I, 2013.
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In practice the high-order parameterizations developed here are often “global enough” to
uncover homoclinic connections. This suggests that the method could be helpful in computer-
assisted existence proofs, a topic which will be the object of future study. Indeed, it seems pos-
sible to combine the techniques of [32] with the recent work of [20, 43] and the
parameterization method of the present study to obtain computer-assisted proofs of homoclinic
and heteroclinic connecting dynamics for infinite-dimensional systems. Another interesting
project would be to apply the methods of the present work to the di�cult stable/unstable
manifold computations of the period five point discussed in [7]. Unfortunately, the explicit
form of the map used for that study is not given in the reference (however, the authors remark
that the map is an 11th-order polynomial, a fact which suggests that the multiple-shooting
approach of the present work could be a great help).

Another interesting direction of future research would be to apply rigorous globalization
methods such as those of [66, 78] to grow the local manifolds studied here. This could lead to
a better understanding of the connecting orbit structure and topological entropy for discrete
time systems.
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[11] M. Bücker, G. Corliss, U. Naumann, P. Hovland, and B. Norris, eds., Automatic Di↵erentiation:
Applications, Theory, and Implementations, Lecture Notes in Comput. Sci. Eng. 50, Springer-Verlag,
Berlin, 2006, https://doi.org/10.1007/3-540-28438-9.
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[15] M. J. Capiński and J. D. Mireles James, Validated computation of heteroclinic sets, SIAM J. Appl.
Dyn. Syst., 16 (2017), pp. 375–409, https://doi.org/10.1137/16M1060674.

[16] B. V. Chirikov, A universal instability of many-dimensional oscillator systems, Phys. Rep., 52 (1979),
pp. 263–379, https://doi.org/10.1016/0370-1573(79)90023-1.

[17] J. L. Creaser, B. Krauskopf, and H. M. Osinga, ↵-flips and T-points in the Lorenz system, Non-
linearity, 28 (2015), pp. R39–R65, https://doi.org/10.1088/0951-7715/28/3/R39.

[18] S. Day, R. Frongillo, and R. Treviño, Algorithms for rigorous entropy bounds and symbolic dynamics,
SIAM J. Appl. Dyn. Syst., 7 (2008), pp. 1477–1506, https://doi.org/10.1137/070688080.

[19] S. Day and W. D. Kalies, Rigorous computation of the global dynamics of integrodi↵erence equations
with smooth nonlinearities, SIAM J. Numer. Anal., 51 (2013), pp. 2957–2983, https://doi.org/10.
1137/120903129.

[20] R. de la Llave and J. Mireles James, Parameterization of invariant manifolds by reducibility
for volume preserving and symplectic maps, Discrete Contin. Dyn. Syst. Ser. A, 32 (2012), pp.
4321–4360, https://doi.org/10.3934/dcds.2012.32.4321.

[21] M. Dellnitz and A. Hohmann, A subdivision algorithm for the computation of unstable manifolds and
global attractors, Numer. Math., 75 (1997), pp. 293–317, https://doi.org/10.1007/s002110050240.

[22] M. Dellnitz, O. Junge, W. S. Koon, F. Lekien, M. W. Lo, J. E. Marsden, K. Padberg, R. Preis,
S. D. Ross, and B. Thiere, Transport in dynamical astronomy and multibody problems, Internat. J.
Bifur. Chaos Appl. Sci. Engrg., 15 (2005), pp. 699–727, https://doi.org/10.1142/S0218127405012545.

[23] A. Delshams, M. Gidea, R. de la Llave, and T. M. Seara, Geometric approaches to the problem of
instability in Hamiltonian systems. An informal presentation, in Hamiltonian Dynamical Systems and
Applications, NATO Sci. Peace Secur. Ser. B Phys. Biophys., Springer, Dordrecht, 2008, pp. 285–336,
https://doi.org/10.1007/978-1-4020-6964-2 13.

[24] A. Delshams, M. Gidea, and P. Roldán, Transition map and shadowing lemma for normally hyperbolic
invariant manifolds, Discrete Contin. Dyn. Syst., 33 (2013), pp. 1089–1112.

[25] E. J. Doedel, Lecture notes on numerical analysis of bifurcation problems, in International Course on
Bifurcations and Stability in Structural Engineering, Université Pierre et Marie Curie (Paris VI),
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25 (1981), pp. 757–769, https://doi.org/10.1007/BF01022365.

[31] M. J. Friedman and E. J. Doedel, Numerical computation and continuation of invariant manifolds
connecting fixed points, SIAM J. Numer. Anal., 28 (1991), pp. 789–808, https://doi.org/10.1137/
0728042.
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[41] M. Hénon, A two-dimensional mapping with a strange attractor, Comm. Math. Phys., 50 (1976),
pp. 69–77.

[42] S. Hittmeyer, B. Krauskopf, and H. M. Osinga, Interactions of the Julia set with critical and
(un)stable sets in an angle-doubling map on C\{0}, Internat. J. Bifur. Chaos Appl. Sci. Engrg., 25
(2015), 1530013, https://doi.org/10.1142/S021812741530013X.

[43] J. D. M. James, Fourier–Taylor approximation of unstable manifolds for compact maps: Numerical
implementation and computer assisted error bounds, Found. Comput. Math., 2016, pp. 1–57 https:
//doi.org/10.1-007/s10208-016-9325-9.

[44] T. Johnson and W. Tucker, A note on the convergence of parametrised nonresonant invariant mani-
folds, Qual. Theory Dyn. Syst., 10 (2011), pp. 107–121, https://doi.org/10.1007/s12346-011-0040-2.
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[53] H. E. Lomeĺı, J. D. Meiss, and K. E. Lenz, Quadratic volume preserving maps: An exten-
sion of a result of Moser, Regul. Chaotic Dyn., 3 (1998), pp. 122–131, https://doi.org/10.1070/
rd1998v003n03ABEH000085.
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[55] H. E. Lomeĺı and J. D. Meiss, Heteroclinic intersections between invariant circles of volume-preserving
maps, Nonlinearity, 16 (2003), pp. 1573–1595, https://doi.org/10.1088/0951-7715/16/5/302.
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[57] H. E. Lomeĺı, J. D. Meiss, and R. Raḿırez-Ros, Canonical Melnikov theory for di↵eomorphisms,
Nonlinearity, 21 (2008), pp. 485–508, https://doi.org/10.1088/0951-7715/21/3/007.



CiAP in Nonlinear Dynamics                                                                                                 Introduction and the method of radii polynomials

References Cited

[1] Sigurd Angenent and Robertus van der Vorst. A superquadratic indefinite elliptic system and its
Morse-Conley-Floer homology. Math. Z., 231(2):203–248, 1999.

[2] A. Apte, A. Wurm, and P. J. Morrison. Renormalization and destruction of 1/�2 tori in the standard
notwist map. Chaos, 13(2):421–433, 2003.

[3] Gianni Arioli and Hans Koch. The critical renormalization fixed point for commuting pairs of area-
preserving maps. Comm. Math. Phys., 295(2):415–429, 2010.

[4] W.-J. Beyn. The numerical computation of connecting orbits in dynamical systems. IMA J. Numer.
Anal., 10(3):379–405, 1990.

[5] Carlo Boldrighini, Dong Li, and Yakov G. Sinai. Complex singular solutions of the 3-d Navier-Stokes
equations and related real solutions. J. Stat. Phys., 167(1):1–13, 2017.

[6] Raoul Bott. Morse theory indomitable. Inst. Hautes Études Sci. Publ. Math., (68):99–114 (1989),
1988.

[7] Maxime Breden, Jean-Philippe Lessard, and Jason D. Mireles James. Computation of maximal local
(un)stable manifold patches by the parameterization method. Indag. Math. (N.S.), 27(1):340–367,
2016.
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31. Ariadna Farrés and Àngel Jorba. On the high order approximation of the centre manifold
for ODEs. Discrete Contin. Dyn. Syst. Ser. B, 14(3):977–1000, 2010.

32. H. B. Keller. Lectures on numerical methods in bifurcation problems, volume 79 of Tata
Institute of Fundamental Research Lectures on Mathematics and Physics. Published for
the Tata Institute of Fundamental Research, Bombay, 1987. With notes by A. K. Nan-
dakumaran and Mythily Ramaswamy.
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2000.

[26] E. J. Doedel and M. J. Friedman, Numerical computation of heteroclinic orbits, J. Comput. Appl.
Math., 26 (1989), pp. 155–170, https://doi.org/10.1016/0377-0427(89)90153-2.

[27] E. J. Doedel, B. Krauskopf, and H. M. Osinga, Global invariant manifolds in the transition to
preturbulence in the Lorenz system, Indag. Math. (N.S.), 22 (2011), pp. 222–240, https://doi.org/10.
1016/j.indag.2011.10.007.

[28] A. Douady and J. H. Hubbard, Étude dynamique des polynômes complexes, Pub. Math. d’Orsay 84,
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[62] Hans Koch and Saša Kocić. Renormalization of vector fields and Diophantine invariant tori. Ergodic
Theory Dynam. Systems, 28(5):1559–1585, 2008.

[63] Oscar E. Lanford, III. A computer-assisted proof of the Feigenbaum conjectures. Bull. Amer. Math.
Soc. (N.S.), 6(3):427–434, 1982.

[64] Oscar E. Lanford, III. A shorter proof of the existence of the Feigenbaum fixed point. Comm. Math.
Phys., 96(4):521–538, 1984.

[65] F Laudenbach. Homologie de morse dans la perspective de l’homologie de floer. Mini-cours dans le
cadre de la rencontre GIRAGA XIII, Yaoundé, septembre 2010.
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[30] À. Haro and R. de la Llave, A parameterization method for the computation of invariant
tori and their whiskers in quasi-periodic maps: numerical algorithms, Discrete Contin. Dyn.

Syst. Ser. B, 6 (2006), 1261–1300 (electronic), URL http://dx.doi.org.proxy.libraries.

rutgers.edu/10.3934/dcdsb.2006.6.1261.
[31] A. Haro and R. de la Llave, A parameterization method for the computation of invariant

tori and their whiskers in quasi-periodic maps: rigorous results, J. Di↵erential Equations,
228 (2006), 530–579, URL http://dx.doi.org.proxy.libraries.rutgers.edu/10.1016/j.

jde.2005.10.005.
[32] A. Haro and R. de la Llave, A parameterization method for the computation of invariant tori

and their whiskers in quasi-periodic maps: explorations and mechanisms for the breakdown
of hyperbolicity, SIAM J. Appl. Dyn. Syst., 6 (2007), 142–207 (electronic), URL http://dx.

doi.org.proxy.libraries.rutgers.edu/10.1137/050637327.
[33] F. Hartung, T. Krisztin, H.-O. Walther and J. Wu, Functional di↵erential equations with

state-dependent delays: theory and applications, in Handbook of di↵erential equations: or-

dinary di↵erential equations. Vol. III, Handb. Di↵er. Equ., Elsevier/North-Holland, Amster-
dam, 2006, 435–545, URL http://dx.doi.org/10.1016/S1874-5725(06)80009-X.

[34] X. He and R. de la Llave, Construction of quasi-periodic solutions of state-dependent delay
diferential equations by the parameterization method I: finitely di↵erentiable, hyperbolic case,
Journal of Dynamics and Di↵erential Equations (2016) URL https://www.ma.utexas.edu/

mp_arc/c/15/15-105.pdf.
[35] X. He and R. de la Llave, Construction of quasi-periodic solutions of state-dependent delay

di↵erential equations by the parameterization method II: Analytic case, Journal of Di↵eren-

tial Equations, 261 (2016), 2068 –2108, URL https://doi.org/10.1016/j.jde.2016.04.024.
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In practice the high-order parameterizations developed here are often “global enough” to
uncover homoclinic connections. This suggests that the method could be helpful in computer-
assisted existence proofs, a topic which will be the object of future study. Indeed, it seems pos-
sible to combine the techniques of [32] with the recent work of [20, 43] and the
parameterization method of the present study to obtain computer-assisted proofs of homoclinic
and heteroclinic connecting dynamics for infinite-dimensional systems. Another interesting
project would be to apply the methods of the present work to the di�cult stable/unstable
manifold computations of the period five point discussed in [7]. Unfortunately, the explicit
form of the map used for that study is not given in the reference (however, the authors remark
that the map is an 11th-order polynomial, a fact which suggests that the multiple-shooting
approach of the present work could be a great help).

Another interesting direction of future research would be to apply rigorous globalization
methods such as those of [66, 78] to grow the local manifolds studied here. This could lead to
a better understanding of the connecting orbit structure and topological entropy for discrete
time systems.
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Using the recursion given in Equation (25) we can compute the formal series coe�cients for Q for the cost of a Cauchy
product.
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15. L.P. Shilńikov. A contribution to the problem of the structure of an extended neighborhood of a rough equilibrium

state of saddle-focus type. Mathematics of the USSR-Sbornik, 10(1):91, 1970.
16. L. P. Silnikov. Existence of a countable set of periodic motions in a four-dimensional space in an extended neighborhood

of a saddle-focus. Dokl. Akad. Nauk SSSR, 172:54–57, 1967.
17. P. Pedersen. Librationspunkte im restringierten vierkörperproblem. Dan. Mat. Fys. Medd., 21(6), 1944.
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Finally we recall Equations (16), (17), and (18) as well as the fact that � = 0 and have
that

u̇2 = 2u4 + u1 �m1u1u
3
7 �m2u1u

3
8 �m3u1u

3
9 +m1x1u

3
7 +m2x2u

3
8 +m3x3u

3
9

= 2u4 + u1 �m1(u1 � x1)u
3
7 �m2(u1 � x2)u

3
8 �m3(u1 � x3)u

3
9

= 2u4 + u1 �
m1(u1 � x1)

((u1(t)� x1)2 + (u3(t)� y1)2 + u5(t)2)
3/2

�
m2(u1 � x2)

((u1(t)� x2)2 + (u3(t)� y2)2 + u5(t)2)
3/2

�
m3(u1 � x3)

((u1(t)� x3)2 + (u3(t)� y3)2 + u5(t)2)
3/2

= 2u4 +⌦
x

A similar computation shows that

u̇4 = �2u2 +⌦
y

,

and that
u̇6 = ⌦

z

.

Then �̂(t)
def
= (u1(t), u2(t), u3(t), u4(t), u5(t), u6(t)) is a periodic solution of the circular re-

stricted four body problem as desired.
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[33] G. Gómez, W. S. Koon, M. W. Lo, J. E. Marsden, J. Masdemont, and S. D. Ross, Connecting
orbits and invariant manifolds in the spatial restricted three-body problem, Nonlinearity, 17 (2004),
pp. 1571–1606, https://doi.org/10.1088/0951-7715/17/5/002.

[34] J. Gonzalez and J. D. Mireles James, High-Order Parameterization of Stable/Unstable Mani-
folds for Long Periodic Orbits of Maps, preprint, 2017, http://cosweb1.fau.edu/⇠jmirelesjames/
periodicParmManifoldPage.html.


