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Viscous balance laws



Viscous balance laws

General family of viscous balance laws:
ur+f(u)x = uxx +g(u), (VBL)

where u=u(x,t) R and x€R, t > 0.

e = f(u) - nonlinear flux function,

e g =g(u) - balance or production term



Interpretation

e Viscous balance laws appear as regularizations of scalar conservation
laws:

ur + f(U)X =0.
e Balance laws introduce a production term
ug+ f(u)x = g(u).

e Viscosity or diffusion appears naturally as a regularization
(parabolic) term, e.g., Burgers' equation

uy + (%UQ)X = Uxx-



e Viscous balance laws describe the evolution of a density u of point
particles which:
e diffuse
e get advected with speed f'(u)
e react a a per capita production rate g(u)/u
e Applications to:
e roll waves
e nozzle flow
e combustion theory

e Scalar viscous balance laws are simplified models that combine these
effects into one single equation.



Hypotheses (i)

Assumptions:

f € C*(R). (H1)

g € C3(R) is of logistic or Fisher-KPP type:

g(0)=g(1)=0,
g'(0)>0, g'(1) <0, (H2)
(u) >0, VYwe(0,1),

)< 0

g
g(u Vu € (—e0,0).



Hypotheses (ii)

There exists u, € (—e0,0) such that

(Hs)

/ui)g(s)ds+/01g(s)d5:0. ’

a0 :=f"(0)— (0)e’(0) #0, (genericity condition) (Hz)
g'(0)



Hypotheses (iii)

Under (H,) and (Hs), u. € (—e0,0) is the unique value such that (Hs)
holds and

1
/ g(s)ds >0, Vue (u,l).
Therefore we can define
1
Y(u) = 2/ g(s)ds, u e (us,1),
as well as
1
b= [ rs)ds >0, hi= [ Fo)rs)os
J _2/ Fi(s)/1+7(s)2ds, L _2/ V1+7(s)2ds.



Hypotheses (iv)

lod # LI, (non-degeneracy condition) (Hs)
(1) # ;—(1), (saddle condition) (Hs)



Burgers-Fisher equation:

us + Uy = Uy + u(l —u), xeR, t>0,
Burgers' flux:
1
f(u)= Euz,

Logistic or Fisher-KPP reaction:

g(u)=u(l—u).
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Periodic traveling waves

A spatially periodic traveling wave is a solution of the form

U(Xv t) = (p(X - Ct)v
where ¢ € R - wave speed, and @ € C1(R) - profile function.

The wave is periodic with fundamental period T > 0 if

p(z+T)=9(z), VzeR, z:=x-—ct,

The wave is bounded if

lo(2)],1¢'(2)| < C, VzeR, some C > 0.
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Main results

Theorem (existence of small amplitude periodic waves)

Under (H1) thru (Ha), there exist a critical speed ¢, == '(0), and & >0
such that, for each 0 < € < &y there exists a unique (up to translations)
periodic traveling wave to (VBL) of the form u(x,t) = @%(x — c(€)t),
traveling with speed c(€) = co+¢€ ifag >0, or c(€) =cy—€ if 3 <0,
with fundamental period,

21
g'(0)

Ta= +O(e), as € —0".

The profile ¢ = @¢(-) is of class C3(R), satisfies p¢(z+ T¢) = ¢¢(z) for
all z € R and is of small amplitude,

19°(2)],1(9°) (2)] < CVe,
for all z € R and some uniform C > 0.
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Theorem (existence of large period waves)

Under (H1) - (H3), (Hs) and (He), there is a critical speed ¢, == I, /Iy
such that the equation (VBL) has a traveling pulse solution (homoclinic
orbit), u(x,t) = @°%(x — c1t), with speed c;, 9° € C3(R) and

19°(2) — 11, 1(¢°) (2)] < Ce™™4,

for all z € R, some k > 0. Moreover, there exists € > 0 such that, for
each 0 < € < & there exists a unique periodic traveling wave solution to
(VBL) of the form u(x,t) = @¥(x — c(€)t), with speed c(e) = c1+ € if
f'(1) < c or c(€) = c1 —e if f'(1) > c1, with large fundamental period
and bounded amplitude,

Te=0O(|loge|) — e, |9°(2)],1(¢°)(2)| = O(1),

as € — 0T,
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Theorem (existence of large period waves (continuation))

Moreover, the periodic orbits converge to the homoclinic (or traveling
pulse) as € — 0" and satisfy (after a suitable reparametrization of z),

swp_ (10°(2)~ 9°(2)| +1(9)(2) — (9 (2)]) < Coxp (~ k%),

zel~F ¥l
lcr—c(e)|=€e < Cexp(f KTg),

for some uniform C >0, same k >0 and for all 0 < € < &;.
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Theorem (spectral instability of small-amplitude waves)

Under conditions (Hy) thru (Ha), there exists 0 < & < &y such that every
small-amplitude periodic wave ¢ with 0 < € < & is spectrally unstable:
the Floquet spectrum of the linearized operator around the wave
intersects the unstable half plane C;. = {A € C : Re A > 0}.

Theorem (spectral instability of large period waves)

Under assumptions (Hy) - (Hs), (Hs) and (Hs), there exists 0 < & < &
such that every large period wave @¢ with 0 < € < & is spectrally
unstable: the Floquet spectrum of the linearized operator around the
wave intersects the unstable half plane C, ={A € C: ReA > 0}.
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Existence of small amplitude
periodic waves



Associated ODE system

Substitute u(x,t) = @(x — ct) into (VBL):
/ ! / " !/
—co +f(9)¢ = ¢" +g(9). =d/dz.

Denote U := @(z), V := ¢’(z) to obtain the first order ODE planar

system:
U =F(U,V,c):=V,

(ODE)
V'=G(U,V,c):=—cV+f(U)V—g(U).

(H;) and (H2) imply: F,G € C3(R3?) and there exist two equilibrium
points:

Py = (0,0), Py =(1,0).
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Linearization at equilibria (i)

Jacobian with respect to (U, V) of the right hand side of (ODE):

Fu F 0 !
A(U,V):= (GZ GZ) = (f”(U)V—g’(U) —c+ f’(U)).

Ao = A(0,0) and A; = A(1,0) are the linearizations of (ODE) evaluated
at Py and Pq:

[ o 1 ([ o 1
A("(—g/m) —c+f/(o>>’ Al‘(—g/(l) —c+f/(1)>'
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Linearization at equilibria (ii)

e Eigenvalues of A;:

1
1) = 5 (F () - ) % 5 VP - 2 —4g'(),
From (H2), g’(1) <0 and P; = (1,0) is a hyperbolic saddle for each value
of ceR.
e Eigenvalues of Ay:
1 1 1/2
+ = (f! - / 22,
15(€) = 5(F(0) =) £ 5 ((F(0) =) ~4g'(0) -

Hence Py =(0,0) is a node, a focus or a center, depending on ¢ € R.

c € R is the bifurcation parameter.
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Andronov-Hopf bifurcation (i)

Planar system of the form:

U'=F(U,V,p)
V' =G(U,V,pu)

F,G of class C3, u € R - bifurcation parameter. Assume Py = (Up, Vo) is
an equilibrium point; eigenvalues of the linearization at Py:

AE(u) = a(u)£iB(u). Assume that for y = o the following conditions
hold:

(a) non-hyperbolicity condition: a(ug) =0, B(to) = @ # 0, and
sgn(@p) = sgn((9 G /9 U)(Uo, Vo, Ho))-

(b) transversality condition:

do

@(ﬂo) =do #0.
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Andronov-Hopf bifurcation

(c) genericity condition: ag # 0, where ag is the first Lyapunov exponent,

1
=15 (Fuuu + Fuwv + Guuv + Gy )+

1
+M(Fuv(Fuu+Fvv)* Guv(Guu+ Gwv) — FuuGuu + Fuv Gy ),
(derivatives of F and G are evaluated at (U, Vo, to)).

Then there exists € > 0 such that a unique family of closed periodic orbit
solutions bifurcates from the equilibrium point into the region:

{(Ho,uo+8), if é?odo<07
(Mo — €,10), if apdp > 0.
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Andronov-Hopf bifurcation (iii)

Their amplitude and fundamental period behave like

21
o],z = O(V | — pol),  T(u)= Tl +O(|1 — tol), as p — Ho.

Stability as solutions to the ODE. Orbits are:

stable (supercritical Hopf bifurcation) if ag < 0
unstable (subcritical Hopf bifurcation) if ag > 0.
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Existence of small-amplitude periodic waves (i)

Proof of Theorem.

Write eigenvalues of Ag as A5~ = a(c) FiB(c), where

Oc(c)::%(f'(O)—c)7 :—f\/4g —(f'(0) —¢)?, c = f'(0).

Thus, a(cy) =0 for the only bifurcation value of the speed: ¢ := f/(0).
At ¢ = ¢p the origin is a center with eigenvalues

A () =—iVE'(0), A (<o) =iv/g'(0).
Notice that @y := B(co) \/775 0. Since Gy = f"(U)V —g'(U),
(Gu)l(00,c0) = —&'(0) <O,

yielding sgn (mp) = sgn((Gu)l(0,0,c;)) = —1. that is, the non-hyperbolicity
condition (a).

The transversality condition (b) also holds:

da 1
E(Co)——i —d0<0 s



Existence of small-amplitude periodic waves (ii)

The Lyapunov exponent reduces to

1

1
%= 1¢ (Guuv + Gvwv) [(0,0,0) — m(Guv(Guu + Gwv)) (0.0,c0)-

Upon calculations,

Guvloo.c) =1"(0), Guuloo.c) =—8"(0), Gwvlo.c) =0,
Guuvl00.c) =" (0),  Gvwl(0,c) =0
we arrive at

a0

_ Y f"(0)g"(0)\ _ 3o
55 (MO~ 25 ) — 1 70

in view of (Hy4). This verifies the genericity condition (c). Since dyp <0
and sgn(ap) = sgn(ap) we obtain the result. O
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(1) Burgers-Fisher equation

The Burgers-Fisher equation:

Up + Uty = Ugx +u(l —u), x€eR, t>0,
Burgers' flux:
1
f(u)= §u2,

Logistic or Fisher-KPP reaction:
g(u)=u(l—u).

f and g satisfy (H;) and (Hz). Here u, = —1/2 is such that

/uig(s)ds:/lls(l—s)ds:O.

2
Thus, (H3) is also satisfied.
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Since g'(u) =1-2u, g"(u) =-2, f'(u) =u, f"(u) =1,

f//O //0
e OO _,

g'(0)
Thus, the genericity condition (Hs) holds.
Bifurcation speed: ¢y = 7/(0) = 0. Since @ > 0 then for each speed value
c €(0,g) with 0 < & < 1 there is a small amplitude periodic wave. This

corresponds to a subcritical Hopf bifurcation. Their fundamental period
is T=21+ O(c), for c~07.
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Figure: Phase portrait for the speed value ¢ = —0.05 < 0. The origin is a
repulsive node and all nearby solutions move away from it.
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Figure: Phase portrait when ¢ = ¢y = 0; a subcritical Hopf bifurcation occurs.
The origin is a center and solutions move away if they start far enough from
the origin and locally rotate around a linearized center otherwise.
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Figure: Phase portrait for ¢ =0.005. The orbit in red is a numerical
approximation of the unique small amplitude periodic wave for this speed value,
the origin is an attractive node and nearby solutions inside the periodic orbit
approach zero, whereas solutions outside the periodic orbit move away since

the orbit is unstable.
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Figure: Graph (in red) of the periodic profile ¢ for ¢ =0.005 as a function of

z=x—ct
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(1) Logistic Buckley-Leverett model

Consider the following viscous balance law

u2

P ) = U+ u(l—w), €ER, t>0,
uy + X<u2+§(1—u)2> Usx + u(1— u) X

underlies the nonlinear Buckley-Leverett flux function,

u2

u2—|—%(1—u)2.

It captures the main features of two phase fluid flow in a porous medium.

fu) =

Again, logistic reaction: g(u) = u(1—u).

f and g satisfy (H1), (H2) and (H3). After computing the derivatives,
f"(0)g"(0)

- Ve

and the genericity condition (Hs4) holds.

30 = f(0) =32,
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Bifurcation speed: ¢y = 7/(0) = 0. Since 3y > 0 then for each speed value
c € (0,&) with 0 < gy < 1 there is a small amplitude periodic wave. This
corresponds to a subcritical Hopf bifurcation. Their fundamental period
is T=2m+ O(c), for c~07.
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Figure: Phase portrait for the speed value ¢ = —0.05 < 0. The origin is a
repulsive node and all nearby solutions move away from it.
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Figure: Phase portrait when ¢ = ¢y = 0; a subcritical Hopf bifurcation occurs.
The origin is a center and solutions move away if they start far enough from
the origin and locally rotate around a linearized center otherwise.
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Figure: Phase portrait for ¢ =0.0025. The orbit in red is a numerical
approximation of the unique small amplitude periodic wave for this speed value,
the origin is an attractive node and nearby solutions inside the periodic orbit
approach zero, whereas solutions outside the periodic orbit move away since

the orbit is unstable.
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(111) Modified generalized Burgers-Fisher equation

Here
1

1
f(u)= ZU4_§U3’
g(u)=u—u*.

Clearly, assumptions (H;) - (H3) hold, where the unique value
u, &~ —0.72212 is approximated numerically. Upon calculation of the

derivatives,
ap=-2<0.

Thus, (Hs) holds.
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Bifurcation speed: ¢y = /(0) = 0. Since 3y < 0 then the family occurs for
negative speed values c(g) = —e < 0= ¢y = '(0), sufficiently small. This
is a supercritical Hopf bifurcation and the small amplitude periodic orbits
are stable as solutions to the ODE, with speed value c(g) = —€ € (—&,0)
with 0 < & < 1. Their fundamental period is T =271+ O(c), for c~0*.
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Figure: Phase portrait for the speed value ¢ =0.05 > ¢y = 0. The origin is an

attractive node and all nearby solutions converge to it.
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Figure: Phase portrait when ¢ = ¢g = 0; a supercritical Hopf bifurcation occurs.
The origin is a center and solutions move away if they start sufficiently far from
the origin and rotate locally around a linearized center otherwise.
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the origin is a repulsive node and nearby solutions both inside and outside the
periodic orbit approach the periodic wave because it is stable as a solution to
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Figure: Graph (in red) of the periodic profile ¢ for ¢ = —0.005 as a function of
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Existence of large period waves




Augmented system

First we establish the existence of an homoclinic loop. We apply
Melnikov's method. Consider the augmented system:

uU=yv,

) ' (A)
V/ = —cV +af (U)V — g(U),

where a € R is a new auxiliary parameter. Write it in near-Hamiltonian

form:

U =dyH+eR(U,V, 1),

, (PS)
Vi=—dyH+eQ(U,V, u),

43



where:
nu:(:u'lnuZ)eRza a=:&l, c=IElUp,

1 U
H(U, V) ;:§v2+/ g(s) ds,
0
is the Hamiltonian, and

R(U,V,u) =0,
Q(U7 V7“) = ‘u.]_f/(U)V—‘U,QV,

are autonomous perturbations. Here 0 < € < 1 is small.
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Hamiltionan system

The associated Hamiltonian (unperturbed) system is

U=0d/H=V,
V' = —dyH = —g(U).

Observations:

e Py =(0,0) and P; = (1,0) are equilibrium points for both the
Hamiltonian system (HS) and the perturbed system (PS).

e |t is easy to check that: Py is a center and Py is a hyperbolic saddle
for the Hamiltonian system (HS).
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Important: P; = (1,0) is also a hyperbolic saddle for the perturbed
system (PS) for any parameter values a and ¢ (equivalently, for any
€, Wy and Up). Indeed, the linearization of (PS) around P; =(1,0) is

A*(1,0) = <(1) af’(gll)(l_)c> ’

having eigenvalues

1
25 =35 (af ()= e /(e (D) =P —4g (1)),
and in view of (Hz), we have 1 < 0 < A for all values of a and c,
yielding a hyperbolic saddle.
Py =(0,0) is a center for the perturbed system only if ¢ = af’(0)
(which happens when € = 0).
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Energy levels for the Hamiltonian system (i)

e The energy levels at Py =(0,0) and Py = (1,0) as equilibria of the
Hamiltonian system (HS) are

B = H(1,0) = /Olg(s) ds >0,

and H(0,0) =0.
e The set
P .={,V)eR?: HU,V)=B},

is a homoclinic loop for the Hamiltonian system joining P; = (1,0)
with itself. It is given explicitly by

V(U) = +VP(U) = j:\/2([3 —/Oug(s) ds) = +y(U), Ue(u,1).
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Energy levels for the Hamiltonian system (ii)

e There exists a family of periodic orbits for the Hamiltonian system
(HS),

rh={(U,V)eR?: HU,V)=h},  he(0,B),

such that

(i) Th = Py =(0,0) as h— 0%, and

(i) TP ash—pB-.
If G(u) = Jo &(s)ds then under (H,) and (H3) it is easy to check
that for each h € (0, ) there exist unique values u;(h) € (u,0) and
up(h) € (0,1) such that G(u1(h)) = G(up(h)) = h and the periodic
orbits are given by

V(U) = +V"(U) = j:\/2<h—/oug(s)ds),

for U € (us(h), ua(h)), h e (0,B).
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Figure: Homoclinic loop TP in the (U, V)-plane and periodic orbits ',
h e (0,B), for the Hamiltonian system. Here g(u) = u(1— u) (logistic).



Energy levels for the Hamiltonian system (iii)

e If T = T(h) is the fundamental period of the periodic orbit I'",
h e (0,B), then T(h) — o as h— B~. The period can be computed
explicitly:

rn=va [ & hep)
Juy(h) \/h— [{ g(s)ds

From standard properties of Hamiltonian systems, 0 < T (h) < e for
each h€ (0,B) and T(h) — = as h— [, which is the infinite
period of the homoclinic loop 8.
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Melnikov integrals for the perturbed system

Define the associated Melnikov integrals for the perturbed system (cf.
Han and Yu (2012), Chicone (2006)):

M(h, ) ::/t(r (9uR+3vQ) dUdV.
n h

They satisfy (see Han and Yu (2012)):

o M e C* for |e| +|h— ho| < 1 small for any hg € (0,B), all 1 € R2.
e The derivative of M with respect to h is determined by:

WM(h.p) = §, (QuR+3yQ) dop,  he(0.B), p e
r
where doy, denotes the arc length measure on I'7.

The Melnikov integrals precisely at h=f are

M(u) = M(B.u) = | ,, (QuR+2,Q) dUaV.

int(I"
Ms(1) = 0nM(B.) = §, (OuR+3y Q) do.
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Melnikov’s theorem

Theorem (Melnikov’s method for perturbed homoclinic orbits)

Suppose that Py is a hyperbolic saddle for the unperturbed Hamiltonian
system, with a homoclinic loop FB. If & >0 is small then the perturbed
system (PS) has a unique hyperbolic saddle Pi(€) = P1 + O(¢).
Moreover, if M(o) =0 and Mi(1o) # 0 then, for each € > 0 sufficiently
small, the perturbed system with L = Ly has a unique hyperbolic
homoclinic loop Ff relative to the stable and unstable manifolds of the
hyperbolic saddle Py(€). If M(1) has no zeroes and |€| # 0 is small, then
the stable and unstable manifolds of P1(€) do not intersect.

— Classical theorem by Melnikov (1963). See also Wiggins (2003),
Chicone (2006).
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Existence of a homoclinic loop

Proposition

Under (Hy) - (H3) and (Hs), system (A) has a unique homoclinic orbit
joining the hyperbolic saddle point P; = (1,0) with itself for the
parameter values a=1and c=c; = h/lp.

Proof. Follows upon application of Melnikov's method. Since

R(U,V,u)=0and Q(U,V,u)=uf (U)V—uV, we evaluate the
Melnikov integrals:

) Ly
M(IJ)=/int(rﬁ)(ﬂ1f(U)*#z)dVdU=/uX '[Y(U)(mf(U)fuz)dVdU
=2 [ UMV U1 [ AU) V)

=2(urh — tialo).
Hence, M(u) =0 only when
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Evaluate M; at any u € R? satisfying (*):

M) = , G (U) ~ ) dos = p f, F(U)doy—pa f | do

1
=21 [ FUVIFY(UP AU~ 1o

=) — L
= (Jf (%)L) £0

if 3 # 0 and in view of (Hs). This implies that there is a whole line of
simple zeroes of the Melnikov function determined by

@ = () € B o= () P((0.0)).
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Now, fix € > 0 sufficiently small. By Melnikov's theorem, the perturbed
system (PS) has a unique hyperbolic point Pi(€) = P; + O(¢€). But since
P1 =(1,0) is a hyperbolic saddle for system (PS) for any parameter
values, we obtain that Py(€) = P, = (1,0). Moreover, for any fixed

Uo €€, Uo # (0,0), the perturbed system (PS) with u = g has a unique
hyperbolic homoclinic loop, r@, relative to the stable and unstable
manifolds of the saddle P;. For this fixed value of € >0, let us define

H1 3=%>07 #2=<%)#1,
so that c =€, = I, /Iy and a = €11 = 1. Therefore,
Mo := (ta, o) = (1/€,(lo/€h)) € € C R? is a bifurcation value for which
the Melnikov integral has a simple zero. In this case the critical value for
the speed is ¢ = ¢; := l1/ly. Now, since M(p) =0 and M (o) # 0 we
conclude that the perturbed system has a unique homoclinic loop Ff
relative to the stable and unstable manifolds at Py, for parameter values
a=1land c=¢. ]
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Traveling pulse

Corollary (existence of a traveling pulse)

The system (ODE) has a homoclinic loop for the speed value

¢ =c1=h/l, which we denote as Ty := {(y,y')(z) : z€ R}, with
v € C3(R) and such that (y,y')(z) — (1,0) as z — Feo. The
convergence is exponential: there exist constants C,x > 0 such that

lw(z) =1, |y (2)| < Ce ™, as |z] - co.

This homoclinic orbit is associated to a unique (up to translations)
traveling pulse solution to (VBL) of the form u(x,t) = w(x — c1t) and
traveling with speed ¢ = c;.
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Andronov-Leontovich’s theorem

Theorem (Andronov-Leontovich)
Consider a planar system of the form

U =F(U,V,u)
V'=G(U,V,pu)

where F and G are smooth and € R. Assume that (Uy, Vo) is a
hyperbolic saddle for all i near g, that at U = Uy the eigenvalues are
A1(Uo) <0 < A(Uo), and that the system has a homoclinic orbit Iy at
the saddle. Let us define the saddle quantity as

Yo := A1(po) + A2(ho),

and suppose that g # 0.
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Theorem (Andronov-Leontovich (continuation))

Then:

(a) If o <0 then for sufficiently small L — o > 0 there exists a unique
stable periodic orbit ['(1) bifurcating from [g which as it — ug gets

closer to the homoclinic loop at = py. When u < g there are no
periodic orbits.

(b) IfXo > 0 then for sufficiently small 1L — g < O there exists a unique
unstable periodic orbit I'(it) bifurcating from I'y which as p — g

becomes the homoclinic loop at i = py. When 1 > g there are no
periodic orbit.

— Classical theorem by Andronov and Leontovich (1937). See, e.g.,
Shilnokov et al. (2001).
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Periodic wavetrains with large fundamental period (i)

Proof of theorem.

Assume (H1) - (Hs), (Hs) and (Hg). We know that when ¢ = ¢,
P1 = (1,0) is a hyperbolic saddle for system (ODE) and there is a
homoclinic orbit joining P; with itself. The eigenvalues of the
linearization at Py,

M(e) = 3(F(1)~ @)~ 5P~ el —4(1) <0,

Jaler) = (/1) ~ @)+ 5 V() — @) —4'(1) >0,

satisfy A1(c1) < 0 < Ax(c1). Hence the saddle quantity is non-zero,
Yo=1F"(1)—c1 #0, in view of (Hg). Andronov-Leontovich's theorem
implies there exists & > 0 small such that, if /(1) > ¢; (respectively,
f'(1) < c1) then for each ¢ € (c1 — &, c1) (respectively, ¢ € (c1,¢1 + 1))
there exists a unique closed periodic orbit for system (ODE) with
fundamental period T (c).
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Periodic wavetrains with large fundamental period (ii)

We obtain a family of periodic orbits parametrized by
= |C— Cl| & (0,51),

denoted as (U, V°)(z) =: (¢%,(¢F)')(z), z € R, with speed value
c(e)=ci+eif f'(1)<cyorc(e)=c —eif /(1) > ¢, fundamental
period T, and amplitude |@%(2)|,|(9¢)'(z)| = O(1) as € — 0.
Moreover, the family of orbits converge to the homoclinic loop relative to
the saddle point P; = (1,0) as € — 0", which we denote as

(0%,(0°))(2) = (v, ¥')(2), z€R,

with (92, (¢°))(z) — (1,0) exponentially fast as z — 4-c0. Hence, there
exists 0(&) > 0 such that 6(¢) — 0 as € - 0" and

10°(2) — 05(2)| < B(e),  for al |z|g§.
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Periodic wavetrains with large fundamental period (iii)

It can be shown that the homoclinic loop (9%, (¢°)) = (v, v’) is
non-degenerate (see definition by Beyn (1990)). Apply Corollary 3.2 in
Beyn (1990) to conclude that there exists 0 < & < & sufficiently small
and an appropriate reparametrization of the phase z such that

sup,_7e 121 (19°(2) = 9%(2) +1(#%) (2) = (9°) (2)]) < Cexp (* (min{A2(c1), \11(61)\})%),

e< Cexp (f(min{lg(cl), M’l(cl)l}) Tg),

for each 0 < € < &. Set k¥ = min{Ax(c1),|A1(c1)|} > 0. This shows the
desired bounds. Notice the second bound implies T, = O(|loge|) — co.
Finally, the family of orbits @¢ is of class C3 in z € R and in the
bifurcation parameter c, by the regularity of f and g, and to standard
ODE results. O
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(1) Burgers-Fisher equation
When g(u) = u(1— u) the function y=y(u) is
1
y(u):ﬁ\/1—3u2+2u3, ue(-11).

Hence, Iy and /; can be computed:
I /1()d L i 324057 ds= 2
= (s S=f/ —3s5°+2s°ds = —,
g V3l 5
Al , 1 Al > 3 3
11:/7%f(s)}/(s)ds:%/7%5\/1735 +2s ds:g.
L and J are approximated numerically,

1 [1_4s3 1 35
L:2/ ST s~ 4.0734,

1—3s2+2s3

L 1—4s3+3s%
J L%s e e 05~ 0.6906
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The non-degeneracy condition (Hs) holds: loJ ~ 0.4152 # Ll ~ 0.3492.

The homoclinic loop speed is

s 1
T T

The saddle condition (Hg) holds: /(1) =1 # ¢;.

Since f'(1) =1 > ¢; = 1/7, then the family of periodic waves with large
period emerge for c € (% — &, %) with & >0 small.
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Figure: Numerical approximation of the homoclinic loop for the Burgers-Fisher
equation with speed value ¢; = 1/7 (in blue, dashed line) and the periodic wave
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nearby with speed value ¢; —¢€, € ~ 0.05 (solid, orange line).
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(1) Logistic Buckley-Leverett model

Same logistic function, so Iy =3/5. We also have,

ds = 0.353458.

o [t s(1—s)v1—3s2+2s3
h=[femee=[ e

L and J are approximated numerically,

1—4s343s%
-1/2 1—3S2+23

_ 1_4s3 4
,2/ ) JAAS I 12,
1/2 52 _5)2) 1-3s2+42s

ds ~ 4.0734,
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The non-degeneracy condition (Hs) holds: foJ ~ 0.9763 # L/} ~ 1.4398.

The homoclinic loop speed is

/
¢ = =+ =0.589007.
lo

The saddle condition (Hg) holds: /(1) =0 # ¢;.

Since f'(1) =0 < ¢y, then the periodic waves emerge for
c €(0.589097,0.589097 + &;) with & > 0 small.
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Figure: Numerical approximation of the homoclinic loop for the logistic
Buckley-Leverett equation with speed value ¢; ~0.5891 (in blue, dashed line)

and the periodic wave nearby with speed value c; +¢, € ~ 0.025 (solid, orange
line).
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(111) Modified generalized Burgers-Fisher equation

When f(u) = ;u* — 2u3 and g(u) = u— u* we have the approximations

\/ 3 —552 4255 ds ~ 0.979027,
b= f .
1
h= 2)\/3 —5s2 4205 ds ~ —0.129571,

V5. u*
and,

1 /3-8s545s8
[=2 2795 IS 4o A 5.02004,
/ 3_5s242s5 ’

3 —8s% 4 5s8
2 _ )y 2T e 127529
/= / S =) 3 5128 ’
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The non-degeneracy condition (Hs) holds:
loJ =~ —1.24854 # LI, =~ —0.65162.

The homoclinic loop speed is

The saddle condition (Hg) holds: /(1) =0 # ¢;.

Since (1) =0 > ¢; = —0.13235, then the periodic waves emerge for
¢ € (—0.13235 — g1, —0.13235) with & > 0 small.
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Figure: Numerical approximation of the homoclinic loop for the modified
Burgers-Fisher equation with speed value ¢; = —0.13235 (in blue, dashed line)

and the periodic wave nearby with speed value ¢; — ¢, € ~ 0.05 (solid, orange
line).
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Spectral instability




The spectral stability problem

Spectral stability refers to an important property of the traveling wave as
a solution to the PDE.

Consider a perturbation v of a bounded periodic traveling wave

¢ = @(z), z=x—ct, with speed ¢ and fundamental period T > 0.
Substituting v + ¢ into the viscous balance law (VBL) written in the
variables (z,t) = (x — ct, t), then v = v(z,t) is a solution to

vi— v +F(v+0), — (@) = v +g(v+¢)—g(o).
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For nearby perturbations the leading approximation is given by the
linearization around ¢:

ve = vzz +(c— F/(@))vz+(8'(9) — F'(9)2)v.

Take v(z,t) = e**w(z), where A € C (growth rate) and w € X Banach,
we obtain an eigenvalue problem:

Aw = wz; +(c—f/(@))w: +(g'(9) — F'(9)2)w.

Our choice: X = L?(R;C), stability with respect to small localized
perturbations.
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The linearized operator around the wave is

L2 . 2 .
{z . 1%(R;C) — L%(R;C), (L)

&L = 932+ a1(2)d; + ao(2)],
with dense domain Z(¢) = H?(R;C), and where the coefficients,

a1(z) = c—f'(9),
a0(2) = g'(¢) — ()2,

are bounded and periodic, aj(z+ T) = aj(z), Vz€R, j=0,1.
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Resolvent and spectra

Definition (resolvent and spectra)

Let £ : X — Y be a closed linear operator, with X, Y Banach and dense
domain Z(.Z) C X. The resolvent of .Z, p(£), is the set of all complex
numbers A € C such that . — A is injective and onto, and (¥ — 1)1 is
bounded. The point spectrum of .Z, op (), is the set of A € C such
that . — A is a Fredholm operator with index zero and non-trivial kernel.
The essential spectrum of &, Oess(-Z), is the set of all A € C such that
either £ — A is not Fredholm, or it is Fredholm with non-zero index. The
spectrum of & is defined as 0(.Z) = Oess(-L) U 0t (L).
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Spectral stability

Definition (spectral stability)

We say that a bounded periodic wave @ is spectrally stable as a solution
to the viscous balance law (VBL) if the L2-spectrum of the linearized

operator around the wave defined in (LO) satisfies
o(L)2N{A€C:Red >0} =2.

Otherwise we say that it is spectrally unstable.
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Floquet characterization of the spectrum

Well-known fact: since the coefficients . are periodic in z, Floquet
theory implies that the L?-spectrum is purely essential or “continuous”,
0(L)|12 = Oess(-ZL)| 12, and there are no isolated eigenvalues.

We can parametrize the spectrum in terms of Floquet multipliers of the
form e’® € S (or by 8 € R (mod 27)). Define the set oy as the set of
complex numbers A for which there exists a bounded, non-trivial solution
w € L*(R;C) to the boundary value problem

Aw = wz + (c—f'(9))w: + (¢'(@) — f'(9)z) w,
w(T)= e"QW(O)7
w,(T) = e®w,(0),

for some 0 € (-, 7.
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Floquet characterization of the spectrum

Define the Floquet spectrum of as:

or:= |J oo

—m<0<m

Lemma (Floquet characterization of the spectrum)

0 (L) |12 = OF.
See Jones et al. (2014); Gardner (1993).

Observation: The continuous spectrum ¢(.£) ;2 can be written as the
union of partial spectra og. Each set oy is discrete as it is the zero set of
an analytic function. If 8 =0 then the boundary conditions become
periodic and oy detects perturbations which are co-periodic. The set o
detects anti-periodic perturbations.
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Bloch-wave decomposition

Define u(z) := e ®?/Tw(z). Then the non-separated boundary
conditions transform into periodic ones, dsu(T) = d5u(0), j =0,1, and
the spectral problem is recast as .Zpu = Au for a one-parameter family of

Bloch operators:
Lo = (0,+i0/T)*+a1(2)(d, +i6/T) +a(2)L,
{.,% L 12,0, T]; C) = Ly ([0, T];C),
with domain 2(Zp) = Ha: ([0, T];C), parametrized by 6 € (-, 7).
Their spectrum consists entirely of isolated eigenvalues:

G(fg)lLser = Gpt(fg)user. Moreover, they depend continuously on the
Bloch parameter 6, which is a local coordinate for the spectrum G(X)‘Lz

Conclusion: A € 6(Z);;2 if and only if 1 € Gpt(.i”g),_ser for some
0 c(—m,x):
()= U opi (L) 12,

—n<0<m
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Spectral instability of small-amplitude waves

Family of periodic, small-amplitude waves parametrized by
€:=|c—c| €(0,&), co =f'(0). These waves have amplitude of order

|9°],|9Z| = O(V/€) and period Te = \/Z‘WJrO(E) =: To+ O(e).

The associated spectral problem can be recast in a periodic space.

Consider the following Bloch-type transformation,

, T,
y= uly)=e (),
for given 0 € (—m,m]. Then the spectral problem is now
1 . .
Au=— 72 (i60 + ma, ) 7(_y) (i0 4+ mdy ) u+ 35 (y)u,

where the coefficients
3(y) = c(e) — ' (¢°(Tey/m)),
3%(y) = &'(¢°(Tey/m)) — (9 (Tey /7)) 9z (Tey /),
are clearly m-periodic in the y variable and where u € lDer([O m];C) is
subject to m-periodic boundary conditions, u(0) = u(x), uy(0) = u, (7). -



Multiply by T2 (constant) to obtain the following equivalent spectral
problem

fguziu, (nL)

for the operator

{.,% = (i0+ 73, + a5 (y) (I8 +79,) + a5 ()L,
Zy: @(39) = H;%er([oaﬂ];(c) c Lger([oaﬂ];c) — L;Z)er([ovn];(c)a

for any given 0 € (—x, 7] and where
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Perturbation problem

Let us write (nL) as a perturbation problem. The coefficients can be

written as

2 (y) = (To+0(€)) (c(e) 0 (Tey/m))) = Vebi(y)

35(y) = (To+OC(e )Q(g’ Tgy/n)) (9% (Tey /7)) 05(Tey /7))

= 47° 4+ O(Ve).
where 1
bi(y) == %a‘f(y) =0(1), yelo,x]
Thus we write
bo(y) = B0)—4n® _ 0(1), ye[0,7]
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Now, if we denote 1 := /€ € (0,./€) we obtain

Lou=(i0+710,) u+4n>u+nby(y)(i60 + mdy ) u+nbo(y)u
= Lu+nLyu,

where the operators fg and fel are defined as

29 = (i0+71d,)* +4n7L,
25 D(£5) = Hier([0,7],C) C Ler([0,7],C) — Lper([0, 7], C),

per

{39 = b1(y)(i8 +md, ) + bo(y)L,
fe ( ) per([o ﬂ] (C) C L2

per

([0,7],C) — L2..([0, 7], C).

per
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Therefore, (nL) is recast as a perturbed spectral problem of the form

,,%u:fgu—kn,,?@luzzu, uengr([O,ﬂ?],(C).
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Therefore, (nL) is recast as a perturbed spectral problem of the form

,,%u:fgu—i-nf@luzzu, uEngr([O,ﬂ?],(C).

Lemma

For each 6 € (—=m,x|, £y is ) -bounded.

Proof. We need to show that there exist uniform constants o, >0
such that
1L ullg, < allullig, +BILSulz,.

for all u € H3,.([0,x]; C).
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Upon estimation,
23 iz, = 101(y) (16 +3,)u+ boy)ul,
< mkalluylliz, + (K + Ko)llull iz, ,
as |0] < 7, with 0 < Ky := [|by|1=, 0 < Ko := || bo]l .
It can be shown that for all u € H?([0, z];C),

T 2N(N+1)
luyll 20,2y < N_1 lluyyll 20,7y + ZN=1) llull 20,7y

with N any positive number with N > 1.

Upon substitution,

1L5 ull iz, < GUN)lluyy |l iz, + Co(N)llull 3,

per

where

77.'2K1
Ki
Go(N) = Ko+ 7= (n(N—1)+2N(N+1)) >0.
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Using
128ull 3, = 1(i8 + 70y Pu+4x2ull . > n2|luyy 1z, — 112670, + (472 — 62)ull 3.,
and choosing N sufficiently large, N > 1+ 4m, we arrive at
1 0
1L ullg, < allulliz, +Bl-LRullug,.

with uniform constants

o= M<E(N 1+ N(N+1)) + Co(N) >0,
B = 2C71T(2N) > 0.
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Analytic perturbation theory (i)

Take a look at the spectral problem specialized to the case of Bloch

parameter 6 =0,

.,%u:.,%o—!—n.,%lu:zu, uengr([O,ﬂ];(C).

Observe:
e The operator
{:foo = 9] +4n°,
25+ 12,.([0,7]; C) — L2,.([0,7]; C),

is self-adjoint with a positive eigenvalue 710 — 47° associated to the
constant eigenfunction ug(y) = 1/+/7.
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Analytic perturbation theory (i)

e Upon application of analytic perturbation theory of linear operators
(Kato, 1980; Hislop and Segal, 1996): % is -#2-bounded implies
that % = 27 +n%l has discrete eigenvalues 4;(n) in a
n-neighborhood of Ag = 472 with multiplicities adding up to my if 1
is sufficiently small.

e Moreover, since Ag > 0 there holds

Re 4j(n) >0, In| < 1.
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Analytic perturbation theory (i)

e Upon application of analytic perturbation theory of linear operators
(Kato, 1980; Hislop and Segal, 1996): % is -#2-bounded implies
that % = 27 +n%l has discrete eigenvalues 4;(n) in a
n-neighborhood of Ag = 472 with multiplicities adding up to my if 1
is sufficiently small.

e Moreover, since Ag > 0 there holds

Re 4j(n) >0, In| < 1.

Lemma
For each 0 < n <« 1 sufficiently small there holds
Op(L +1%5) 13, N{A € C 1 |A —4x®| < r(n)} # 2,

for some r(n) = O(n) > 0.
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Spectral instability of small-amplitude waves

Proof of theorem. Now, since 1 = /€, we conclude that for 0 < e < 1
sufficiently small there exist discrete eigenvalues A(€) € op (L9 +V€.25)
such that |A —4x2| < Cy/¢ for some C > 0. Transforming back into the
original problem, this implies that there exist eigenvalues A = A(¢€) that
satisfy

A(e)-£(0) = O(ve), O<e<l

This implies that for € > 0 small there exist unstable eigenvalues 4(¢)
with Re A(€) > 0 of the spectral problem with 6 = 0. Let 6 vary within
(—m, 7] to obtain curves of spectrum that locally remain in the unstable
half plane. We conclude that

o(L5) 12 = U G(D%)Mgerﬂ{le(C:Re/l>0}7£@,

—n<0<m

for € > 0 sufficiently small. O
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Figure: Cartoon representation of the unstable real eigenvalue 19 = g’(0) >0
(in red) and of the neighboring unstable eigenvalues A;(€) (in green) near Ag
for 0 < € < 1 small for the case of a Floquet exponent 6 = 0. By letting 6 vary
within (—m, 7] we obtain unstable curves of spectrum (in green) of the
linearized operator around the periodic wave.
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Observation:

The “instablility” of u=0 as equilibrium point of the reaction function
(g'(0) > 0) is responsible for the spectral instability of the small
amplitude waves bifurcating from the equilibrium. Heuristically, this
result can be interpreted as follows: when € — 0™ the small-amplitude
periodic waves collapse to the origin and the linearized operator tends
(formally) to a constant coefficient linearized operator around zero,
whose spectrum is determined by a dispersion relation that invades the
unstable half plane thanks to the sign of g’(0).
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Spectral instability of large period waves

Consider the family of large period waves,

u(x.t) = 9°(x — c(e)1),
0°(2) = ¢°(z+ Te), for all z€R,

traveling with speed ¢ = c(&) and parametrized by € = |c; — c(€)|, with
O<e<g Kl

The family converges as € — 0% to the traveling pulse ¢° = @°(x — c;t)
traveling with speed ¢; = I1/ly (homoclinic orbit). The fundamental

period of the family of periodic waves, Ty — o as € — 0" at order
O(logel).
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The homoclinic Evans function (i)

Suppose ¢ = ¢°(z), z=x—c1t is the homoclinic pulse, with
ur =lim, 1 @(z) = 1. Then the eigenvalue problem #°u = Au can be
recast as

W, = A%(z, L)W, (SS)

with

¥ (7. 2) = 0 1
W= <UZ>’ A ( ;L) ()L—(g/((PO)—f'(QDO)z) _Cl+f/((PO)> o

Then, for each A in the set of consistent splitting,
Qe ={A€C:Red>g'(1)},

there exists one solution W™ (z,4) spanning the stable space of (SS)
decaying as z — 4o, and one unstable solution W~ (z,4) decaying as
z — —oo,
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The homoclinic Evans function (ii)

The The homoclinic Evans function is defined as the Wronskian

D(A) := det(W~(z,1), W (2,1)) 0.

Properties:

e it is not unique but they all differ by appropriate non-vanishing
factors;

e D is analytic on Q.;

e it vanishes at 4 € (. if and only if A € 6p(-Z)|,2, with the order of
the zero being the algebraic multiplicity of the eigenvalue.

— See Kapitula and Promislow (2013), Sandstede (2002).
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The periodic Evans function (i)

In the case of a periodic wave @ = ¢(z), with period T, the matrix
A(z,A) is T-periodic in z and we may apply Floquet theory for ODEs.

Let F=F(z,1) denote fundamental solution with initial condition
F(0,A) =1 for every A € C. The T-periodicity in z of the coefficients A
then implies that F(z+ T,A1) = F(z,A)M(Q) for all z € R, where

M(A) :=F(T,A) is the monodromy matrix, and it is an entire function
of A € C.

It can be shown that A € 6(.Z);,2 if and only if there exists u € C with
|| =1 such that
det(M(A4) — ul) =0.

(At least one of the eigenvalues of the monodromy matrix, also known as
Floquet multipliers, lies in complex unit circle.)
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The periodic Evans function (ii)

Gardner (1993) defines the periodic Evans function as the restriction of
the above determinant to u in the unit circle S* ¢ C,

D(X,8) := det(M() — e°T).

For each 6 € R (mod 27), the periodic Evans function is an entire
function of A € C whose isolated zeroes are particular points of the
(continuous) spectrum A € 6(.%) ;2. Each 6 € (—m, 7] is precisely the
Bloch parameter associated to a Floquet multiplier of the form e’®. For
each 0O fixed, the zeroes of the analytic function D(A,6) are discrete and
coincide in order (multiplicity) and location with the discrete Bloch
spectrum, Gpt(g")lLﬁer'

— See Kapitula and Promislow (2013), Gardner (1993).
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Instability of the pulse

Theorem

The traveling pulse solution is spectrally unstable: there exists o >0
(real and strictly positive) such that Ay € o (£°). Moreover, this
eigenvalue is simple.
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Instability of the pulse

Theorem

The traveling pulse solution is spectrally unstable: there exists o >0
(real and strictly positive) such that Ay € o (£°). Moreover, this
eigenvalue is simple.

This is a well-known fact from Sturm-Liouville theory (see Kapitula and
Promislow (2013)).
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Approximation theorem for large spatial period (i)

Upon homoclinic bifurcation and approximation as € — 0" of the large
period waves, one can show that for every |A1| < M (constant), there
holds

Te = O(|loge|) — o, as e—0",
|A0(z,l) *Ail < C(/\/I)E_é‘zl7 for all ze R, (**)

|A%(z,A) — A%(2,1)| < C(M)e *XTe/2 for all |z| < %,

for some uniform constants C(M),k, 8 > 0.
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Approximation theorem for large spatial period (li)

Conditions (**) are the structural assumptions for convergence of
periodic spectra in the infinite-period limit to that of the underlying
homoclinic wave:

Theorem (Gardner (1997); Yang and Zumbrun (2019))

Assume (**). Then on a compact set K C Q.. such that the homoclinic
Evans function D° = D°(1) does not vanish on dK, the spectra of ¢
for Tg sufficiently large (or equivalently, for any 0 < € < & with

0 < & < 1 sufficiently small) consists of loops of spectra /\i,j cC,
k=1,...,mj, in a neighborhood of order O(e’”TS/Q’"J')) of the
eigenvalues A; of 20 where mj denotes the algebraic multiplicity of A;
and 0 <1 < min{k,0}.

98



Spectral instability of large period waves

Proof of theorem.

Under (Hy) - (Hg), the family of periodic waves with large period, ¢, as
well as the traveling pulse, @°, satisfy (**).

Let Ao > 0 be the real, simple and positive eigenvalue associated to the
traveling pulse. Since C, C Q.. and Ao > 0 is simple, then we can take a
closed contour I around g such that K =T U(intl") is a small compact
set contained in Q. with no eigenvalues of .Z° on dK =T. Then from
the approximation theorem: there exists & := min{e;, &} > 0 small such
that for all 0 < &€ < & there exists a loop of Floquet spectrum A® C C in
a small neighborhood around Ag of order O(e ¥7¢/2) = O(g) of
eigenvalues of the linearized operator .£# around @¢.

This loop does not necessarily contain Ao but belongs to a
O(€)-neighborhood. We conclude that the spectrum ¢ for each
periodic wave @f with 0 < € < & is contained in the unstable half

plane. O
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Figure: Cartoon representation of the unstable, simple, real eigenvalue, /TLO >0
(in red), of the linearized operator .#° around the homoclinic loop. For

0 < € <« 1 sufficiently small there exists a unique loop of spectra, A (in blue),
of the linearized operator .#¢ around the periodic wave inside an unstable

O(€)-neighborhood of Ag.
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Conclusions




Conclusions

With classical bifurcation techniques it is possible to deduce the
existence of periodic bounded waves for a large class of equations
(viscous balance laws).

One family of small amplitude waves (Hopf bifurcation).

One family of large period waves (homoclinic bifurcation).

We also examine the Floquet spectrum of the linearization around
both families.

By analytic perturbation theory (small-amplitude waves) or
homoclinic approximation theory (large period waves) we found that
both families are spectrally unstable.

For many equations with structure (Hamiltonian, completely
integrable), spectral stability is a prerequisite for their nonlinear
(orbital) instability.

The same waves are modulationally stable for the Burgers-Fisher
equation.
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