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The equations

Modelling

Coupled mechano-chemical system: calcium diffuses freely
on a cytoplasmic material (e.gytoskeletonmodel of
MURRAY, J. D.AND OSTER, G. F.,IMA J. Math. Appl.

Med. Biol. 1, pp. 51-75; gel-like substance, elastic
properties (deformable)).
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Modelling

Coupled mechano-chemical system: calcium diffuses freely
on a cytoplasmic material (e.gytoskeletonmodel of
MURRAY, J. D.AND OSTER, G. F.,IMA J. Math. Appl.

Med. Biol. 1, pp. 51-75; gel-like substance, elastic
properties (deformable)).

Coupling via: (i) Actomyosin molecules, exert stress on the

material; sensitive to calcium concentration; aijl,
activation of calcium due to deformation of cytoplasm.
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The equations

Modelling

Coupled mechano-chemical system: calcium diffuses freely
on a cytoplasmic material (e.gytoskeletonmodel of
MURRAY, J. D.AND OSTER, G. F.,IMA J. Math. Appl.

Med. Biol. 1, pp. 51-75; gel-like substance, elastic
properties (deformable)).

Coupling via: (i) Actomyosin molecules, exert stress on the
material; sensitive to calcium concentration; aijl,
activation of calcium due to deformation of cytoplasm.

Slow diffusion of calcium: quasi-static balance of forces,
inertial terms neglected in the elastic equation.
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¢ E.g. Post-fertilization traveling waves on eggs. Mechalnic
and chemical phenomena observed on surface of vertebrat
eggs shortly after fertilization. Calcium wave prevents
further fertilization.
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The equations

¢ E.g. Post-fertilization traveling waves on eggs. Mechalnic
and chemical phenomena observed on surface of vertebrat
eggs shortly after fertilization. Calcium wave prevents
further fertilization.

e Simplest elasto-chemical system, underlies solutions of
traveling wave type.
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The equations

Model proposed byp. C. LANE, J. D. MURRAY, AND V. S.
MANORANJAN (IMA J. Math. Appl. Med. Biol.4 (1987), no. 4,
pp. 309-331.)
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Model proposed byp. C. LANE, J. D. MURRAY, AND V. S.
MANORANJAN (IMA J. Math. Appl. Med. Biol.4 (1987), no. 4,
pp. 309-331.)

Chemical model: Calcium released by autocatalytic process
(self-estimulated), diffuses freely, and more calciumeisrsas
cytoplasm is stretched (stretch activation)
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The equations

Model proposed byp. C. LANE, J. D. MURRAY, AND V. S.
MANORANJAN (IMA J. Math. Appl. Med. Biol.4 (1987), no. 4,
pp. 309-331.)

Chemical model: Calcium released by autocatalytic process
(self-estimulated), diffuses freely, and more calciumeisrsas
cytoplasm is stretched (stretch activation)

c= DAc + R(c) + e(divyu)
L ~~~ N~——
Fick's diffusion  gytocatalytic term  stretch activation
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eS| Model proposed byp. C. LANE, J. D. MURRAY, AND V. S.

iecs! MANORANJAN (IMA J. Math. Appl. Med. Biol.4 (1987), no. 4,
Ramion & pp. 309-331.)
Chemical model: Calcium released by autocatalytic process
(self-estimulated), diffuses freely, and more calciumeisrsas
cytoplasm is stretched (stretch activation)

The equations

c= DAc + R(c) + e(divyu)

Fick's diffusion  gytocatalytic term  stretch activation

¢ = free calcium concentration
R 5 u = elastic displacement vector of citoplasm
0 < e = stretch factor or contraction stress coefficient
0 < D = Fick’s diffusion coefficient of calcium
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The equations

Mechanical model: Slow diffusion of calcium, quasi-static
balance of forces. Inertial terms negligible!
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The equations

Mechanical model: Slow diffusion of calcium, quasi-static
balance of forces. Inertial terms negligible!

V.o+pF =0,

o = & + po(diviu)l +Ee+ (1 — E)(divyu)l +

viscous stress elastic stress
+ 7(C)l ,
——

active contraction stress due to calcium
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The equations

F=-su s> 0,

p = cytogel density

e= 3(Vu+ vu') = strain tensor
ui = bulk and shear viscosities
E = elastic modulus
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One dimensional version of the model bgNE et al. :
The equations

MUyt + Uxx — T(C)x — SU= 0,
¢t — Dcyx — R(C) — euy = 0,

(x,t) € R x [0,400), where:
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The equations

System of equations

One dimensional version of the model bgNE et al. :

MUyt + Uxx — T(C)x — SU= 0,
¢t — Dcyx — R(C) — euy = 0,

(x,t) € R x [0,400), where:

R > u = elastic displacement,
R > ¢ = concentration of free calcium,

1 = p1 + p2 = combined shear and bulk viscosities,
0 < s = restoring force,
0 < e = contraction stress on the increasecof
0 < D = Fick’s diffusion constant of calcium.
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The equations

Nonlinear terms:

R(c) = autocatalytic term,
7(c) = contractile forces acting on the medium duecto
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R(c) = autocatalytic term,
7(c) = contractile forces acting on the medium duecto

The equations

Assumptions:

1. R(0) = R(1) = R(cp) = 0, for somecy € (0,1).
fol R(c)dc > 0.
R(0) < 0, andR/(1) < 0 (bistable shape),
7'(c) bounded for alt € (0,1),

7 has compact support {9, 1), with 7 = 1 for
ce(6,1-9),1>¢6>0.

ok w DN
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The equations

Form of the nonlinear termR(c) andr(c).
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The equations

Spectral
stability

Exponential
decay of
constructed
Cp-semigroup

Nonlinear
orbital stability

with

Discussion

Traveling wave solutions

(u,c)(x,t) = (T,T)(x + 6t),

O(xo0) =0,

f = wave speed

T(+o00) =1,

¢(—o0)
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The equations

Wave equations:

///

©ou
ot —

X — X+ 60t, ' = d/dx(galilean variable).

—//
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Spectral
stability

Exponential
decay of
constructed
Cp-semigroup

Nonlinear
orbital stability

Discussion

Existence of traveling waves for
smalle > 0

e G. FLORES, A. MINZONI, K. MISCHIAKOW, AND
V. MoLL, Nonlinear Anal.36 (1999), no. 1, Ser. A: Theory
Methods, pp. 45-62.
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The equations

Existence of traveling waves for
smalle > 0

e G. FLORES A. MINZONI, K. MISCHIAKOW, AND
V. MoLL, Nonlinear Anal.36 (1999), no. 1, Ser. A: Theory
Methods, pp. 45-62.
Proposition
For e > O suff. small, there exigi¢, T°) such thati*(+o0) =
T (+00) = 1, T(—o0) = 0, and the speed is uniquely determined

by

0(e) = 6p + 0o(1),
[ R(c)dc
f; X)2 dx =%

Whene = 0, ¢ is the bistable Nagumo front, with spegg

=
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meequatons  COrollary (Exponential decay)

Spectral
stability

O ()] S & W%, asl| — +oo, =012

decay of
constructed

Co-semigroup |8)I(((_:6(X) — 1)| S e_X/Cl, asX — —|—OO, | = 0, 1,

Nonlinear i = X/C .
orbital stability ‘8)((:6()()‘ S.; e"l‘ / l’ asX — —oo, | = 07 1,
Discussion

uniform G > 0, for all e ~ O*.
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The equations

Letu+ O, c + T be solutions, witH{u, ¢) perturbations.
Nonlinear perturbation equations

,LLOUXXX_‘_ /,Luth + UXX - SU ( (C + C) - T(C) X —

x =
Ct‘i‘HCx—DCXX—EUX—( (C—I—C)— ()) (NL)
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The equations

Letu+ O, c + T be solutions, witH{u, ¢) perturbations.
Nonlinear perturbation equations

,UOUXXX_‘_ ILLUth + UXX - SU ( (C + C) - T(C))X (NL)
Gt + 0¢« — Do — el — (R(c+C) — R(T)) =

Linearized (around the waves) system for the perturbation

MGUXXX—i_ /LUth + UXX — Su— (T/(C)C)X == 0
Ct + 0cx — Doy — ey — R(T)c =0

(L)
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The equations

Results

e G. FLORES ANDR. P.,Journal of Differential Eqs247
(2009), no. 5, pp. 1529-1590.
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The equations

e G. FLORES ANDR. P.,Journal of Differential Eqs247
(2009), no. 5, pp. 1529-1590.

Theorem 1(Spectral stability)
For eache > 0 sufficiently small, traveling wavés©, o) are
spectrally stable and = Ois an isolated simple eigenvalue.



Stability of
waves to an
elasto-
chemical
model

Ramoén G.
Plaza

The equations

Theorem 2 (Semigroup estimates)

For eache > 0 sufficiently small, there exists > 0 such that for
each inicial cond(up, o) € H? x H? there is a global solution
(uy, €) en [0, +-00); HY x H1) to system (L) and some, € R
such that

(U ©) (-5 1) — (T, T () lliwe S €7,
for each t> 0. Moreover, if(ug, ¢p) € (W N H3) x H2 then

1(u,0)( 1) = (U TI()lLooxree — 0, if £ — o0,
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The equations

Theorem 3(Nonlinear stability)
For eache > 0 sufficiently small there existg > 0 such that, if
(Up, &) € H? x HY andag € R satisfy

H(CIOWEO)(') - (U)eo CE)(' + O‘(J)HH1><H1 <n < no,

Then there exists a unique global solution
(T, €) € C([0, +-00); HY x H1) to system (NL) and some,, € R
such that

|ag — arse| < Cao,

1
(T, €) (-, t) = (O, ©°)(- + 0t + cvoo) |2z < Crio€™ 2 — 0,
as t— +oo. Moreover, if(lip, &) € (WHE N H3) x H2 then

(U, ) (-, t) — (T, T) (- + Ot + o) ||Loe xLe < Croe™ ot — 0,

ast— +oo.
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Spectral
stability

Perturbations of fornfe*u(x), eMc(x)) with A € C:
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Spectral
stability

Perturbations of fornfe*u(x), eMc(x)) with A € C:

pOUkx + (A + 1)Uyx — SU— (7/()c)x = O,
AC+ 0c, — Degy — ey — R(T)c = 0.
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Spectral
stability

Perturbations of fornfe*u(x), eMc(x)) with A € C:

,UOUXXX + (ILL)\ + 1)uXX — SU— (T’(C)C)X - 0,
AC + 9Cx - DCXX — EUX - R’(C)C = 0

Necessary condition for stability: no solutioig c) € L2 with
Re\ > 0.
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Spectral
stability

First order system formulation

J. ALEXANDER, R. A. GARDNER, AND C.K.R.T. DNES, J.
Reine Angew. Math410(1990), pp. 167-212.
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Ramon G. J. ALEXANDER, R. A. GARDNER, AND C.K.R.T. DNES, J.
Reine Angew. Math410(1990), pp. 167-212.

Spectral

stability Spectral problem:

W = AC(X, \)W,

W = (U, UX, uXx, C, Cx)T

W e L%(R; C°)
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The equations

i AT (X A) =

0 1 0 0 0

o 0 1 0 0
o = [s/u0 0 —(A+pA)/ud T"C)T/u0 T(C)/1b
orbital stability 0 0 0 0 1
Discussion 0 —G/D 0 ()\ - R(C))/D H/D
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Spectral
stability

Asymptotic systems:

W = AS (AW,

n=0,1forx=—oo,+o0.

1
0

=|s/ud 0 —(1+
0

0 0
1 0
pA)/ b 0
0 0
0 (A—R(n))/D

0
0
7'(n)/ub
1
6/D
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Definition of spectra
i Family of densely defined closed operatord #R; C°):

T(\) : D(T) — L2(R; Cd),
T(A)W = W, — AS(x, \)W,

domainD(7¢€) = HY(R; C®), indexed by > 0 and\ € C.
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Spectral
stability

Definition (Spectra)

p:={\eC: T()\) is1l-1andontd (\)!bounded,
oy :={A € C : T(\) is Fredholm with index 0 and
non-trivial kernel ,
Oess:={A € C : T(\) either has non-zero index or is not Fredh

The spectrum is = 0., U 0. Since7 closed, therp = C\o. We
say\ € o, Is an eignvalue.
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Spectral
stability

Definition (Multiplicities)

For A\ € o, (i) Its geometric multiplicity (g.m.) is the maximal
number of linearly independent elements inké;\). (i) Suppose
A € o, has gm. = 1, so that kef7 (\) = span{W; }. We say\
has algebraic multiplicity (a.m.) equal to m if we can solve

TOW = AL (W1,

for each j=2,..., m, with W € H, but there is no H solution
W to y
TIW = K (X)W

For an arbitrary eigenvalue\ € o, with gm. =1, the a.m. is
defined as the sum of the multiplicitigl( my of a maximal set of
linearly independet elements in KE(\) = span{W, ..., W}.
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Spectral
stability

Remark : The definition coincides with the usual one for
equations in standard fortd; = LU, for a given linearized
operator., when written as a first order system. This holds
because¢he Fredholm properties of — A and7 () are the same
See:
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Spectral
stability

Remark : The definition coincides with the usual one for
equations in standard fortd; = LU, for a given linearized
operator., when written as a first order system. This holds
because¢he Fredholm properties of — A and7 () are the same
See:

e B. SANDSTEDE, Stability of travelling wavesn Handbook
of dynamical systems, Vol. 2, B. Fiedler, ed., North-Hotlan
Amsterdam, 2002, pp. 983—-1055.

e B. SANDSTEDE AND A. SCHEEL,Proc. Roy. Soc.
Edinburgh Sect. A30(2000), no. 2, pp. 419-448.

e B. SANDSTEDE AND A. SCHEEL, Math. Nachr.232(2001),
pp. 39-93.
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Spectral
stability

Definition (Spectral stability)
We say the waves are spectrally stable if

o C{AeC : ReX <0}U{0},

i.e., there are no solutions irflwith Re\ > 0; here \ = Oiis the
eigenvalue associated to trasnlation invariance, with
eigenfunction(Ty, Cx).
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Spectral
stability

Idea:
e Fore = 0, spectral stability of the Nagumo and elastic fronts
follow by energy estimates.

e Fore > 0 sufficiently small, stability persists due to uniform
convergence of thEvans functiongse — 07.
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Evans function

Spectral

stabilty e Q) =open region in the complement of the essential spectru
containing{Re A > 0}.
e The Evans functioiD“(\) is an analytical function defined
on2; its zeroes coincide in location and multiplicity with the
eigenvalues of the spectral problem.

¢ D can be defined via the Wronskian of the first order systen
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Mo == min{|R(1)], [R(0), 1/u} >0

Spectral
stability

Q:={\eC :Re) > —2A}.

In Q the dimensions of the stable and unstable manifolds of the
asymptotic system#/, = AW are contant:

dmus(\) =2,  dmS.()) = 3.
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Spectral
stability

Algebraic curves fore =0

Algebraic curves limiting the essential spectrum or O*. Note
the spectral gap.
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Definition of Evans function:

Spet_:t_ral
e D(\) = det(W (x, \), W, (x, A), Wy (X, A),
W, (X, A), W (x, ) x=0"

Properties: D€ analytic inQ2, andD¢ = 0 iff A is an eigenvalue.
The order of the zero coincides with the algebraic multiplic
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Facts:

— o (0°,T°) are spectrally stable (proof with energy estimates).
stabilty ) = 0is a simple eigenvalue, i.©D°(\) # 0 for Re A > 0,
except for\ = 0; (d/d\)D°(0) # 0.
e Foralle ~ 0%, A € Q, A5 () are hyperbolic with
dimU< (\) = 2, dimS,_ (\) = 3. This shows
Tess C {REN < 0}.
e Foralle > 0 fixed,o N {ReX > —1/2u} is uniformly
bounded.
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e Fora e Q,e>0smal,uc, s, — U°, S} inangle as
Spectral €— 0+ Wlth rateO(€ + 5(6)) = 77(6)! l.e.,
stability

Vi — Vjoi‘ < n(e).

for spanning bases. Moreover, by exp. decay of the waves,

(A€ — AS) — (A° — AD)| < Con(e)e M/Cr,
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Spectral
stability

Convergence result:

e R.P.AND K. ZuMBRUN (Discr. and Cont. Dynam. Syst0
(2004), no. 4, pp. 885-924).
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Spectral
stability

Convergence result:

e R.P.AND K. ZuMBRUN (Discr. and Cont. Dynam. Syst0
(2004), no. 4, pp. 885-924).

Under such structural conditions (hiperbolicity, expatierdecay,
regularity) the sequence of Evans functidfsconverges locally
and uniformly toD® ase — O with ratio

D¢ — D°| < O(e + [8(e)]) = On(e));

recall® = 0 + 6(¢), d(¢) = o(1).
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Spectral
stability

DO(\) # 0in Re) > 0, except at = 0. Thus,D¢(\) # O for

e ~ 0 small (by uniform convergence and analyticity). There are
no non-zero eigenvalues wifiRe A > 0}. The multiplicity

persists by convergence of the derivative®6f
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Spectral
stability

DO(\) # 0in Re) > 0, except at = 0. Thus,D¢(\) # O for

e ~ 0 small (by uniform convergence and analyticity). There are
no non-zero eigenvalues wifiRe A > 0}. The multiplicity

persists by convergence of the derivative®6f

This shows'heorem 1
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Exponential
decay of
constructed
Co-semigroup

Key ideas:

1. Write the linear system (L) in terms of the deformationdijeat

(v,c) := (u,c),
E(c‘)x,@t)(v, C) =0.

2. Construction of the semigroup associated to the above
equation. Global solution operator:

(Vo, G) € HY x HY — S(t)(vo, co) € C([0, +00); H x HY).

Lemma
S(t) is a Cy-semigroup in B x H.,
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Ramoén G.
Plaza

A:DCH x HY — H x HY,

Exponential Whel’e

secaet D= (2N L) x HE,

Co-semigroup

and

X
U={uel?: /u =0, // u = 0, two antiderivatives im?}.

(0(k) has a double zero k= 0.)
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nul (A — ) < nul(T(N),
nul (A" — X*) < nul(T (X)),

Exponential
decay of

construt_:ted Imply

Co-semigroup

ou(A) C o,
Tesd A) C 0,

Thus, spectral stability for smadl > 0.
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chemical

model eigenfunction.
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<(V> C)v (7/77 <Z_))>H1><H1 (
©

P]_(V, C) = (V7 C) - UXX7 CX);

Exponential
decay of

constructed @ = <(DXX7 CX); (157 Q_S)>H1><Hl ?é 0.

Co-semigroup
X1 := rank of P; C H! x HY,
Ap = A\Xl

Si(t) .= S(t)P1

is aCg-semigroup inXj.
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Ramén G.
Plaza (a) For eache > 0, Re\ > 0 and|Im )| suff. big,
-1
[(A = A)hiom <C,
Exponential
decay of
constructed .
cosemgrop () Fore > 0 suff. small and Re. > 0 big enough
C
A— A1 < —.

for some uniformC > 0.
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Exponential
decay of
constructed
Co-semigroup

5. Resolvent estimates:
(a) For eacle > 0, ReX > 0 and|Im A| suff. big,

1A = A) " Hlpp < C,

(b) Fore > 0 suff. small and Re\ > 0 big enough

C
— A1 < —,
(A=A lhiom < Re X

for some uniformC > 0.

Proof via energy estimates on the resolvent equations
(non-standard for the elastic variable).
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Exponential
decay of
constructed
Co-semigroup
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6. Gearhart-Pruss criteriol©g-semigroups in Hilbert spaces):

Since

sup{ReX: X € 0( A1)} <0,

sup [[(A — A1) Hlxg—x, < +00,
Re >0

then the semigrougs(t) on the Hilbert spac&; is exponentially
stable

ISV )l < CE“H(v, O, (v,€) € Xa.

This yieldsTheorem 2
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(7, 8)(x,t) = (v, c)(X + 0t + a(t), t) + (Tx, T)(X + Ot + (1)),
Nor_\linear »
oralsEbly: (1) = modulated phase depending ton

e PEGO AND WEINSTEIN, Comm. Math. Physl164(1994),
pp. 305-349.
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chemical 2. Local existence of the decomposition. Fimguch that
Ramén G.
glaze (v,c)(-,t) € Xi.

Implicit function theorem applied to the functional

Q[(\"/, é)7a](t) = <(V7 C)a (1;7 ?5)>H1 =0

Nonlinear
orbital stability

3. Phase modulation equation:
v O7H(ING N, (D, 8))
a(t)

B 1- @_1<(V7 C)? (1/757 (55)>H1><H1
N; = nonlinear terms.
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s If (vo, co) are sufficiently small, by exponential decay of the
Ramon G. semigroupS;, (v, ¢) remain small. The perturbation is subject to

(v,c)(+,t) € X.

Projection of the equation onty:

Nonlinear (V7 C)t = Al(V7 C) + Pl@?

orbital stability

Initial condition:

(V0>C0) = (VOaCO) (UX7 )( +C¥0) € Xi.
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a(t) < (_ane_wot, a(t) — as.
0

1
1%, ©)(-, 1) = (O, T)(- + Ot + () [laxrz < Croe™ 2 — 0,

”(V, é)('vt) - (UX7 C)( + 0t + O‘OO)HHlel < énoe_WOtﬂ

if the initial condition is suff. small.
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a(t)| < Cnewot, at) = as.
0

1
1%, ©)(-, 1) = (O, T)(- + Ot + () [laxrz < Croe™ 2 — 0,

”(V, é)('7t) - (UX7 C)( + 0t + O‘OO)HHlel < énoe_WOtﬂ
if the initial condition is suff. small.

This yieldsTheorem 3

Details in: FLORES-P, Journal of Differential Eqs247 (2009),
no. 5, pp. 1529-1590.
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Discussion

Spectral analysis using a first order formulation and Evans
function methods.

Definition of spectra compatible with the usual one when th
system is written in standard form.

Persistence of spectral stability for- 0™ (uniform
convergence of Evans functions).
Persistence of multiplicity ok = 0, eigenfunction(TUy, Tx).

Direct construction of th€p-semigroup associated to the
linear equationsyithoutgenerating theorems of
Hille-Yosida type.
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Discussion

Spectral properties of the generatdrinherited by the
Fredholm properties of the first order systems (spectral
stability).

Resolvent estimates allow application of the Gearhars$ri
criterion to obtain exponential decay on the Hilbert space,
range of the projection associated to the transaltion
eigenvalue.

Nonlinear orbital stability by modulating the phase
(Pego-Weinstein). Trivial Jordan block as the speed is
uniquely determined.
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