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o Introduction
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The nonlinear Klein-Gordon equation

Nonlinear Klein-Gordon with periodic potential:

U — e+ V' (u) = 0. (nKG)

for (x,7) € R x [0, +o0), u scalar, V € C2, periodic.
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The nonlinear Klein-Gordon equation

Nonlinear Klein-Gordon with periodic potential:

U — e+ V' (u) = 0. (nKG)

for (x,7) € R x [0, +o0), u scalar, V € C2, periodic.

Sine-Gordon equation:

Uy — Uy + Sinu = 0. (SG)

V(u) =1—cosu
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Applications (sine-Gordon):
e Surfaces with negative Gaussian curvature
(Eisenhart, 1909)

e Propagation of crystal dislocations (Frenkel and
Kontorova, 1939)

e Elementary particles (Perring and Skyrme, 1962)

e Propagation of magnetic flux on a Josephson line
(Scott, 1969)

e Dynamics of fermions in the Thirring model (Coleman,
1975)

e Oscillations of a rigid pendulum attached to a
stretched rubber band (Drazin, 1983)

Ramén G. Plaza — Stability of periodic nonlinear Kiein-Gordon waves — II Workshop on Nonlinear Dispersive Equations. Universidade Estadual de Campinas, Brazil. October 6109, | |~ ~
Slide 5/97




UNIVERSIDAD NACIONAL AUTONOMA DE MEXICO ITMAS

Assumptions on the potential:

(a) V:R — Ris of class C2 in all its domain and it is
periodic with fundamental period P.

(b) V has only non-degenerate critical points.

(c) V'(u)*(V(u)/V'(u)?)" > 0 for all u under
consideration.

Assumption (c) implies monotonicity of the period map with
respect to the energy.
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Traveling waves

u(x,t) =f(x—ct), z= x — ct, solution to the nonlinear
pendulum equation:

(= Dfe+V'(f(2)) =0,

Sine-Gordon case:

(¢ = 1)fez +sin(f(2)) = 0,

c € R (wave speed), ¢ # 1.
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Upon integration:
%(CZ - 1)f12 =E— V(f)a

E = constant (energy). Under assumptions:
0 < Ey = max V(u)

Sine-Gordon case: V(u) = 1 —cosu, Ey =2,
N = 1)f =E—1+cosf(z).

W.l.o.g.
(d) V has fundamental period P = 27 and

minV(u) =0, max V(u) = 2.
uck uck
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Classification

First dichotomy (wave speed):

e Subluminal waves: ¢ < 1
e Superluminal waves: ¢ > 1
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Classification

First dichotomy (wave speed):

e Subluminal waves: ¢? < 1
e Superluminal waves: ¢ > 1

Second dichotomy (energy E):

e Librational wavetrain: f(z+ T) =f(z). Closed
trajectory inside the separatrix in the phase portrait.

e Rotational wavetrain: f(z+7) = f(z) = 2x. Open
trajectory outside the separatrix in the phase plane.
Sign f; is fixed.
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Figure : Phase portrait for V(u) = 1 —(0.861)(cosu+ % sin(2u)):
superluminal ¢ > 1 (left); subluminal ¢* < 1 (right).
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Superluminal librational: ¢*> > 1, 0 < E < E,.
K(E)={ucR: (E-V(u))/(c>—1) >0} = disjoint
union of intervals in (0,7). In (vy,v7), only one
non-degenerate zero of V'. Librational (closed) periodic

orbit.
fZ = \/E V E— V(f)?

c2—1
where f € (vi,v2) C K(E).

T=V2Vc2—1

|, 7evw
v VE-V(M)

N
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Superluminal librational: ¢*> > 1, 0 < E < E,.
K(E)={ucR: (E-V(u))/(c>—1) >0} = disjoint
union of intervals in (0,7). In (vy,v7), only one
non-degenerate zero of V'. Librational (closed) periodic

orbit.
fZ = \/E V E— V(f)?

c2—1
where f € (vi,v2) C K(E).

T=V2Vc2—1

|, 7evw
v VE-V(M)

Sine-Gordon: wave oscillates around f = 0, in
(vi,v2) = (—Arccos(—E+1),Arccos(—E+1))

\

N
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Subluminal librational: ¢> < 1,0 < E < E,.
K((E)={ucR: (V(u)—E)/(1—c?) >0} = disjoint
union of intervals in (0,7). In (v3,v4), only one
non-degenerate zero of V'. Librational (closed) periodic

orbit. \/_
2
fo= Wy V(f)—E,
where f € (v3,v4) C K(E).

_ i dn
T—\/E\/l—cz/v3 m

N
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Subluminal librational: ¢* < 1,0 < E < Ej.
K((E)={ucR: (V(u)—E)/(1—c?) >0} = disjoint
union of intervals in (0,7). In (v3,v4), only one
non-degenerate zero of V'. Librational (closed) periodic

orbit. \/_
2
fo= Wy V(f)—E,

where f € (v3,v4) C K(E).

_ i dn
T—\/E\/l—cz/v3 \/ﬁ

Sine-Gordon: wave oscillates around f = T, in
(v3,v4) = (—Arccos(—E+1),2n — Arccos(—E+ 1))

\

N
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Superluminal rotational: ¢> > 1, E > Eg, E— V(f) >0
and X (E) = R. Rotation, f; has fixed sign. Orbit outside
the separatrix and f(z+T) = f(z) £ for all z.

s 2AE-V()

£="0g >0,

T =

\/c2—1/7c dn
V2 Jo \JE-V(n)
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Superluminal rotational: ¢> > 1, E > Eg, E—V(f) >0
and X (E) = R. Rotation, f; has fixed sign. Orbit outside
the separatrix and f(z+T) = f(z) £ for all z.

2(E-V())
-1

s

fF= >0,

T=

W

Subluminal rotational: ¢> < 1, E <0, V(f) —E >0 and
K (E) = R with . f; has fixed sign. Orbit outside the
separatrix and f(z+T) =f(z) £« for all z.

vl—c

b =
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G = {c? < 1,0 < E < Ey}, (subluminal librational),
G ={? <1, E<0}, (subluminal rotational),
G ={c?* > 1,0 < E < Ey}, (superluminal librational),
G ={c?>1, E>Ey}, (superluminal rotational),

. lib lib
(E,c) € G:=GP UG UG UGY
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G = {c? < 1,0 < E < Ey}, (subluminal librational),
G ={? <1, E<0}, (subluminal rotational),
G ={c?* > 1,0 < E < Ey}, (superluminal librational),
G ={c*> 1, E> Ey}, (superluminal rotational),

. lib lib
(E,c) € G:=GP UG UG UGY

Lemma
For each fixed z € R, f(z;E,¢) is of class C% in (E,c) € G.
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Spectral problem
Solution f(z) + u(z,t), with u = perturbation:

Uy — 2¢tz + (¢ — Vg + V' (u4f) = V'(f) = 0.
Linearized equation:

Uy — 2cttz + (¢ — Vg + V" (F(2) )u = 0.

N
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Spectral problem
Solution f(z) + u(z,t), with u = perturbation:

Uy — 2¢tz + (¢ — Vg + V' (u4f) = V'(f) = 0.
Linearized equation:

Uy — 2cttz + (¢ — Vg + V" (F(2) )u = 0.

u= w(z)em, A € C, w € X Banach:
(? = Dwg —2chw, + (W +V"(f(z)))w=0. (P)

Quadratic “pencil” in A.

\
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Floquet spectrum

Formally: A € 6F is a Floquet eigenvalue if there exists a
bounded solution w to (P). (Precise definition in a
moment.)
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Floquet spectrum

Formally: A € G is a Floquet eigenvalue if there exists a
bounded solution w to (P). (Precise definition in a
moment.)

We say the wave is spectrally stable if 6 C {Re A < 0}.
Otherwise it is spectrally unstable.
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Previous results
e A.C. Scott, Proc. IEEE (1969). Spectral stability.
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Previous results

e A.C. Scott, Proc. IEEE (1969). Spectral stability.

e G.B. Whitham, Linear and nonlinear waves (1974).
“Modulational” stability results. Based on Modulation
theory (Whitham, 1965).
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Previous results

e A.C. Scott, Proc. IEEE (1969). Spectral stability.

e G.B. Whitham, Linear and nonlinear waves (1974).
“Modulational” stability results. Based on Modulation
theory (Whitham, 1965).

e Forest, MacLaughlin (1982); Murakami (1986);
Ercolani, Forest, McLaughlin (1990); Parkes (1991);
etc. (abridged list).
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Summary of stability results

Wave Whitham (1974) | Scott (1969)
Subluminal rotational stable stable
Superluminal rotational | stable unstable
Subluminal librational unstable unstable
Superluminal librational | unstable unstable
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Whitham (1965, 1974):

Modulation theory: well established (formal) physical
method based on WKB expansions. Exact wave
f=f(x—ct) =f(kx — ot). Allowing dependence

k = k(x,t),00 = ®(x,1), under “slow modulations”, if the
PDE system on (k, ®) is well-posed then the wave is
“stable”.
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Whitham (1965, 1974):

Modulation theory: well established (formal) physical
method based on WKB expansions. Exact wave
f=f(x—ct) =f(kx — ot). Allowing dependence

k = k(x,t),00 = ®(x,1), under “slow modulations”, if the

PDE system on (k, ®) is well-posed then the wave is
“stable”.

References: Whitham (1974), J. Fluid Mech. (1965), Proc.
Roy. Soc. Ser. A (1965).
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Scott (1969):

—c?LZ)
c2—1/)’

v A\
Yzz cz(f_(zl))y= (62_1) y=:vy. (H)

=

Hill's equation with period T'. v € oy (Floquet spectrum of
(H)) if there is a bounded solution y.
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Scott (1969):

—c?»z)
c2—1/)’

4 A\
Yzz Cz(f_(zl))y= (62_1) y=:vy. (H)

=

Hill's equation with period T'. v € oy (Floquet spectrum of
(H)) if there is a bounded solution y.

Scott assumed that the transformation is isospectral:

(o = oF). This is not true. Actually:

Lemma (JMMP1)
IfA € ogNor then A € iR.
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Summary:
JMMP1:

e Correct proof of Scott’s results (spectral)

JMMP2:
e More generic potentials

Analysis of the monodromy map

Modulational stability index

Relation to Whitham’s modulation theory

AP:
e Orbital (nonlinear) stability of subluminal rotational
waves
e Multidimensional orbital stability (e.g. 2d sine-Gordon)
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Other references (Whitham vs. spectral):
e Serre (2005); Oh, Zumbrun (2006) (viscous conserv.
laws)

e Bronski, Johnson (2009); Johnson, Zumbrun (2010);
Bronski, Johnson, Zumbrun (2010) (gKdV)

e Johnson (2010) (BBM)
e Noble, Rodrigues (2013) (Kuramoto-Sivashinski)

e Benzoni, Noble, Rodrigues (2013) (Hamiltonian
PDEs)

Ramén G. Plaza — Stability of periodic nonlinear Kiein-Gordon waves — II Workshop on Nonlinear Dispersive Equations. Universidade Estadual de Campinas, Brazil. October 609, |\ ~ ./
Slide 24/97




UNIVERSIDAD NACIONAL AUTONOMA DE MEXICO

@ Analysis of the monodromy map

Iny
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Floquet spectrum

Problem (P) (quadratic pencil) can be written as a first
order system:
w, = A(z,A)w,
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Family of closed, densely defined operators:

TN :DCX—X

TNW := W, — Az, ) W.
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Family of closed, densely defined operators:

TA):DCX—X
TMW =W, —A(z, )W.

E.g.:

D=H\(R;C?), X=L*R;C?),

Spectral stability of periodic waves with respect to localized
perturbations.
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Definition (cf. Sandstede (2002))

The resolvent p, the point spectrum 6, and the essential
spectrum G, of problem (P):

p:={AeC: T(A) is one-to-one and onto, and
7 (L)~ !is bounded},
6, :={AeC: T(A) is Fredholm with zero index
and has a non-trivial kernel},
G.. :={A € C : T(N) is either not Fredholm or
has index different from zero}.

The spectrumis ¢ = 6., UG,. (Z (A) closed = p = C\G.)
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Comments:

e The transformation vi = w, v, = Aw defines a
cartesian product in X = L? which allows to write as a
standard eigenvale problem:

o 0 1 . [N
M= (—(cz— 1)92 — cosf(z) 2082) v=idv, v= (vz) '

e Equivalent definition to the standard one (essential
spectrum of Weyl, 1910): 1-to-1 correspondence
between Jordan chains

Ramén G. Plaza — Stability of periodic nonlinear Klein-Gordon waves — Il Workshop on Nonlinear Dispersive Equations. Universidade Estadual de Gampinas, Brazil. October 6 to 9,
Slide 20/97




Lemma (Gardner, 1997)

Since X = L? all spectrum of problem (P) is “continuous”,
that is, 6 = o, and ¢, is empty.
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Lemma (Gardner, 1997)

Since X = L? all spectrum of problem (P) is “continuous”,
that is, 6 = o, and ¢, is empty.

Since (nKG) is a real Hamiltonian system:

Lemma
G is symmetric with respect to reflection in real and
imaginary axes: L€ 6 = —A,AEG.
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Lemma (Gardner, 1997)

Since X = L? all spectrum of problem (P) is “continuous”,
that is, 6 = o, and ¢, is empty.

Since (nKG) is a real Hamiltonian system:

Lemma
G is symmetric with respect to reflection in real and
imaginary axes: L€ 6 = —A,AEG.

Spectral stability is equivalent to ¢ C iRR.
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Monodromy matrix

M()L) :=F(T,\)
F(z,\) = fundamental solution with F(0,A) = L.

M(M)F(z,A) =F(z+T,A)

N
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Monodromy matrix

M(L) :=F(T,\)
F(z,\) = fundamental solution with F(0,A) = L.

M(M)F(z,A) =F(z+T,A)

Important feature: A entire in A, Picard iterates converge
for F in z bounded = M is an entire (analytic) function of
A eC.
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Floquet multipliers:
A € o if and only if there exists at least one u € C (Floquet
multiplier) with |u| = 1 such that

D(\,u) := det(M(L) — ul) = 0.

u=u(L) = e®? are the eigenvalues of M(A). 8 = (1)
are called the Floquet exponents.
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Periodic Evans function

Definition (Gardner, 1997)
The periodic Evans function D : Cx R — C is

D(\,x) := D(A,e™T) = det(M(L) — ™7T),

for each (A,x) € C x R.
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Properties: (Gardner 1997, 1998)

e Gis the set of all A € C such that D(A, k) = 0 for
some real K.

e Dis analytic in A and K.

e The order of the zero in A is the multiplicity of the
eigenvalue.

e D(A, 1) = D(),0) detects spectra corresponding to
perturbations which are T-periodic.
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Floquet spectrum

Boundary value problem of the form

(2 = Dwy —2chw, + (A2 + V" (f(2)))w =0,

(VZ(<TT)>) =< (vﬁ%))) ek

For a given 8 € R we define g C C to be the set of
complex A for which there exists a nontrivial solution. The
Floquet spectrum G is defined then as the union over 6 of

these sets:
Of = LJ Og.

—n<0<m
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Observations:
e Clearly 6 =oF
e Each set Gy is discrete: zero set of the entire function
det(M(A) — 1)
e The set 6y (with 8 = 0) is the part of the spectrum

corresponding to perturbations which are co-periodic
(periodic partial spectrum)

e O - local coordinate; curves of spectrum: if
Dy (Mo, o) # 0, Dyu(Ao,uo) # 0 then 6 is a smooth
local curve

e At points where derivatives vanish: spectral analytic
arcs (e.g. atA=0!)
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Bloch wave decomposition

Transformation: y = e~ 102/T

yZ = ;&(Z’ }\'7 e)yv

w yields

A(z,),0) = A(z,1) — (i8/T)I,

Boundary conditions:

N
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Bloch wave decomposition

Transformation: y = o~ 102/T

yZ = ;&(Zv }\'7 e)ya

w yields

A(z,1,8) = A(z,A) — (i8/T)1,

Boundary conditions:

A € o iff for some —Tt < 6 < T there exists a non-trivial
solution y € H).,([0,T];C?)
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Equivalently, w = elezq transforms the spectral pencil (P)
into

(€@ 1)@+ D)7 2603+ 2) + (12 4 cosf(2)))g =0,

q(T) =q(0), ¢.(T)=q.(0)

Scalar domain base space Hll,er([O, T);C) C L%er([o, T];C).
Make p; = g, p» = Ag, we obtain:

[\
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Family of Bloch operators

. 0 1
P= <—(c2—1)(az+§)2—cosf(z) 2c(9,+ 9

_ (P
p_ (pz),

Ly D = Hpr([0,T):C?) — Lg,([0,T]: C%),

per

))pz:Lep,

A € G (continuous) iff A € 6,,(Lg) for some 8 € (—m, 47|
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Solutionsat A =0

f=f(zE,c), (E,c)€G,

w solution to pencil (P), with initial conditions:

w(0;E,c) =f(0;E,c)
_ f(T;E7C)7 Ee (OaEO)v (Ilb),
 A(T:E,c) —x, E € (—o0,0)U(Ey,+oo), (rot),

aZW(O;Ev C) :fZ(OaEa C) :fZ(T’Ea C)
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System at A = 0:
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System at A = 0:

w, =A(z,0)w,

0 1
A0 = (—V”<f<z>>/<c2 1) o) '

Lemma
The two-dimensional vector space of solutions is spanned

by
wo(z) = ({Z), and wi(z) = (}2)

1
det(wo(z), W1(2)) = e~ fefee = —— #0
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Solution matrix:

Q(z,0) := (wo(z), wi(2))
F(z,0) = Q(z,0)Q(0,0) .

M(O) = F(T7 0) = Q(T70)Q(070)_1

Q0! =@ ).
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If T # 0, there exists a basis in R* such that the
monodromy map M(\) at A = 0 has the Jordan form

M(0) ~ <(1) _1TE) :

Ramén G. Plaza — Stability of periodic nonlinear Klein-Gordon waves — II Workshop on Nonlinear Dispersive Equations. Universidade Estadual de Campinas, Brazil. October 6109, |
Slide 43/97




UNIVERSIDAD NACIONAL AUTONOMA DE MEXICO ITMAS

If T # 0, there exists a basis in R* such that the
monodromy map M(\) at A = 0 has the Jordan form

M(0) ~ <(1) _1TE) :

Q(7,0) —Q(0,0) is a rank-one matrix provided that
TE 75 0:

0 —Tgvw(E,c)
Q(T.0) = Q(0.0)+ (0 _TEEv'?uow,c»)

c2—1
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Under Assumption (c), we have monotonicity of the period
map (Chicone, 1987: criterion for planar Hamiltonian
systems):

Lemma
Under assumptions there holds Tg # 0. More precisely we
have:
(i) Tr > 0 in the rotational subluminal and librational
superluminal cases.

(i) Tg < 0 in the rotational superluminal and librational
subluminal cases.
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If we define
_ Tk

T2

then
(a) A > O for rotational waves.
(b) A < O for librational waves.
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Solutions series expansions
Q = Q(z,A) solution to

aQ _

dZ - A(ka)Q

Q(()?}“) = Q(O>0) = (WO(O)> Wi (O))

I

I
b
|
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Solutions series expansions
Q = Q(z,A) solution to

aQ _

i A(z,M)Q.

Q(07}“) = Q(an) = (W0(0)7 Wi (0))

By analyticity, seek series expansion

+o0

Q) = ¥ W'Qu(2)

n=0

[\
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Collecting like powers of A we obtain a hierarchy:

(@ - = Qi +A1Qy

:AO(Z)Qn +A1Qn—1 +A2Qn—27 n= 2735 o

N
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Collecting like powers of A we obtain a hierarchy:

d
(@ - = Qi +A1Qy

d
(A1) d%” — Ao()Qut+A1Qu 1 +AsQu 2, n=2,3,...

Solution by variation of parameters:

m@:%@Abmﬂmmm@

Qn(z / Qo) ' (A1Qu_1(y) +A2Qu_2) dy, n>2

—1
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By Abel’s identity:

Lemma

For allz € R, A € C, there holds

_exp (2chz/(c? — 1))
B c2—1 '

detQ(z,A)
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By Abel’s identity:

Lemma
For allz € R, A € C, there holds

exp (2cAz/(c* — 1)) '

detQ(z,A) = 21

After (tedious) computations:

Lemma

trQo(7)Qo(0) ' =2.
Qi (T)Qu(0) " = S

272
wQa(T)Q(0) ! = 5 -&(/ﬁ

(@
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Perturbation of the Jordan block

By analyticity of the monodromy map:

+oo 7&” d'M
M(A) = Z;)F — (0).

(Standard perturbation theory, Kato.) In general, the
Floguet multipliers bifurcate from A = 0 in Pusieux series.
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Perturbation of the Jordan block

By analyticity of the monodromy map:

+oo 7&” d'M
M(A) = Zz)ﬁ — (0).

(Standard perturbation theory, Kato.) In general, the
Floguet multipliers bifurcate from A = 0 in Pusieux series.

Fundamental matrix:

o0 +oo

F(z,A) = Q(ZaX)QO(O)_I = Z ann(Z)Qal = Z N'Fa(z)

n=0 n=0
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We have convergent series expansions
+oo :
= Z A'Qu(T)Qo(0) ",

trM(A antrQn )Qo(0) 7",

and detM(\) = Y. ( 2T ) ©

2 !
= \cc—1/ n!
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Expansion of the Floquet multipliers

U, solutions to:

D\, ) = det(M(A) —ul) = 1 — (tr M(A) )u+detM(A) =0

(M) = %(trM(%) = ((rM())* — 4detm (1)) "/?)
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Expanding:

trM(L)? —4detM()) =

2
(trQo(T)Qo(0) ™"+ ArQy (T)Qo(0) '+ Qs (T)Qo(0) ") +
2cT 2C2T2 2 3
_4(1+62_1k+ (c2—1)27“ ) +O(\)

= 4AN* +O(\?),

where,

A=— d
e AL

N
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The two Floguet multipliers are analytic functions of A at
A = 0. Asymptotic form:

us () =14+ (1 £AY)h+ 0(2)

c2—1

N
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The two Floguet multipliers are analytic functions of A at
A = 0. Asymptotic form:

ue () = 14 (£ =AY )0+ 000)

c2—1

Definition
We define the modulational instability index to be the
quantity

Yv = sgnA
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The two Floguet multipliers are analytic functions of A at
A = 0. Asymptotic form:

ue () = 14 (£ =AY )0+ 000)

c2—1

Definition
We define the modulational instability index to be the
quantity

Yv = sgnA

Clearly sgnA = sgnA
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Expansion of D near the origin

Lemma

The periodic Evans function D(A,x), for (A, x) € C x R,
has the following expansion in a neighborhood of
(7"’ K) = (070)!

r x)2+0(3),

D(A,x) = —AN?+ (iK— S

where O(3) denotes terms of order three or higher in
(A, k).

Ramén G. Plaza — Stability of periodic nonlinear Klein-Gordon waves — Il Workshop on Nonlinear Dispersive Equations. Universidade Estadual de Gampinas, Brazil. October 6 to 9,
Slide 54/97




UNIVERSIDAD NACIONAL AUTONOMA DE MEXICO ITMAS

Lemma

Ifypr = 1 then the solutions to D(A,x) = 0 near
(A,x) = (0,0) emerge from the origin tangentially to the
imaginary axis in the complex A-plane:

AM(K) = —ivic+ O(k?),

withv € R, for |[x| < 1.

Ifyy = —1 then the solutions emerge from the origin
tangentially to two lines passing through the origin and
forming non-zero angles with the imaginary axis:

A(x) = —(a+iB)k+O(1?),

with o, B € R, oo # 0, for |[x| < 1.
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Im A Im A

Re A Re A

Figure : Qualitative sketch of ¢ near the origin. Yy = 1 (left); Yy = —1
(right).

‘§ “Kl\\\\%‘\
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Under assumptions (a), (b) and (c):
e Yy = —1 for librational waves. Spectrally unstable.

e Yy = 1 for rotational waves. The spectrum is tangent
to the imaginary axis at A = 0.
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Under assumptions (a), (b) and (c):
e Yy = —1 for librational waves. Spectrally unstable.

e Yy = 1 for rotational waves. The spectrum is tangent
to the imaginary axis at A = 0.

Theorem

Under the non-degeneracy condition Tg # 0 if the
modulational instability index is Yy = —1 then the
underlying periodic traveling wave is spectrally unstable.
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Relation to Whitham’s modulation theory
Reference: Whitham, Proc. Roy. Soc. Ser. A (1965).

WKB approximations of the form:

z(x,1)

u(x,1) = f<T> +o(e),

k,® are no longer constant (and hence, E and c¢). We have
c=m/kand k= 0,, ®=—6,, 8 = kx — or. Conservation
of fluxons:

k+ o, =0
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Averaged Lagrangian

/ L(u,uy,uy)dxdt,

u> —V(u).

NI'—‘

L(u,uy,uy) = % —

In the wave u = f(x — ct) = P (kx — wr):
L(u,ux,u;) = 3(0% — k*)Pg(0) — V(P(0))

Averaged Lagrangian:

1 kT -
(L) = / L(w? — k2)do(0)2 — V((8))dO = Z (e, k, E).

kT Jo

I\
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Averaged Lagrangian variational principle
5//z(m,k,E) dxdt =0,
Lr =0, dispersion relation

Whitham’s system:

kt + 0)x — 0
(Z'w)t - (Zk)x =0.
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Averaged Lagrangian variational principle
5//z(m,k,E) dxdt =0,
Lr =0, dispersion relation

Whitham’s system:
(Lo)r — (Li)x = 0.

If the last system (*) is hyperbolic (Cauchy problem
well-posed) then the wave is stable under slow
modulations (Whitham, 1974).
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Equivalently (Whitham, 1965) we may express (*) in terms
of Eand ¢

=1 [ 4@ -0 - Vi)
- § 74 (& = )(E= V() 2dn — E=: LE.c).

N
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L(E,c) = ¥¢cz—-1 / VE—V()dn—E, (sup,lib),
L(E,c) = —2—\T6\/1——c2/: VVM) —Edn—E, (sub,lib),
L(E,c)= g\/cz——lf(:t VE=V(M)dn—E,  (sup,rot),
L(E,c) = —g\/l——&/on VM) —Edn—E, (sub, rot).

I\
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Classical action (mechanics):

W(E.c) = V2 $ (3 = D(E- V) an,

W(E,c) :=sgn(c® — 1)1/ |c2 — 1|J(E),

Jiin(E), librations,
Jrot(E), rotations,

)= V2 [\ fsgn (e~ 1)(E—v(m)an

Iin(E) =2v2 [ [sen(c? ~ D(E - V() dn

I\
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For each of the four cases under consideration (sub- or
superluminal, libration or rotation) there hold

Wg=T, (1)
cW
c= 21 (2)

Taking average of conservation of energy and momentum
equations we can express the Whitham modulation system

(*) as:
W, cW, B
(7>t+( T _E‘))C_O7 **
) . ™)
(T),+ (7),=0
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Whitham’s system of equations (**) is equivalent to the

system:
E E
(c)t—l-A(E,c) (c)x:()’ (Wh)

1 c(J(E)J"(E)+J'(E)?) —J(E)J'(E)
A(E;c) ((cz—l)zl’(E)J”(E) c(J(E)"(E)+I'(E)) )’

=

=

o
I

J(E)J"(E) +c2J' (E)>.

Ramén G. Plaza — Stability of periodic nonlinear Klein-Gordon waves — Il Workshop on Nonlinear Dispersive Equations. Universidade Estadual de Gampinas, Brazil. October 6 to 9,
Side 65/97




UNIVERSIDAD NACIONAL AUTONOMA DE MEXICO ITMAS

Whitham system (Wh) is hyperbolic if and only if
J'(E) <0.

Characteristic velocities:

c((EN"(E)+J'(E)?) — s+ = [ — 1| (=J(E)"(E)J (E)?) /7.
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Proof of Whitham’s modulational
instability

Lemma

sen”(E) = —yum.

Tr = Wi = sgn (¢ — 1)/ |c2 — 1|7 (E).

Proof:
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Corollary

The quasilinear Whitham system (Wh) is hyperbolic if and
only ifyyr = 1. In this case we say that the underlying
periodic traveling wave is modulationally stable (otherwise
we say it is modulationally unstable).
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Corollary

The quasilinear Whitham system (Wh) is hyperbolic if and
only ifyyr = 1. In this case we say that the underlying
periodic traveling wave is modulationally stable (otherwise
we say it is modulationally unstable).

Theorem (Proof of Whitham’s instability)

Under the non-degenerate condition Tg # 0, if the periodic
traveling wave is modulationaly unstable in the sense
defined by Whitham then it is spectrally unstable.
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Corollary

Under the non-degenerate condition Tg # 0, a necessary
condition for the spectral stability of a periodic wave is that
the modulational instabilty index is Yy = 1, or equivalently,
that the Whitham modulation system is hyperbolic.
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Corollary

Under the non-degenerate condition Tg # 0, a necessary
condition for the spectral stability of a periodic wave is that
the modulational instabilty index is Yy = 1, or equivalently,
that the Whitham modulation system is hyperbolic.

Finally we recover:

Theorem (Whitham, 1974)

e Both super- and subluminal rotational waves are
modulationally stable,

e Both super- and subluminal librational waves are
modulationally unstable (and whence, spectrally
unstable).
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Interpretation: “Modulational” stability pertains to
perturbations for which the wave parameters underlie
small variations with respect to wavelength. (Equivalently,
perturbations near the origin A = 0).

Whitham’s is an instability theory.
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Figure : Numerical plots of the Floquet spectrum G(A) = 0 for

sine-Gordon. %&\\%[
\
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@ Spectral (in)stability results
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(In)stability in the rotational case

Theorem
Under assumptions we have:

(A) Superluminal rotational waves are spectrally unstable.

(B) Subluminal rotational waves are spectrally stable.
That is: if L € G then A is purely imaginary.
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Part (A):
Define G: C — R by

G(A) = log|u (A)[log |u—(A)].

G continuous in R? and A € & if and only if G(A) = 0. Fact:
if u(A) € sM(A) (Floquet mult. for (P) then

NA) = exp(=AcT/(c? — 1)) € sMy(A) (Floquet mult. for
(H)). By Abel’s identity:

cAT

2
60 = (Re 57 ) = toghn. ()

B (Re AT )2_<1ogm_<>»>r>2-

c2—1
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Thus, for A € iR, G < 0. Moreover, G(if}) = 0 iff
iB € oNiR = o NiR. Thus,

Corollary

. 2
Suppose B € R is such that <czlE 1) ¢ ofl. Then
G(iB) < 0.
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Moreover, we can show:

Lemma

For a superluminal rotational wave, G(A) > 0 for A € R,

A > 1, and there is a i, in the spectral gap of 6y, that is,
G(iB) < 0.

By continuity, there must be an eigenvalue
A =out+ i« (1—t¢) for some r € (0, 1), where G(o,.) > 0,
o large and real, such that G(A) = 0. Clearly, Re A > 0.
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Moreover, we can show:

Lemma

For a superluminal rotational wave, G(A) > 0 for A € R,

A > 1, and there is a i, in the spectral gap of 6y, that is,
G(iB) < 0.

By continuity, there must be an eigenvalue
A =out+ i« (1—t¢) for some r € (0, 1), where G(o,.) > 0,
o large and real, such that G(A) = 0. Clearly, Re A > 0.

This shows (A).
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Part (B): Spectral stability of subluminal rotations.

By energy estimates: define the Hamiltonian operator
H=d?/dz*>+V"(f)/(c* — 1) so that the spectral equation
(P) is:

(c? — DHw(z) — 2cAw.(z) + A2w(z) =0

Lemma
The operator H is negative semidefinite in the case of a
rotational wave. For librations, H is indefinite.
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If A € o, multiply eq. by w* and integrate by parts on a
fundamental period [0, 7:

(¢* —1)(w,Hw) — 2im\+ ||w|*A% =0,

T
m:= —ic/ w(z)*'w;(z)dz € R
0

m € R using the periodicity of w and integrating by parts.
The roots of the quadratic are:

_ W {imi =2 = (@ = 1) wP (w, H) |

A € iR whenever ¢ < 1.
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If A € o, multiply eq. by w* and integrate by parts on a
fundamental period [0, 7:

(¢* —1)(w,Hw) — 2im\+ ||w|*A% =0,

T
m:= —ic/ w(z)*'w;(z)dz € R
0

m € R using the periodicity of w and integrating by parts.
The roots of the quadratic are:

_ W {imi =2 = (@ = 1) wP (w, H) |

A € iR whenever ¢ < 1.

This shows (B).
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o Multidimensional orbital stability

e,
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Subliminal rotational sine-Gordon
wavetrains

%( 2 1)f? = E+cosf

fz+T)=f(z) £2m, forall z € R,
Z<landE< —1.

I

LI
b
]
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Explicit wave form

By quadrature, explicit form of subluminal rotations in
terms of elliptic functions:

— arccos ™ [1 2cn? <1 / )] 05T
fc,E(Z):
arccos™ [1 2cn? ( i (T 2); >}

N
IINA
24
A
~

K =—"—"—1¢c(0,1), elliptic modulus,

cn =cn(+), elliptic cnoidal function
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Fundamental period:

Complete elliptic integral of the first kind:

1 dt
K(k) = /0 NP2
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Properties:

fee(z+T)=fep(z)+2n forall z€R, (rotation),

T
/ fee(z)dz=0, forall < 1, E<—1, (zeromean),
0

fe.£(z) = gc(z) = 4arctan (exp(z/V'1—¢?)),

uniformly on bounded intervals as £ — —1~ (convergence
to classical kink solution to sine-Gordon).
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-10}

Figure : Rotational subluminal periodic wave f = f; £(z) with E = —2,
¢ =0.5in the interval z € [T, 2T] (plot in red). Here the fundamental
period is T = 3.2476.
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Multidimensional model

Special solution to the multidimensional sine-Gordon

equation:
Uy — Au—+sinu =0,

with (x,7) € RY x [0, +o0), d > 2.
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Multidimensional model

Special solution to the multidimensional sine-Gordon
equation:
U — Au—+sinu = 0,

with (x,2) € RY x [0, +0), d > 2.

For d = 2: models the electrodynamics of extended
rectangular Josephson junctions (two layers of
superconducting materials separated by an isolating
barrier; Josephson, Adv. in Phys. (1965))
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Multidimensional spectral stability

Perturbation equations: Seek solutions
u(x,y,1) = f(2) + e w(z),

where, again, z=x—ct, yc R, > 0.

Linearization, family of quadratic pencils:
(¢® = 1wy — 2chw, + (A2 4 cosf(z) + € )w = 0,

EcR LeC.
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Spectrum
A € o iff there exists a Floquet multiplier u = ¢,
—7 < 0 < 7 such that there exists a non-trivial solution w

to the pencil, with

Ramon G. Plaza — Stability of periodic nonlinear Kiein-Gordon waves — Il Workshop on Nonlinear Dispersive Equations. Universidade Estadual de Campinas, Brazil. October 6 10 9,
Slide 87/97




UNIVERSIDAD NACIONAL AUTONOMA DE MEXICO ITMAS

Spectrum
A € o iff there exists a Floquet multiplier u = ¢,
—7 < 0 < 7 such that there exists a non-trivial solution w

to the pencil, with
<JVVZ<(?)) = (VZ((%)Q

G is a “continuous” spectrum, parametrized by
0 ¢ (—=, 7|, for each fixed & € R4~
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Lemma (Multi-d spectral stability)
Letf = f(z) be a subluminal (c* < 1) rotational (E < —1)
wave. Then Rece =0 for all§ € R.

Proof: Same!

(2= 1)Hw(z) = 2cAw, + (A2 +E)w =0,

H =0+ ?%(i)’ (Hill's operator)

Z
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L? energy estimate:

(2= 1) {w, Hw) = 2imh + (A7 +E7)[w]|* =

For ¢ < 1, purely imaginary eigenvalues:

T (zmw (1 4+ (€= D)lwlP . Zw) + P[4 ).

N
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Well-posedness

Evolution equation for v(z,y,t) = u(z+ct,y,t) — f(2),
Vi — 20V + (c2 — 1)v;; —vyy +sin(f(z) +v) —sinf(z) =0,

i.e. _
w; =JE (w), (Ev)

Wlth W= (V, vt)T, J :<_01 2;8 ), % . Hrl)er X Lger — R,
X

o) =3 [ [ (1-@) 02+ (0 474260 dye,

G'(v(z,y)) = sin(f(z) +v(z,y)) — sinf(z)

I\
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Q= {g €12, ([0,7)  [0,L1] x -+ x [0,Ly1]) :

T
/0 g(Z,)’1a)’27~~~,)’d—1)dZZ 07 for all yi € [07Li]}7

Z=(Hy x Q) x Q
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Q= {8 €L3l[0. 7] % [0, L4) x -+ x [0, Lg1])

T
/0 g(Z,}’1a)’27~~~a)’d—1)d2207 for all yi € [07Li]}7

Z= (Héer Q) xQ

Theorem
Th initial value problem asociated to equation (Ev) is
globally well-posed in Z.
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Orbital stability under multi-d
perturbations

Self-adjoint operator:

2 Y
~, _ [ (" =1)0; =0y +cosf(z) O
Z7(0,0) = ( . 1
with domain H2.. x L2

per per-

Stability of w = (0,0) " in Z under the flow of (Ev).
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Lemma (spectral analysis of £”(0,0))

The spectrum of E”(0,0) is discrete, 6 = {0, uy, 2, ..},
where0 <uy S S Spg = -+, and

ker £”(0,0) = span{ ({;) } .

Moreover, there is 3 > 0 such that for everyfz satisfying
hL(f,,0)" we obtain

(E"(0,0)h, k) = B|R||%
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Theorem (stability of zero solution)

The trivial solution # = 0 for (Ev) is stable in Z by the
periodic flow generated by the evolution equation (Ev), that
is, for every € > 0 there exists & > 0 such that for wy € Z,
and ||wo|| z < & we have that the solution w(t) with

w(0) = Wy satisfies w(t) € Z and

W)z <e.
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Theorem (orbital stability)

The rotational subluminal traveling wave profile is orbitally
stable in Z by the flow generated by the two-dimensional
sine-Gordon: For every € > 0 there exists 6 > 0 such that
for ug = uo(-,-) € X+ (T) X Hper ([0, L]) with

T
/ uo(z,y)dz =0, forall y € [0,L],
0

and u; € N\ satisfying

o = Fll gy

per

(0.17x[0.1]) T lledzu0 +urllrz ((o,71x[0.27) <O,

then the solution u = u(z,y,t) with initial conditions
u(-,-,0) =uo(-,-) andu;(-,-,0) = u (-, -) satisfies for all t:
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Theorem ((continued))

t_>u('+Cta'7t)_F( )€Héer([0 T] [ 7L])
t — cou(-+ct,y,t) +u-+ct,y,t) € Lger([O,T] x [0,L]),

Furthermore,
||M('+'Y,~,t) ( )HHler ([0,7]x[0,L]) +Hca u( 3%y )+ut( ) )||L%er([0»T]X[O,L])<S’

for allt > 0.

Remark: Here the modulation parameter vy is given
explicitly by y(z) = ct. Moreover, we have

T
teR —u(-,y,t) € Xo.(T), and / u(z+ct,y,t)dz=0
0

for all y fixed and 7 € R.
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Muito obrigado!
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