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Many problems in differential equations can 
be reduced to questions about the zeros of 
some (possibly infinite dimensional) 
nonlinear function.  Examples include 
equilibrium solutions, periodic solutions, 
their attached invariant manifolds, 
connecting orbits, invariant tori, etcetera.  In 
many applications, especially when there are 
no small parameters, the resulting nonlinear 
equations are too difficult to solve by hand, 
and we resort to numerical simulations to 
better understand the problem.

The main question addressed in this 
workshop is this: suppose we have 
computed a good numerical approximation 
-- can we establish the existence of a true 
solution nearby?  Combining tools from 
functional analysis, complex analysis, 
numerical analysis, and interval computing, 
we see that for many of the problems 
mentioned above the answer is yes.  Over the 
three days we will give a broad and example 
driven overview of the field of validated 
numerics.
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Nonlinear Equations

We are interested in solutions of the equation

F (x) = 0

Let X,Y be Banach spaces, and F : X ! Y
a continuous (or better yet smooth) map.

In many cases there are powerful numerical methods

for finding approximate solutions.
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Nonlinear Equations

Main Question: given a “good enough” approximate

solution x̄ 2 X with F (x̄) ⇡ 0,

can we conclude that

there exists a unique true solution “nearby”?

The answer is often “yes”, depending on X, Y , F , and x̄.

Requires making precise terms “good enough” and “nearby”.

Consider the situation in one dimension...

A theorem answering the main question is called an

a-posteriori existence theorem.
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Nonlinear Equations

Newton’s method
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Theorem (a-priori analysis of Newton):

Suppose that f is

C

2
. Assume that f(x̃) = 0, and that f 0(x̃) 6= 0.

has,

Then there

exists an ✏ > 0

the Newton

sequence initialized with

so that for all a 2 (x̃� ✏, x̃+ ✏)

x0 = a

lim
n!1

xn = x̃.

Moreover,

|xn+1 � x̃|  C|xn � x̃|2

If f is C2
then Newton is appropriate – converges rapidly.

What about an a-posteriori result?

Should be possible...

Nonlinear Equations
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Should be possible...

Nonlinear Equations
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Nonlinear Equations

To generalize this argument to higher (infinite) dimensions

we need the contraction mapping theorem.

Thm:
suppose that X is a complete metric space and that

f : X ! X is a contraction mapping.

Then f has a unique

fixed point in X.

A little background:

Def: Let X be a metric space and f : X ! X be a map.
Suppose there is a 0   < 1 so that

d(f(x), f(y)) < d(x, y)

We call f a contraction on X.
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Nonlinear Equations

If X is a Banach space and B ⇢ X is closed then B

is a complete metric space with the metric space.

,

In a Banach space the contraction condition is

kf(x)� f(y)kX < kx� ykX
for some 0   < 1.

A little background:
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Nonlinear Equations

Recall that F : X ! Y with X,Y Banach spaces, is Fréchet

A : X ! Y having that
di↵erentiable at x0 2 X, if there

exists a bounded linear

operator

lim
h!0

kF (x0 + h)� F (x0)�AhkY
khkX

= 0.

Such an operator, if it exists, is unique. We write

DF (x0) := A

and call this the derivative of F at x0.

A little background:
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Nonlinear Equations

Banach spaces lets us define second derivatives the same way.

Thinking of DF (x) : X ! B(X,Y ) as a map between

Banach space B(X,Y ). We say that F 2 C1(X,Y )if this

correspondence is continuous.

This associates with x 2 X an elementDF (x) of the

A little background:

One can prove a mean value inequality :

Suppose that F 2 C1
(X,Y ) and that M � 0 has

Then kF (x1)� F (x2)kY  Mkx1 � x2kX x1, x2 2 B.
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Nonlinear Equations

A little background:

sup
w2B

kDF (w)kB(X,Y ) < 1
If

then F is a contraction on the complete metric space B.

One can prove a mean value inequality :

Suppose that F 2 C1
(X,Y ) and that M � 0 has

Then kF (x1)� F (x2)kY  Mkx1 � x2kX x1, x2 2 B.
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Nonlinear Equations
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Nonlinear Equations

The setup:

Let X,Y be Banach spaces and F 2 C1(X,Y ).

We are interested in an x̄ 2 X having

kF (x̄)kX ⌧ 1.
(an approximate solution)

In this context Newton’s method is

xn+1 = xn + hn

where hn is a solution of the linear equation

DF (xn)hn = �F (xn)

In general we have no reason to expect that F is a

contraction near x̄.
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Nonlinear Equations

The setup:

But this problem is often too hard...

DF (x) varies in a nonlinear way

so DF (x)

�1
is a nightmare...

replace DF (x)�1 with DF (x̄)�1
.

So cheat: Get:

T (x) = x�DF (x̄)�1
F (x) (Newton-like operator)

This suggests we look for fixed points of the operator

T (x) = x�DF (x)�1
F (x)

near x̄.

(Newton operator)
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Nonlinear Equations

The setup:

Still too di�cult...

DF (x̄) may be hard to invert.

Cheat again:

replace DF (x̄) with any A

† 2 B(X,Y ) you like.

replace DF (x̄)

�1
with any A 2 B(Y,X) you like.

Define T (x) = x�AF (x)

Well... would actually be nice if:

A

† ⇡ DF (x̄)

A ⇡ inv(A†)

If A is one to one

then fixed points of T
correspond to zeros

of F.
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Theorem (a-posteriori Newton-Kantorovich with bells and whistles)

Nonlinear Equations

(small defect/a-posteriori error)

kAF (x̄)kX  Y0,

(approximate inverse)kId�AA†kB(X)  Z0,

(approximate derivative)

��
A

�
A

† �DF (x̄)
���

B(X)
 Z1,

Let Y0, Z0, Z1 > 0 be positive constants, and Z2 : [0,1) ! [0,1)
be a positive

function, all satisfying the following conditions:

(local control)sup
x2Br(x̄)

kA (DF (x̄)�DF (x))k
B(X)  Z2(r)r

then there exists a

unique x̃ 2 Br(x̄) so that

F (x̃) = 0.

If there is an

r > 0, so that p(r) < 0,

Suppose that F : X ! Y is continuously di↵erentiable and that

x̄ 2 X,A

† 2 B(X,Y ), and A 2 B(Y,X).
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Nonlinear Equations

Remarks:

In this case r� gives the sharpest error bounds, and
(by uniqueness) r+ gives a lower bound on isolation.

In many applications it can be arranged that Z2(r)
and hence p(r) are polynomial.

So this is sometimes called the method of radii-polynomials.

Reduces infinite dimensional problem to 1D nonlinear.

In applications we look for an interval I = [r�, r+] so that

r 2 I implies p(r) < 0.
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Nonlinear Equations

Remarks:
The theorem and its proof require small modifications of the classic

Newton-Kantorovich Theorem.

The proof follows very closely the proof

of the implicit function theorem.

The role of A,A†
in the theorem

is to emphasize the appearance of numerical approximations/truncations

Similar theorems are found throughout the literature on computer assisted

methods of proof in nonlinear analysis.

(A bibliography appears at the end of the slides)

of linear operators in computer assisted proofs.

This approach to computer assisted proof is in the functional analytic

tradition going back to the work of Lanford, Eckmann, Wittwer, and Koch

on fixed points of renormalization operators and the first proof of

the Feigenbaum conjectures
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Nonlinear Equations

Proof:

Define the operator

T (x) = x�AF (x),
x 2 Br(x̄).

T : Br(x̄) ⇢ X ! X, by

We will show that:

T maps into Br(x̄).

T is a contraction on Br(x̄).

By the Banach fixed point theorem we will conclude that

T has a unique fixed point x̃ 2 Br(x̄).

Since A is one-to-one this gives that x̃
is the unique zero

of F in Br(x̄).

Assume that r > 0 has p(r) < 0.
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Nonlinear Equations

Proof:

First, note that T is continuously di↵erentiable on

Br(x̄) as F is. Moreover

DT (x) = Id�ADF (x)
for all x 2 Br(x̄) ⇢ X.

 Z0 + Z1 + Z2(r)r.

But p(r) = Z2(r)r
2 � (1� Z1 � Z0)r + Y0 < 0,

Implies Z2(r)r
2 + (Z1 + Z0)r + Y0 < r,

Z2(r)r + (Z1 + Z0) +
Y0

r
< 1,

or

kDT (x)kB(X)  Z2(r)r + Z1 + Z0 < 1,
x 2 Br(x̄).

But Y0, r > 0, so

kDT (x)k
B(x) = kId�ADF (x)k

B(X)
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Nonlinear Equations

Proof:

Now let x 2 Br(x̄). Consider

kx̄� T (x)kX  kx̄� T (x̄)kX + kT (x)� T (x̄)kX (add and subtract T (x̄))

 kAF (x̄)k
X

+ sup
w2Br(x̄)

kDT (w)k
B(X)kx� x̄k

X

< r

as p(r) < 0.
Then T

⇣
Br(x̄)

⌘
⇢ Br(x̄) ⇢ Br(x̄).

And since X is a Banach space
Br(x̄) is a complete metric space.

 Y0 + (Z2(r)r + Z1 + Z0) kx� x̄kX
 Y0 + (Z2(r)r + Z1 + Z0) r

 Z2(r)r
2 + (Z1 + Z0) r + Y0
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Nonlinear Equations

Proof:

Choose x, y 2 Br(x̄) and consider

kT (y)� T (x)kX  sup
w2Br(x̄)

kDT (w)k
B(X)kx� yk

X

Then T is a strict contraction on the complete metric space

Br(x̄) as desired. Moreover, since T maps into Br(x̄) so the

unique fixed point x̃ 2 Br(x̄) given by the Contraction

Mapping Theorem has x̃ 2 Br(x̄). (Not on the boundary).

Again, since A is one-to-one

T (x̃) = x̃

implies that F (x̃) = 0.

⇤

 (Z2(r)r + Z1 + Z0)kx� ykX
with Z2(r)r + Z1 + Z0 < 1.
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Nonlinear Equations

Suppose that F is only defined on an open set U ⇢ X.

sup
x2Br(x̄)

kA(DF (x̄)�DF (x))k
B(X)  kAk

B(Y,X)Mr

for all 0 < r  r⇤.

Then we have the bound

Define Z2(r) = kAkB(Y,X)M for 0 < r  r⇤,
and p(r) = Z2(r)r

2 � (1� Z1 � Z0) + Y0.

A nearly identical proof shows that if 0 < r  r⇤, and p(r) < 0,
then there is a unique zero of F in Br(x̄).

Remarks:

Br⇤(x̄) ⇢ U, and thatSuppose also that F is C2
on

sup
x2Br⇤ (x̄)

kD2
F (x)kbi-linear(X⇥X,Y )  M.



CiAP in Nonlinear Dynamics                                                                                                 Introduction and the method of radii polynomials

Computer Assisted Validation

In practice we need:

A numerical approximate solution x̄ 2 X.

A numerical approximation A

†
of DF (x̄).

A numerical approximation A of inv(A†
).

(Also some understanding of the asymptotics...)

The ability to check some bounds like

kAF (x̄)kX  Y0

This is where interval arithmetic comes in...
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Computer Assisted Validation

Remarks:
Ideas go back to the bookInterval Analysis by Ramon E. Moore in 1966

The literature on interval arithmetic is vast.

The Journal Reliable Computing is devoted to this topic.

S.M. Rump: INTLAB - INTerval LABoratory. In Tibor Csendes, editor, Developments in Reliable Computing, pages 77-104. 
Kluwer Academic Publishers, Dordrecht, 1999.

Many of the examples we discuss this week are implemented using IntLab running under MatLab:
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Computer Assisted Validation

Interval arithmetic: software for managing round-o↵.

But computer can tell you – Thm:

1

3
2 [0.33333333333333, 0.33333333333334]

2 [1.28333333333333, 1.28333333333334]
1

2
+

1

3
+

1

4
+

1

5

Thm:

Cor:

1

2
+

1

3
+

1

4
+

1

5
 1.28333333333334

Example:
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Computer Assisted Validation

Interval arithmetic: software for managing round-o↵.

cos([�0.1, 0.1]) ⇢ [0.99500416527802, 1.00000000000000]

The MatLab library IntLab is a great option.

1p
0.5� [0.49, 0.495]

2 [9.99999999999999, 14.14213562373095]
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Computer Assisted Validation

Example:

Prove that f(x) = cos(x) has a fixed point.

Newton’s method started from x0 = 0 converges after 5 steps to

x̄ = 0.739085133215161

Let’s apply the radii-polynomial method to F (x) = cos(x)� x.

DF (x) = � sin(x)� 1Then
and D

2
F (x) = � cos(x)

Let A† = �1.67361202918321
(by evaluating: � sin(x̄)� 1 in double precision).

Let A = �0.59751004567530

(by evaluating: 1/A†
in double precision).

Let r⇤ = 0.1 and M = | cos([x̄� r⇤, x̄+ r⇤])| (this is an interval)
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Computer Assisted Validation

Example:

Prove that f(x) = cos(x) has a fixed point.

Let’s apply the radii-polynomial method to F (x) = cos(x)� x.

x̄ = 0.739085133215161
Let A† = �1.67361202918321
Let A = �0.59751004567530

r⇤ = 0.1
M = [0.66814379567638, 0.80264177641192]

|AF (x̄)| 2 [0, 1.32673882030072⇥ 10�16] = Y0

Check that

|1�AA†| 2 [0, 1.111⇥ 10�16] = Z0

|A(A† �DF (x̄))| 2 [0, 1.2⇥ 10�16] = Z1

|A|M 2 [0.3993, 0.4796] = Z2(r) r  1.0

Then cos(x) has a unique fixed point x⇤ with x⇤ 2 [x̄� 1.327⇥ 10

�16
, x̄+ 1.327⇥ 10

�16
]

One checks using the quadratic formula that

p(r) = Z2r
2 � (1� Z1 � Z0)r + Y0 < 0

for r 2 [1.327⇥ 10

�16, 0.1]
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Computer Assisted Validation

Example:

Prove that f(x) = cos(x) has a fixed point.

Recall from numerical analysis that f(x) = cos(x)is a contraction near its fixed point...

What if we try to directly apply the contraction mapping theorem?

B = [x̄� r, x̄+ r]

r = 1.6⇥ " machine " machine = 2�52 ⇡ 2.22044⇥ 10�16

Then B = [0.73908513321516, 0.73908513321517]
and we check that

cos(B) = [0.73908513321516, 0.73908513321517]
and that | sin(B)| = [0.67361202918321, 0.67361202918322]

Again, by the contraction mapping theorem we have a unique fixed point in B.

However the proof fails with r = 1.5⇥ "machine.

With Newton-Krawczyk

the proof goes through for r = 1.1⇥ "machine.
r = "machine.But not for
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Computer Assisted Validation

All “Interval Newton” methods require either

guessing the ball to check, or iterating an interval

operator.

The radii-polynomial method requires neither of these,

produces sharper bounds, and gives useful isolation

information.

But “Interval Newton” methods don’t have to analyze

second derivative information... easy to implement.
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Computer Assisted Validation A restricted four body problem

m1

m2

m3

✓
x1

y1

◆

✓
x2

y2

◆

✓
x3

y3

◆

✓
x

y

◆

(The fourth, massless body)

m1 +m2 +m3 = 1
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Computer Assisted Validation

An equilibrium solution has

0 = v

0 = 2w + x�m1
x� x1

r1(x, y)3
�m2

x� x2

r2(x, y)3
�m3

x� x3

r3(x, y)3

0 = w

0 = �2v + y �m1
y � y1

r1(x, y)3
�m2

y � y2

r2(x, y)3
�m3

y � y3

r3(x, y)3

f(x, y) = 0
So, find

f(x, y) =

 
x�m1

x�x1
r1(x,y)3

�m2
x�x2

r2(x,y)3
�m3

x�x3
r3(x,y)3

y �m1
y�y1

r1(x,y)3
�m2

y�y2

r2(x,y)3
�m3

y�y3

r3(x,y)3

!
where

andm1 +m2 +m3 = 1 (x, y) 2 R2\(x1, y1) [ (x2, y2) [ (x3, y3)
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Computer Assisted Validation

If you choose kxk := max

1jn
|xj |

and the induced norm on bilinear forms is

kBkQ := max

1in

nX

j=1

nX

k=1

|bijk|

then the induced matrix norm is

(max rows - sum columns)

kAkM := max

1in

nX

j=1

|aij |
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Computer Assisted Validation

Numerical studies suggest that there are
8, 9, or10.

(Simó � 77)

A restricted four body problem

Recent computer assisted proof by Leandro.

(See the Biblography)
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Computer Assisted Validation A restricted four body problem

19
78
Ce
Me
c.
.1
8.
.1
65
S
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Computer Assisted Validation

m1

m2

m3

✓
x1

y1

◆

✓
x2

y2

◆

✓
x3

y3

◆

✓
x

y

◆

(The fourth, massless body)

Saddle focus equilibrium
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Computer Assisted Validation

Thm: (Devaney) suppose that f : R4 ! R4 is a Hamiltonian
vector field, with a saddle-focus equilibrium.

If there exists

transverse (relative to the energy section) homoclinic orbit

then f admits a chaotic horseshoe (near the homoclinic).

vector field, with a saddle-focus equilibrium. If there exists

transverse (relative to the energy section) homoclinic orbit

then there is a cylinder of periodic orbits, parameterized by

energy, accumulating to the homoclinic.

(Blue sky catastrophe)

Thm: (Henrard) suppose thatf : R4 ! R4 is a Hamiltonian

(See the Biblography)
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Computer Assisted Validation

Proposition: when m1 = 1/2,m2 = 3/10 and m3 = 1/5

the CRFBP has a saddle-focus equilibrium with

where

x̃ 2 Br(x̄)

r = 3⇥ 10�15 and

x̄ =

0

BB@

0.927099246135636
0

0.217703423699760
0

1

CCA .

The first step is to prove the existence of a saddle-focus.
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Computer Assisted Validation

Proof:

x̄ = 0.927099246135636, ȳ = 0.217703423699760.

From Newton,

A† :=

✓
2.074531863336581 0.163688766491296
0.163688766491296 1.448616847931906

◆
.

Evaluate Df(x̄, ȳ)(no intervals) and get

Compute an approximate inverse

A :=

✓
0.486372903543232 �0.054958480394206
�0.054958480394206 0.696523782188810

◆
.

Bound (using interval arithmetic)

kAkM  0.75148226258302
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Computer Assisted Validation

Af(x̄, ȳ) 2 10�14

✓
[�0.24035361087522, 0.18345710317770]
[�0.25639867955817, 0.29923189175017]

◆
Interval enclosure of the defect:

Y0 := 0.29923189175017⇥ 10�14.
Taking

we have
kAf(x̄, ȳ)k  Y0

Id�AA† 2
10�15

✓
[�0.22204460492504, 0.11102230246252] [0.00000000000000, 0.02775557561563]
[�0.01387778780782, 0.01387778780782] [�0.22204460492504, 0.11102230246252]

◆

Again, compute the interval enclosure

kId�AA†kM 2 [0, 0.24980018054067⇥ 10�15].
so

Z0 := 0.24980018054067⇥ 10�15.Then take
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Computer Assisted Validation

kA(A† �Df(x̄, ȳ)kM 2 [0.00000000000000, 0.20861933032547⇥ 10�13]

so

Z1 := 0.20861933032547⇥ 10�13.

Then take

10�13

✓
[�0.05697595725541, 0.05451094681948] [�0.08685491176201, 0.08979888842367]
[�0.12111986933565, 0.12523041771790] [�0.08678718041998, 0.08338891260758]

◆

A(A† �Df(x̄, ȳ) 2

Next compute the enclosure

)
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Computer Assisted Validation

r⇤ = 10�6
Finally, we choose

and check that the ball is in the domain.

sup
x2Br⇤ (x̄,ȳ)

kD2F (x)k
Q

2 [131.144085137264, 140.058509630884]

Use interval arithmetic and known formulas to compute enclosure

kAk
M

sup
x2Br⇤ (x̄,ȳ)

kD2F (x)k
Q

2 [70.992409102564, 105.251485711422].

and

Z2 = 105.251485711422.Then let

p(r) = Z2r
2 � (1� Z1 � Z0)r + Y0

The polynomial is:

r 2
⇥
2.992618149394393⇥ 10�15, 0.01

⇤Compute roots and see that p(r) < 0 when

r 2 [3⇥ 10�15, 10�6]
Restricting to r  r⇤ gives

k(x̄� x̃, ȳ � ỹ)k < 3⇥ 10�15
Then there is a solution (x̃, ỹ) with
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Friday: validated numerics for (local) Taylor methods.
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c) Steady states of the Ohta-Kawasaki problem. The Ohta-Kawasaki equation

(3) @tu = ��(��2�u + u � u

3) � (u � µ)

models the evolution of di-block co-polymers [26, 27]. Depending on the value of the parameters
µ and �, which represent a measure of the ratio of the mixture of the polymers and the incom-
patibility of the polymer types, respectively, there is a multitude of stationary states with a truly
three-dimensional geometry. These have been studied using the rigorous numerical techniques de-
scribed above (see [28]) and we depict one rigorously verified equilibrium pattern, called a double
gyroid, in Figure 1 on the right.

−20 −15 −10 −5 0 5 10 15 20
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0

0.5

−20 −15 −10 −5 0 5 10 15 20
−0.5

0
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Figure 1: At the bottom are graphs of B1 (red) and B2 (blue) representing heteroclinic
solutions of (1.2) that connect the hexagon state to the positive rolls (on the left) and

negative rolls (and the right). The parameter values are c̃ = 0, µ̃ = 7+3
�

6
30 and �̃ =

1, corresponding to the assumptions in Theorem 1. At the top are the corresponding
stationary patterns of (1.1). We note that the two phase transitions from rolls to hexagons
have distinctive features. On the left, the stripes (“positive” rolls) undergo pearling,
which gradually leads to separation into spots (hexagons). On the right, the stripes
(“negative” rolls) develop transverse waves, which break up into a block structure that
then transforms into hexagonal spots.

The heteroclinic solutions are depicted in Figure 1, together with the corresponding
patterns of the PDE (1.1). These orbits thus represent two types of stationary domain
walls between hexagons and rolls (spots and stripes). While each heteroclinic connection
exists on a parabola in the (�̃, µ̃) parameter plane, a parameter scaling reduces this to a
single connecting orbit, see Section 2.1.

Our method, which builds on foundations laid in [7, 8, 9, 10], is summarized as
follows. At the center of the method is an approximate solution unum, obtained through
a numerical calculation. We then construct an operator which has as its fixed points the
heteroclinic solutions, and we set out to prove that this operator is a contraction mapping
on a small ball around unum in an appropriate Banach space. The ball should be small
enough for the estimates to be su�ciently strong to prove contraction, but large enough
to include both unum (the center of the ball) and the genuine solution (the fixed point).
Qualitatively, considering the numerical approximations of solutions depicted as graphs
in Figure 1, we can choose the radius of the ball so small that the genuine solution is
guaranteed to lie within the thickness of the lines. A mathematically precise, quantitative
statement can be found in Section 5.

We can distinguish several components in the computer-assisted proof of Theorem 1.
Since we are looking for solutions of (1.2) on an unbounded domain, we first reduce the
problem to a finite domain by parameterizing the local stable and unstable manifolds

3

Figure 1. Left: Stationary coexistence of hexagons (spots) and rolls (stripes)
of (2). Right: A double gyroid solution of (3) for parameter values µ = 0.1 and
� = 2.1.

4. Future goals

The past decade has seen enormous advances in the development of rigorously verified comput-
ing with the most significant results for finite dimensional systems. While encouraging first steps
for infinite dimensional systems are starting to appear, many interesting future directions remain
to be explored. For instance, developing rigorous computational tools to study global dynamics
of PDEs, finding bounded invariant sets for state dependent delay equations and demonstrating
chaos in infinite dimensional continuous dynamical systems are some of the main challenges in the
field. Aiming at understanding global properties of dynamical systems, combining rigorous nu-
merics with topological methods such as Morse theory is the subject of active research. Important
contributions in that direction are currently being developed based on Morse-Conley theory [29].

Finally, it is a nontrivial problem to make sure that all steps in the process (including the code)
are correct. As the codes for the computer-assisted proofs are getting more and more complicated,
the possibilities for human errors while developing the necessary analytic estimates and while
implementing the algorithms are increasing. From that point of view, mathematics in the era of
computers implores the development of automatic proof assistants, see e.g. [30].
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[15] Piotr Zgliczyński. Rigorous numerics for dissipative partial di↵erential equations. II. Periodic orbit for the
Kuramoto-Sivashinsky PDE—a computer-assisted proof. Found. Comput. Math., 4(2):157–185, 2004.

[16] B. Breuer, P. J. McKenna, and M. Plum. Multiple solutions for a semilinear boundary value problem: a
computational multiplicity proof. J. Di↵erential Equations, 195(1):243–269, 2003.

[17] B. Breuer, J. Horák, P. J. McKenna, and M. Plum. A computer-assisted existence and multiplicity proof for
travelling waves in a nonlinearly supported beam. J. Di↵erential Equations, 224(1):60–97, 2006.

[18] Warwick Tucker. Validated numerics. Princeton University Press, Princeton, NJ, 2011. A short introduction
to rigorous computations.

[19] Siegfried M. Rump. Verification methods: rigorous results using floating-point arithmetic. Acta Numer.,
19:287–449, 2010.

[20] M. T. Nakao. Numerical verification methods for solutions of ordinary and partial di↵erential equations. Numer.

Funct. Anal. Optim., 22(3-4):321–356, 2001.
[21] E. M. Wright. A non-linear di↵erence-di↵erential equation. J. Reine Angew. Math., 194:66–87, 1955.
[22] G. Stephen Jones. On the nonlinear di↵erential-di↵erence equation f

0(x) = �↵f(x � 1){1 + f(x)}. J. Math.

Anal. Appl., 4:440–469, 1962.
[23] Jean-Philippe Lessard. Recent advances about the uniqueness of the slowly oscillating periodic solutions of

Wright’s equation. J. Di↵erential Equations, 248(5):992–1016, 2010.
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map in the Kuznetsov system. SIAM J Appl Dyn Syst 9(4):1263–1283, DOI 10.1137/100795176,

URL http://dx.doi.org.proxy.libraries.rutgers.edu/10.1137/100795176, with online multimedia en-

hancements



CiAP in Nonlinear Dynamics                                                                                                 Introduction and the method of radii polynomials

18

73. Wilczak D, Zgliczynski P (2003) Heteroclinic connections between periodic or-

bits in planar restricted circular three-body problem—a computer assisted

proof. Comm Math Phys 234(1):37–75, DOI 10.1007/s00220-002-0709-0, URL

http://dx.doi.org.proxy.libraries.rutgers.edu/10.1007/s00220-002-0709-0
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[2] T. Aubin. Probléms isopérimétriques et espaces de sobolev. J. Di↵er. Geom., 11:573–598,
1976.

[3] W. Becker. Inequalities in fourier analysis. volume 102, pages 159–182. Annals of Mathe-
matics, 2nd edition, 1975.
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A.5 Technical data.

The source code of the C++11 program that realises the computer-assisted proof
of Lemma 7 is available at [W]. Below we list our choices of some parameters
of the algorithms.

• All h-sets that appear in Lemma 7 are represented as a data structure
(30) with the constant m = 15.

• We set d = 4 as the order of the Taylor method (Section 4.4.3) for rigorous
integration of (8).

• High-Order Enclosure (Section 4.4.2) with d = 4 acts on m = 11 number
of modes.

Verification of covering relation N
0

f

=) N
1

requires computation of three images
of f — see (31). In Lemma 7 we verify 26 covering relations which means, that
we have to check 78 = 3 · 26 inclusions.

We run the program which checks all the inequalities required for covering
relations listed in Lemma 7 on a computer equipped with 64 physical cores
(128 threads) Intel(R) Xeon(R) CPU E7-8867 v4 @ 2.40GHz processors. The
program finished after 40 minutes, which is the CPU time needed for the longest

integration in N8

2!1

P

6

=) N9

2!1

.
The algorithm for rigorous integration of the KS equation is a part of the

CAPD library [CAPD]. We tested the program with CAPD version 5.0.59 and
the C++11 compiler from gcc-5.2 suite.
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[ZGi] P. Zgliczyński and M. Gidea, Covering relations for multidimensional
dynamical systems, J. Di↵. Eq. 202/1(2004), 33–58
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Figure 4: In this figure, we show the picture of several rigorously computed periodic orbits for the planar circular restricted
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[9] À. Haro and R. de la Llave. A parameterization method for the computation of invariant tori
and their whiskers in quasi-periodic maps: numerical algorithms. Discrete Contin. Dyn.
Syst. Ser. B, 6(6):1261–1300 (electronic), 2006.

[10] Konstantin Mischaikow and Thomas Wanner. Probabilistic validation of homology computa-
tions for nodal domains. Ann. Appl. Probab., 17(3):980–1018, 2007.

[11] Sarah Day, William D. Kalies, and Thomas Wanner. Verified homology computations for nodal
domains. Multiscale Model. Simul., 7(4):1695–1726, 2009.

[12] Sarah Day, Jean-Philippe Lessard, and Konstantin Mischaikow. Validated continuation for
equilibria of PDEs. SIAM J. Numer. Anal., 45(4):1398–1424 (electronic), 2007.

[13] Jan Bouwe van den Berg, Jean-Philippe Lessard, and Konstantin Mischaikow. Global smooth
solution curves using rigorous branch following. Math. Comp., 79(271):1565–1584, 2010.

[14] Marcio Gameiro, Jean-Philippe Lessard, and Alessandro Pugliese. Computation of smooth
manifolds of solutions of PDEs via rigorous multi-parameter continuation. Found. Comput.
Math., 2015. To appear.
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[55] Tadeusz Ważewski. Sur un principe topologique de l’examen de l’allure asymptotique des intégrales des équations
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[63] Maciej Capiński and Anna Wasieczko. Geometric proof of strong stable/unstable manifolds, with applications to the
restricted three body problem. Topoligical methods in nonlinear analysis, 46(1):363–399, 2015.

[64] Lamberto Cesari. Functional analysis and periodic solutions of nonlinear di↵erential equations. Contributions to
Di↵erential Equations, 1:149–187, 1963.

[65] Lamberto Cesari. Functional analysis and Galerkin’s method. Michigan Math. J., 11:385–414, 1964.

[66] Gianni Arioli and Hans Koch. Non-symmetric low-index solutions for a symmetric boundary value problem. J.
Di↵erential Equations, 252(1):448–458, 2012.
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[75] Jordi-Llúıs Figueras and Àlex Haro. Reliable computation of robust response tori on the verge of breakdown. SIAM
J. Appl. Dyn. Syst., 11(2):597–628, 2012.

23

45
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the heuristic analysis of the constants.

We proceed in analogy with the procedure described in [31]. We observe that the dependence on a2 is very simple:
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[36] À. Jorba, R. de la Llave, and M. Zou. Lindstedt series for lower-dimensional tori. In Hamiltonian systems with
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