Physica D 239 (2010) 428-453

Contents lists available at ScienceDirect

Physica D

journal homepage: www.elsevier.com/locate/physd T

Stability of radiative shock profiles for hyperbolic-elliptic coupled systems

Toan Nguyen?, Ramoén G. Plaza b* Kevin Zumbrun?

2 Department of Mathematics, Indiana University, Bloomington, IN 47405, USA
b Departamento de Matemdticas y Mecdnica, IMAS-UNAM, Apartado Postal 20-726, C.P. 01000 México D.F., Mexico

ARTICLE INFO ABSTRACT

Article history: Extending previous work with Lattanzio and Mascia on the scalar (in fluid-dynamical variables) Hamer

Received 11 August 2009 model for a radiative gas, we show nonlinear orbital asymptotic stability of small amplitude shock profiles

g?ce“’ed 1;101'16(\)/156(1 form of general systems of coupled hyperbolic-elliptic equations of the type modeling a radiative gas, that
anuary

is, systems of conservation laws coupled with an elliptic equation for the radiation flux, including in
particular the standard Euler-Poisson model for a radiating gas. The method is based on the derivation
of pointwise Green function bounds and description of the linearized solution operator, with the main
difficulty being the construction of the resolvent kernel in the case of an eigenvalue system of equations
Keywords: of degenerate type. Nonlinear stability then follows in standard fashion through linear estimates derived
Hyperbolic-elliptic systems from these pointwise bounds, combined with energy estimates of nonlinear damping type.

Shock profiles © 2010 Elsevier B.V. All rights reserved.
Nonlinear stability

Pointwise Green function bounds

Radiating gases

Accepted 13 January 2010
Available online 18 January 2010
Communicated by B. Sandstede

1. Introduction

In the theory of non-equilibrium radiative hydrodynamics, it is often assumed that an inviscid compressible fluid interacts with
radiation through energy exchanges. One widely accepted model [1] considers the one-dimensional Euler system of equations coupled
with an elliptic equation for the radiative energy, or Euler-Poisson equation. With this system in mind, this paper considers general
hyperbolic-elliptic coupled systems of the form

ur +f(Wx +Lgx = 0,
—Qxx + ¢ +g(u)x =0,

with (x,t) € R x [0, +00) denoting space and time, respectively, and where the unknowns u € U C R", n > 1, play the role of state
variables, whereas q € R represents a general heat flux. In addition, L € R"™*! is a constant vector, and f € C?>(U; R") and g € C?(U; R)
are nonlinear vector valued and scalar valued flux functions, respectively.

The study of general systems like (1) has been the subject of active research in recent years [2-5]. There exist, however, more complete
results regarding the simplified model of a radiating gas, also known as the Hamer model [6], consisting of a scalar velocity equation
(usually endowed with a Burgers’ flux function which approximates the Euler system), coupled with a scalar elliptic equation for the heat
flux. Following the authors’ concurrent analysis with Lattanzio and Mascia of the reduced scalar model [7], this work studies the asymptotic
stability of general radiative shock profiles, which are traveling wave solutions to system (1) of the form

u(x, t) = U(x — st), q(x, t) = Q(x — st), (2)
with asymptotic limits

(1)

Ux) > usy, Q@) — 0, asx— oo,

uy € U C R" being constant states and s € R the shock speed. The main assumption is that the triple (u,, u_, s) constitutes a shock
front [8] for the underlying “inviscid” system of conservation laws

us +f(u)x =0, (3)
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satisfying canonical jump conditions of Rankine-Hugoniot type,

fluy) —fu-) —s(uy —u) =0, (4)
plus classical Lax entropy conditions. In the sequel we denote the jacobians of the nonlinear flux functions as

A(u) := Df (u) € R™",  B(u) :=Dg(u) e R™", u e U.

Right and left eigenvectors of A will be denoted as r € R™*! and | € R'*", and we suppose that system (3) is hyperbolic, so that A has real
eigenvaluesa; < --- < a,.

It is assumed that system (1) represents some sort of regularization of the inviscid system (3) in the following sense. Formally, if we
eliminate the g variable, then we end up with a system of the form

ue + f W)y = (LB uy)x + (U + f (@)
which requires a non-degeneracy hypothesis

- (B®L'r)) > 0, (5)
for some 1 < p < n, in order to provide a good dissipation term along the p-th characteristic field in its Chapman-Enskog expansion [9].

More precisely, we make the following structural assumptions:

f,g € C* (regularity) (S0)

For all u € U there exists Ap symmetric, positive definite such that ApA is symmetric, and AgLB is symmetric,

positive semi-definite of rank one (symmetric dissipativity = non-strict hyperbolicity).

Moreover, we assume that the principal eigenvalue a, of A is simple. (S1)

No eigenvector of A lies in ker LB (genuine coupling). (S2)

Remark 1.1. Assumption (S1) assures non-strict hyperbolicity of the system, with a simple principal characteristic field. Notice that (S1)
also implies that (Ag)/?A(Ag)~"/? is symmetric, with a real and semi-simple spectrum, and that, likewise, (Ao)/2B(Ao)~'/? preserves
symmetric positive semi-definiteness with rank 1. Assumption (S2) defines a general class of hyperbolic-elliptic equations analogous to
the class defined by Kawashima and Shizuta [10-12] and compatible with (5). Moreover, there is a condition equivalent to (S2) given by
the following:

Lemma 1.2 (Shizuta-Kawashima [11,12]). Under (S0)-(S1), assumption (S2) is equivalent to the existence of a skew-symmetric matrix valued
function K : U — R™" such that

Re (KA + ApLB) > 0, (6)
forallu € U.
Proof. See,e.g,[13]. O

As usual, we can reduce the problem to the analysis of a stationary profile with s = 0, by introducing a convenient change of variable
and relabeling the flux function f accordingly. Therefore, we end up with a stationary solution (U, Q)(x) of the system

FU)x+1Qx =0,
—Quw+Q +g(U)x =0.

After such normalizations and under (S0)-(S2), we make the following assumptions about the shock:
f(y) =f(@-), (Rankine-Hugoniotjump conditions), (HO)

ap(uy) <0 < aprr(uy),

ap1(U_) < 0 < ay(u_), (Lax entropy conditions), (H1)
(Vap)Trp # 0, forallue U, (genuine nonlinearity), (H2)
l,(u+)LB(u+)rp(us) > 0, (positive diffusion). (H3)

Remark 1.3. Systems of form (1) arise in the study of radiative hydrodynamics, for which the paradigmatic system has the form

P+ (pu)y =0,
(pu)e + (pu* + p)x = 0,

1, 1, (8)
plet+su +\pule+-u")+pu+gq) =0,

2 t 2 X
_qxx+aq+b(04)x20,

which corresponds to the one-dimensional Euler system coupled with an elliptic equation describing radiations in a stationary diffusion
regime. In (8), u is the velocity of the fluid, p is the mass density and 6 denotes the temperature. Likewise, p = p(p, 0) is the pressure and
e = e(p, 0) is the internal energy. Both p and e are assumed to be smooth functions of p > 0,6 > 0 satisfying

pp >0, pp#0, e >0.

Finally, ¢ = pyxy is the radiative heat flux, where x represents the radiative energy, and a, b > 0 are positive constants related to
absorption. System (8) can be (formally) derived from a more complete system involving a kinetic equation for the specific intensity
of radiation. For this derivation and further physical considerations on (8) the reader is referred to [1,14,3].
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The existence and regularity of solutions of the traveling wave type of (1) under hypotheses (S0)-(S2), (H0)-(H3) are known, even in
the more general case of non-convex velocity fluxes (assumption (H2) does not hold). For details of existence, as well as further properties
of the profiles such as monotonicity and regularity under the small amplitude assumption (features which will be used throughout the
analysis), the reader is referred to [5,15].

1.1. Main results

In the spirit of [ 16-19], we first consider the equations of (1) linearized about the profile (U, Q):
ue + (AU)wx + Lgy = 0,
—x+ g+ B(U)u)x =0,
with initial data u(0) = u,. Hence, the Laplace transform applied to system (9) gives
Au+ AU u)x + Lgx =S,
—Gx+q+ (BU)u), =0,
where source S is the initial data uy.

As it is customary in related nonlinear wave stability analyses (see, e.g., [20,21,16,22]), we start by studying the underlying spectral
problem, namely, the homogeneous version of system (10):

M4 (AWU)u)y + Lgy = 0,
—Qwx +q+ (B(U)u)x =0.

An evident necessary condition for orbital stability is the absence of L? solutions to (11) for values of A in {Re A > 0} \ {0}, . = 0 being
the eigenvalue associated with translation invariance. This spectral stability condition can be expressed in terms of the Evans function, an
analytic function playing a role for differential operators analogous to that played by the characteristic polynomial for finite-dimensional
operators (see [20,21,23,16,17] and the references therein). The main property of the Evans function is that, on the resolvent set of a

certain operator ., its zeros coincide in both location and multiplicity with the eigenvalues of .£. Thence, we express the spectral stability
condition as follows:

There exists no zero of the Evans function D on {Re A > 0} \ {0};

(9)

(10)

(11)

equivalently, there exist no nonzero eigenvalues of .£ withRe A > 0. (SS)
Like in previous analyses [16,22,24], we define the stability condition (or Evans function condition) as follows:

There exists precisely one zero (necessarily at A = 0; see Lemmas 2.5 and 2.6)

of the Evans function on the nonstable half-plane {Re A > 0}, (D)

which implies the spectral stability condition (SS) plus the condition that D vanishes at A = 0 at order 1. Notice that just like in the

scalar case [7], due to the degenerate nature of system (11) (observe that A(U) vanishes at x = 0), the number of decaying modes at =00,

spanning possible eigenfunctions, depends on the region of space around the singularity. Therefore the definition of D is given in terms of

the Evans functions D in regions x = 0, with the same regularity and spectral properties (see its definition in (43) and Lemmas 2.5 and 2.6).
Our main result is then as follows.

Theorem 1.4. Assuming (5), (S0)-(S2), (HO0)-(H3), and the spectral stability condition (D), then the Lax radiative shock profile (U, Q) with
sufficiently small amplitude is asymptotically orbitally stable. More precisely, the solution (ii, q) of (1) with initial data 1y satisfies

li(x, £) — Ux — a()|p < CA+ )" 20D yg) 1

- (12)
|i(x, t) — U(x — a(0)]ye < C(1+ )4 [ugl1 44
and
306 ) = Qe — a(®)lwrp < C(1+ 720D ug 1y (13)
G0, ) = Q(x — ()]s < C(1+ 0 *Juol s
for initial perturbations ug := ilg — U that are sufficiently small in L' N H*, for all p > 2, for some «(t) satisfying «(0) = 0 and
lee(t)] < Cluolpiya
olLnH (14)

l6(6)] < C(1 4 )2 ugl 14

Remark 1.5. The time-decay rate of g is not optimal. In fact, it can be improved as we observe that |q(t)|2 < Clux(t)|;2 and |uy(t)|2 is
expected to decay like t ~1/2; however, we omit the detail of carrying this out. Likewise, assuming in addition a small L' first moment on the
initial perturbation, we could obtain by the approach of [25] the sharpened bounds |¢| < C(14+t)° !, and |a —a(400)| < C(14+t)° /2 for
o > 0 arbitrary, including in particular the information that o converges to a specific limit (phase-asymptotic orbital stability); however,
we omit this again in favor of simplicity.

We shall prove the following result in Appendix A, verifying the Evans condition (D).
Theorem 1.6. For € := |u, — u_| sufficiently small, radiative shock profiles are spectrally stable.

Corollary 1.7. The condition (D) is satisfied for small amplitudes.
Proof. In Lemmas 2.5 and 2.6, we show that D(A) has a single zero at A = 0. Together with Theorem 1.6, this gives the result. O
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1.1.1. Discussion

Prior to [7], asymptotic stability of radiative shock profiles has been studied in the scalar case in [26] for the particular case of the
Burgers velocity flux and for linear g(u) = Mu, with constant M. Another scalar result is the partial analysis of Serre [27] for the exact
Rosenau model (see also [28]). In the case of systems, we mention the stability result of [29] for the full Euler radiating system under
special zero-mass perturbations, based on an adaptation of the classical energy method of Goodman, Matsumura and Nishihara [30,31].
Here, we recover for systems, under general (not necessarily zero-mass) perturbations, the sharp rates of decay established in [26] for the
scalar case.

We mention that works [26,7] in the scalar case concerned also large amplitude shock profiles (under the Evans condition (D),
automatically satisfied in the Burgers case [26]). At the expense of further effort in book-keeping - specifically in the resolution of flow
near the singular point and construction of the resolvent — we could obtain by our methods a large amplitude result similar to that of [7].
However, we greatly simplify the exposition by means of the small amplitude assumption allowing us to approximately diagonalize before
carrying out these steps. As the existence theory is only for small amplitude shocks, with upper bounds on the amplitudes for which
existence holds, known to occur, and since the domain of our hypotheses in [7] does not cover the whole domain of existence in the
scalar case (in contrast to [26], which does address the entire domain of existence), we have chosen here for clarity to restrict to the small
amplitude setting. It would be interesting to carry out a large amplitude analysis valid on the whole domain of existence in the system case.

1.2. Abstract framework

Before beginning the analysis, we orient ourselves with a few simple observations framing the problem in a more standard way.
Consider now the inhomogeneous version

U+ (AU u)x + Lgy = g,
—qxx + q + (B(U) u)x = h,

of (9), with initial data u(x, 0) = ug. Defining the operator X := (—8,? + 1)~ ! of order —2 (by “order” we mean the number of lost
derivatives), locally compact from L2 to H2, and the bounded operator

g = 0xLK dxB(U)
of order 0, we may rewrite this as a nonlocal equation

ur + AU u)x + gu = KLKXh+ g,

(15)

u(x,0) = up(x) (1®)
in u alone, recovering q through

q=—KoBWU)u+ Kh. (17)
The generator £ := —(A(U) u)y — Ju of (16) is a zero-order perturbation of the generator —A(U)uy of a hyperbolic equation, and so

generates a C° semigroup e** and an associated Green distribution G(x, t; y) := e*'§,(x). Moreover, e£* and G may be expressed through
the inverse Laplace transform formulae

1 n+ioco
eft = — e — L£)71da,
2mi n—ico
1 n+ioo (18)
G, t;y) = —— / "G (x, y)da,
2mi n—ico
for all n > ng, where G, (x,y) .= (A — DC)‘l(Sy(x) is the resolvent kernel of ..
Collecting information, we may write the solution of (15) using Duhamel’s principle/variation of constants as
+oo t p4oo
u(x, t) = / G(x, t; y)uo(y)dy + / / G(x, t — 53 y)(0LKh + &) (v, s) dy ds,
—00 0 —00 (19)

qx, t) = (=K BU))u + Xh) (x, 1),

where G is determined through (18).

That is, the solution of the linearized problem reduces to finding the Green kernel for the u-equation alone, which in turn amounts to
solving the resolvent equation for .£ with delta-function data, or, equivalently, solving the differential equation (10) with source S = §,(x).
This we shall do in standard fashion by writing (10) as a first-order system and solving appropriate jump conditions at y obtained through
the requirement that G, be a distributional solution of the resolvent equations.

This procedure is greatly complicated by the circumstance that the resulting (n 4+ 2) x (n + 2) first-order system

O X)W, = A(x, VW (20)

is singular at the special point where A(U) vanishes (see Remark 1.9), with ® dropping to rank n 4+ 1. However, in the end we find as
usual that G, is uniquely determined by these criteria, not only for the values Re A > 1y > 0 guaranteed by C°-semigroup theory/energy
estimates, but, as in the usual nonsingular case [32], on the set of consistent splitting for the first-order system (20), which includes all of
{Re A > 0} \ {0}. This has the implication that the essential spectrum of .£ is confined to {Re A < 0} U {0}.

Remark 1.8. The fact (obtained from energy-based resolvent estimates) that .£ — X is coercive for Re A > 1y shows by elliptic theory that
the resolvent is well-defined and unique in the class of distributions for Re A large, and thus the resolvent kernel may be determined by
the usual construction using appropriate jump conditions. That is, from standard considerations, we see that the construction must work,
despite the apparent wrong dimensions of decaying manifolds (which arise for any Re A > 0).
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Remark 1.9. Recall that the Lax entropy condition reads a;; <0 < a;r ,q and a, ; <0 <a,. This, together with the continuity of
a,(x) = a,(U(x)) (from the regularity of the profile U(x) of the existence theory [5,15]), shows that a,(xo) = 0 at some point xo which,
without loss of generality, we take as xo = 0. Thus, the p-Lax eigenvalue ap(x) connects a, > 0 with a:; < 0 atx = Fo00. The degeneracy
occurs naturally as the coefficient matrix A(U) of the highest order derivative of u with respect to x in (16) becomes singular at that point.
When the associated spectral system is written in first-order form (20), this degeneracy shows up in the drop of rank of the coefficient
matrix ®. Dealing with the singularity of the first-order system is the most delicate and novel part of the present analysis (see also the
analysis of the scalar model [7]). It is our hope that the methods that we use here may be of use also in other situations where the resolvent
equation becomes singular, for example in the closely related situation of relaxation systems discussed in [17,19].

Remark 1.10. Comparing to the concurrent analysis of the scalar model [7], the main difference when constructing the Green function is
that we now have n slow modes at each far field (i.e., at x = £00), rather than only one in the scalar case, and one of these modes will
have to connect to the mode having the degeneracy at x = 0 in the above sense (the vanishing p-Lax eigenvalue). A priori, we were not
sure how to treat such situations. However, as it turns out, we can diagonalize the system with acceptable error of the same order, zero,
as terms coming from Ju, and thus, are able to treat the slow mode with degeneracy as in the scalar case. We emphasize that the wrong
number of decaying modes clearly remains in the system case, but the cure for it remains as well: construction of full sets of decaying
modes on each side of the singularity.

Another significant difference in the analysis is that the verification of the spectral stability condition is not straightforward as for
the scalar problem; indeed, here we have to use a combination of Kawashima-type and weighted Goodman-type energy estimates (see
Appendix A), which work (only) for small amplitudes; we observe that in [7], we (and co-authors) were also able to verify the condition
for arbitrary amplitudes in the existence region of the profile, provided that b is linear. In addition, the fact that LB is not strictly positive
required special attention while obtaining the damping nonlinear energy estimates, in contrast with the scalar case.

Plan of the paper

This work is structured as follows. Section 2 pertains to the construction of the resolvent kernel, based on the study of the solutions to the
eigenvalue equations both near and away from the singularity. In Section 3 we establish bounds for the resolvent kernel in low frequency
regions. Section 4 contains the analysis towards pointwise bounds for the low frequency Green function, based on the spectral resolution
formulae. The auxiliary damping energy estimate and the high frequency estimate are the content of Section 5. The final part, Section 6,
blends all the previous estimations into the proof of the main nonlinear Theorem 1.4. Appendix A contains the verification of the spectral
stability condition in the small amplitude regime, whereas Appendix B contains a pointwise extension of the tracking lemma of [33].

2. Construction of the resolvent kernel
2.1. Outline

In what follows we shall define’ = 9, for simplicity; we also write A(x) = A(U) and B(x) = B(U). Let us now construct the resolvent
kernel for £, or equivalently, the solution of (10) with a delta-function source in the u component. The novelty in the present case is the
extension of this standard method to a situation in which the spectral problem can only be written as a degenerate first-order ODE. Unlike
for the real viscosity and relaxation cases [17,33,18,19] (where the operator L, although degenerate, yields a non-degenerate first-order
ODE in an appropriate reduced space), here we deal with a system of the form

OW’' = Ax, MW,
where

A
- )

is degenerate at x = 0.
To construct the resolvent kernel we solve

(©d — Ax, A)§1(x,y) = §y(x), (21)
in the distributional sense, so that
(O — Ax, A))§x(x,y) = 0, (22)

in the distributional sense for all x # y with appropriate jump conditions (to be determined) at x = y. The first entry of the 3-vector g, is
the resolvent kernel G, of .£ that we seek.
Namely §,, is the solution in the sense of distribution of system (10) (written in conservation form):

(Au) = — (A +LB)u+Lp+ 8,(x)
¢ =Bu—p (23)
p=—q

2.2. Asymptotic behavior

First, we study at the asymptotic behavior of solutions to the spectral system
(Axu) = —(» + LB(x))u + Lp,
q = B(x)u —p, (24)
p =—q,
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away from the singularity at x = 0, and for values of A # 0, Re A > 0. We pay special attention to the small frequency regime, A ~ 0.
First, we diagonalize A as

A= L,AR, = a (25)

where Ay < —6 < 0,A] > 6 > 0, and g, € R, satisfying a,(+00) < 0 < a,(—00). Here, L, R, are bounded matrices and L,R, = I.
Defining v := L,u, we rewrite (24) as

(AX)v)' = —(h + LB+ L,ARy)v + Lp.

q =Bv—p, (26)

p =—q,
where L := L,L and B := BR,. Denote the limits of the coefficient as

AL = Xl}rjr:looA(x), By = Xl}gloo B(X)R,. (27)
The asymptotic system thus can be written as

W = AL (MW, (28)
where W = (v, q,p)", and

—A;] ()\N—i- Ziéi) 0 A;Jii
Ax (1) = By o -1 |- (29)
0 -1 0

To determine the dimensions of the stable/unstable eigenspaces, let A € R and A — 0, +o0, respectively. The 2 x 2 lower right-corner
matrix clearly gives one strictly positive eigenvalue and one strictly negative eigenvalue (this later will give one fast decaying mode and
one fast growing mode). In the “slow” system (as |A| — 0), the eigenvalues are

W) = —r/aG"+ 002, (30)

where aji are eigenvalues of AL = A(£o00). Thus, we readily conclude that at x = +o0, there are p + 1 unstable eigenvaluesand n —p + 1

stable eigenvalues. The stable ST () and unstable U™ (1) manifolds (solutions which decay and grow, respectively, at +o00) have, thus,
dimensions

dimUt(\) =p+1,
dimST(\) =n—p+1,

inRe A > 0. Likewise, there exist n — p + 2 unstable eigenvalues and p stable eigenvalues so the stable (solutions which grow at —oco) and
unstable (solutions which decay at —oo) manifolds have dimensions

dimU~ (L) = p,
dimS™(A) =n—p+ 2.

(31)

(32)

Remark 2.1. Notice that, unlike for customary situations in the Evans function literature [20,16,23,17,33,21], here the dimensions of the
stable (resp. unstable) manifolds S™ and S~ (resp. U™ and U ™) do not agree. Under these considerations, we look at the dispersion relation

74 (i&) = det (—Z\i(x FLBE2 —iE(1 + EX) — AA:_J) —o.
For each £ € R, the A-roots of the last equation define algebraic curves
3@ € o (14607 (—8aBe —i6(1 + EDAL))

touching the origin at & = 0. Denote as A the open connected subset of C bounded on the left by the rightmost envelope of the curves
)Lji(f), & € R. Note that the set {Re A > 0, A # 0} is properly contained in A. By connectedness, the dimensions of U* () and S* (1) do
not change in A € A. We define A as the set of (not so) consistent splitting [20], in which the matrices A (1) remain hyperbolic, with not
necessarily agreeing dimensions of stable and unstable, respectively, manifolds.

Notably, the degeneracy of the spectral system shows that there is one slowly growing mode defined on x > 0 which will vanish as it
travels past the singularity point x = 0. The same happens for the slowly decaying mode at x = —oo. It might be useful to the reader to
think of it as some loss of information when passing the singularity point. This phenomenon yields the non-agreeing dimensions of the
stable (resp. unstable) manifolds S™ and S~ (resp. Ut and U™).

Collecting the previous observations we have proved the following

Lemma 2.2. Foreach A € A, the spectral system (28) associated with the limiting, constant coefficients asymptotic behavior of (24), has a basis
of solutions

+
ol ()L)xvji()h)’ x=20,j=1,...,n+2.
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Moreover, for |A| ~ 0, we can find analytic representations for ,uji and Vji, which consist of 2n slow modes
W) = —ajat+ 00D, j=2,...n+1,

and four fast modes
1y () = 057 + 00,
iz (W) = Foiy + O()

where 6:F and 6, are positive constants.

n+2

In view of the structure of the asymptotic systems, we are able to conclude that for each initial condition xo > 0, the solutions to (24)
in x > xq are spanned by decaying/growing modes

ot = {¢]. ... ¢}

33
ll/+ = {Ilf;le,Zs R ) Wn++2}s ( )

as x — 400, whereas for each initial condition Xy < 0, the solutions to (24) are spanned in x < xq by growing/decaying modes
lll_ = {Il/.;v cee ¢;7p+2}v (34)

B = (B pise s Do)
as X — —OoQ.

We rely on the conjugation lemma of [34] to link such modes to those of the limiting constant coefficient system (28).

Lemma 2.3. For |A| sufficiently small, there exist growing and decaying solutions 1//1-i (x,A), qui (x, A), inx = 0, of class C' in x and analytic in
A, satisfying
+
wj:t(x, A) =el (A)xvji()h)(l + 0@ MY),

+ 35
¢ (x, 2) = T PVEQ U+ 0@eM)), %)

where 0 < n is the decay rate of the traveling wave, and ,uji and Vji are as in Lemma 2.2.

Proof. This a direct application of the conjugation lemma of [34] (see also the related gap lemma in [23,16,17,33]). O

2.3. Solutions nearx ~ 0

Our goal now is to analyze system (24) close to the singularity x = 0. To fix ideas, let us again stick to the case x > 0, the casex < 0
being equivalent. We introduce a “stretched” variable & as follows:

g_/"d;
) 6@’

s0&(1) =0,and & — 400 asx — 0. Under this change of variables we get
, du 1 du 1

X T owd e

where we define” = d/d&. In the stretched variables, making some further changes of variables if necessary, the system (26) becomes a
block-diagonalized system at leading order of the form

7= <‘g" 8) 7+ a,©)B )2, (36)

where © (&) is some bounded matrix and « is the (p, p)-entry of the matrix A + LB+ L;ARP +A, noting that
a(§) =8 >0,

for some &y and any & sufficiently large or x sufficiently near zero.

The blocks —aI and 0 are clearly spectrally separated and the error is of order @ (|a,(§)|) — 0as& — 4-o0. By the pointwise reduction
lemma (see Proposition B.1 and Remark B.2), we can separate the flow into slow and fast coordinates. Indeed, after proper transformations
we separate the flows on the reduced manifolds of form

Z] = —OlZ1 + (D(GP)Z], (37)
22 = O(GP)Zz. (38)

Since —a < —8y < Ofor A ~ 0and & > 1/e, with € > 0 sufficiently small, and since a,(§) — 0as § — +o0, the Z; mode decays to
zero as & — 400, in view of

o= s a@dz « o—(Rer+150)

These fast decaying modes correspond to fast decaying to zero solutions when x — 0 in the original u-variable. The Z, modes comprise
slow dynamics of the flow as x — 0. Hence we have the following:
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Proposition 2.4. There exists 0 < €y < 1 sufficiently small, such that, in the small frequency regime A ~ 0, the solutions to the spectral system
(24)in (—¢g, 0) U (0, €g) are spanned by fast modes

~+
ukp

wp M) =[G, | tezxz0, (39)
=+
Pk,
decaying to zero as x — 0% with ky, :=n — p + 2, and slowly varying modes

~+
U;

=0 |, *ezxz0j#k, (40)

with bounded limits as x — 0%,
Moreover, the fast modes (39) decay as

~+
B, ~ K% — 0 (41)
and
~4
U, ;
q’;g ~ O(|x|"a,(x)) — 0, j#p, (42)
pkp
as x — 0F; here, ag is some positive constant and Uk, = (Uky1s - - s Ukyps - - -5 ukpn)T.

2.4. Two Evans functions
We first define the following related Evans functions:
Di(y.4) = det(¢™ W @7)(y, 1), fory=0, (43)

where the &= are defined as in (33), (34), and the W,?; = (u;;, qkip, pkip)T are defined as in (39). Note that k, here is always fixed and equal
ton—p+ 2.
We first observe the following simple properties of D...

Lemma 2.5. For A sufficiently small, we have

D:(y, A) = (detA) 'y ()AL + O(A]%), (44)
where
A = det (err ‘ + Tﬁ_l Tt T —[ul)
q a5 45
() = det( o kp) (43)
P1Py, [r=0

with [u] = uy —u_ and rji eigenvectors of (A+)~'(LB)., spanning the stable/unstable subspaces at £00, respectively.
Proof. By our choice, at A = 0, we can take
¢ (%, 0) = ¢, (x, 0) = Wy(x) (46)

where W is the shock profile. By the Leibnitz rule and using (46), we compute

%D (.0 = det (B0} ... @) 1 Wi Gy Byy) e det (8 g W G D)

1=0 Ix=0

where, by using (46), only the first and third terms are possibly nonvanishing and thus grouped together, yielding

0D, 0) = det (67, by Wit B s by, by — T ) (47)

Ix=0

Recall that W/, ¢;" satisfy

OW, = A(x, MW, (48)
where W = (u, q, p) and

o-(" )
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Thus, 3¢ (x, 1) satisfies
O (9,97 )x = AX, 08,9 (x,0) + 3, A(x, 0)p; (%, 0),
which directly gives
(@d,uy)x = —L(3:q{ )x — fx. (49)
Likewise, 03¢, » (%, A) = (3xUp_ 5, 0xGyp2s 01D, y,) Satisfies
(@Ot p)x = —L(33 G4 5)x — Uy (50)

Integrating equations (49) and (50) from 400 and —oo, respectively, with use of boundary conditions a)\¢>1+(+oo) = 0,y ,(—00) =0,
we obtain

Adul = —Lo,q7 — 0 +uy (51)
Adyu, = —Lopq, , —U+Uu_

and thus
AUy, — uT) = —L(9xGy,, — 02q7) — [ul. (52)

In addition, we note that the Wk“;, d)ji satisfy equation (48) and thus (Au)’ = —Lq’ with W,:; (400) = ¢7 (+00) = 0, ¢, ,(—00) = 0,
qji(ioo) = 0,and

u;'(+oo) = (A+)7]r]+, i=2,..., kp -1
0 (—00) = (A)'r

K j=k+1,...,n4+1

Thus, we integrate the equation (Au)’ = —Lq’, obtaining

Auf:—qu, forj =1, ky,
Auf = —Lgf 41, forj=2,...,k —1,

Au]T:—qu’—}-rj’, forj=k+1,...,n+1 (53)
Ay = —Lq;, forj=n+2.
Using estimates (53) and (52), we can now compute the A-derivative (47) of D1 at A = 0 as
uf uf” ug’ ceuT e Uy, — At
0,D_(y,0) =det [ qf - g gl 47 o By, —ha)
pY o B By B G — T
o --- rj+ e 0 T —[u]
= (detA)~'det [qf - 4 - @ - g - NGy, — 4y
pl+ Pj+ pi ceopT e 3AP,T+2—3APT
a g _ _
= (detA)~! det ( N f) det (r;” - r,j;_l P L)) (54)
1 Py,
which proves (44). The proof for D, follows similarly. O
Lemma 2.6. Defining the Evans functions
Di(A) :==Dy(£1, 1), (55)
we then have
Dy () =mD_(1) + O (A (56)
where m is some nonzero factor.
Proof. Proposition 2.4 gives
w0 = | G, | = 0(xI"), (57)
B,

as x — 0, where « is defined as in Proposition 2.4, which guarantees the existence of positive constants €1, €; near zero such that

w}j;(_el) = wy (+€).
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Thus, this together with the fact that w,(ip are solutions of the ODE (48) yields
w;:rp (=1) = myw (+1)

for some nonzero constant my,. Putting these estimates into (44) and using analyticity of D.. in A near zero, we easily obtain the
conclusion. O

Remark 2.7. Since on both sides of the singularity the Evans functions D are constructed by means of a Wronskian of a full set of decaying
modes, we are able to evaluate each function at any point on each side, say, y = £1; note that the numbers of A-zeros of D (y, -) are the
same on each side of the singularity, for any y = 0.

3. Resolvent kernel bounds in low frequency regions
In this section, we shall derive pointwise bounds on the resolvent kernel G, (x, y) in low frequency regimes, that is, |A|] — 0. For

definiteness, throughout this section, we consider only the case y < 0. The case y > 0 is completely analogous by symmetry.
We solve (23) with the jump conditions at x = y:

Ay~ 0 0
[§.(. N = 0 10 (58)
0 0 1
where, working on diagonalized coordinates (see (26)), we can assume that A is of diagonal form as in (25),
A7 0
A= ap ,
0 AS

withA] < -6 <0, A; (y) > 6 > 0. Meanwhile, we can write 4, (x, ¥) in terms of decaying solutions at o0 as follows:
ST MCEW, 1) + W (MG (1, 1), x>y,
_¢_(Xa )“)C_(Y7 )")7 X<y

where Cji are row vectors. We compute the coefficients Cji by means of the transmission conditions (58) at y. Therefore, solving by
Cramer’s rule the system

G (x,y) = { (59)

c*t Ay~ 0 0
(e* wi o7l = o 1 0], (60)
C o) 0 0 1
we readily obtain
ct i Ap)™' 0 0
Co | 0.0 =D_@. 7' (T W @) 0 10 (61)
c™ 0 0 1
where M® denotes the adjugate matrix of a matrix M. Note that
CEy ) = o) D_@. 0 (T W @) ), (62)
_\ki
CFy. ) =Y D_(. )7 (&7 WS 27) 4. @AW Du. 1#p. (63)
k
where ()7 is the determinant of the (i, j) minor, and (A(y) ™), | # p, are bounded in y.
We then easily obtain the following.
Lemma 3.1. For y near zero, we have
N 1
G, 2) = —vo([ul) + O(D),
A (64)

_ 1
Criav: 1) = = —vo([ul) + O(1),
where vo([u]) is some constant vector depending only on [u] and

Co 0, 1) = g, ()~ yl "0 (D),

G, ) =01) 1<j<ky, (65)
Go.MN=00) k<j<n+2,

where k, = n — p + 2, o is defined as in Proposition 2.4 and O (1) is a uniformly bounded function, probably depending ony and .

Proof. We shall first estimate C__ , . (y, A). Observe that

n+2,p

p.,n+2 p.n+2

(@* Wkt @) v, 2= (2" Wkt @) ¥,0) +00)
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where, in the same way as was done in Lemma 2.5, we obtain an estimate
(. 0) = ay(det )~ y_(y) AP,

where y_(y) and A are defined as in (45), and AP"*2? denotes the minor determinant. Thus, recalling (44) and (62), we can estimate
A) as
n+2 p(y

Criap 0 M) = G0 'D_@. )T (@ W @7)" Py 2

1
—XA_1AP’”+2 +0(1),

(@t wi o)

where @(1) is uniformly bounded since a,(y)D_(y, A) and normal modes d)i are all bounded uniformly in y near zero. Similar
computations can be done for C,_, (v, A). Thus, we obtain the bound for C,, as claimed. The bound for C;" follows similarly, noting
that ¢, ., = ¢; atr = 0.
For the estimate on Cg, we first observe that in view of (44), noting that det(A) ~ a,(y) as |y| — 0, and the estimate (39) on w,gp,
ID_(y, M| = O|Allyl*, (66)
for some 6 > 0. This together with the fact that ¢, ,, = ¢} at A = 0 yields the estimate for C,j; as claimed.
We next estimate Cf (resp. ;) for 1 <j < kp (resp. ky < j < n+ 2). We note that in view of estimate (39) on W,

(@7 Wy @) =0moyay)
and for k # p,
(@F Wi @) = omoyr).
These estimates together with (66), (63) and (62) immediately yield estimates for Cji as claimed. O

Proposition 3.2 (Resolvent kernel bounds as |y| — 0). For y near zero, there hold

Gu(x,y) = A Wywo([ul) + O(1) 3 e/ TO0x | g (et (67)

T
g >0

fory <0 < x,and

G.(x,y) = 1~ Wywo([u]) + 0(1) (1 + L) (68)
a,(y)lyl®
fory <x < 0,and
Gr(x,y) = A Wiuo([ul) + 0(1) Y & ¥4 00D 4 o e (69)
a; <0

]

forx <y <.
Similar bounds can be obtained for the casey > 0.

Proof. For the casey < 0 < x, using (64) and recalling that ¢, (x) = W, + @(1)e " and W,;; (x) = 0, we have

kp—1

Gixy) = 2T(OCTH) = D ¢ G W)
j=1

kp—1
= (W + 0n)e ™) ( vo([u]) + 0(1)) +0(1) ) el &
j=2
yielding (67); here, we recall that
W =—r/a" + 0%
with a]-+ > O0forj=2,...,k, — 1and g <0 forj=k +1,...,n4+1 (aji are necessarily eigenvalues of A. ). In the second case

y < x < 0, from the formula (59), we have
Gi(x.y) = @ (%, MCH(Y, 1) + W (x, MG (3 1)

where the first term contributes A~ vo ([u]) Wy 4+ @ (1) as in the first case, and the second term is estimated using (65) and (41).
Finally, we estimate the last case x < y < 0 in the same way as the first case, noting that y is still near zero and W, ,(x) =

W, +0o)e ™. O
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Next, we estimate the kernel G, (x, y) for y away from zero. Note however that the representations (59) and above estimates fail to be

useful in the y — —oo limit, since we actually need precise decay rates in order to get an estimate of form
G (x. y)| < Ce™ ",

which are unavailable from d)j* in the y — —oo regime. Thus, we need to express the (4)-bases in terms of the growing modes Y at
—o00, and the decaying mode o where V. ¢ are defined as in Lemma 2.3. Expressing such solutions in the basis for y < 0, away from

zero, there exist analytic coefficients djx (1), ejx(A) such that

¢ 1) =) diO)gy () + Y ey (x, 4)
Wi (6 1) = D digk )y (6, 2) + Y @i v (. 4).

Furthermore, for our convenience, we define the following adjoint normal modes:

= o)=(w o) o

We then obtain the following estimates.

Lemma 3.3. For |A| sufficiently small and |x| sufficiently large,
U (e, ) = 0™ POV + 0 M),
$(x. 1) = 0" P00 + 0@ M)

where the w; are defined as in Lemma 2.3.

Proof. The proof is clear from the estimates of ¥, o in(35). O

Lemma 3.4. We have

Gr . 1) =Y Gl )Y (3, W)

G0N =) G 0 D) + 67, V)7,
for meromorphic coefficients c}f inA.

Proof. The proof follows by using (70), definition (71), and a property of computing determinants. O

We then have the following representation for G; (x, y), for y large.

Proposition 3.5. Under the assumptions of Theorem 1.4, for |A| sufficiently small and |y| sufficiently large, we have
Gix.y) =Y (] & M (v V)",
ik
fory <0 < x,and
Gixy) = Y dh OS] (& DT 0. 1) = D W (% DT (1 0"
Jsk k
fory <x < 0,and
Gr(x,y) = Z’ Ay (W (%, e (v, M) + ,Z b (X, VP (v, 1),
Jk k

+
forx <y < 0, where c,

(A), d]?,f (A) are scalar meromorphic functions satisfying
+ + -\ 1y
ct = (—Ikp O) (<D Wkp o] ) v
and

=0 ~hy)(@F W o) u

(70)

(71)

(72)

(75)

(76)

Proof. Using representation (59) of G, (x, y) together with (73) and (74), we easily obtain the expansions (75) and (77), respectively. For

(76), again, using (73), (70) and (59), we can write
Gi(x.y) = > _dir(Mgy (% DV 0 M)+ Y et (6 MY (1 1)

J.k J.k
+ ~
= o)X (}) o (y)*.
Meanwhile, by (59) and (61),

Gix ) = (07 W 0w (@7 Wi @) e ).
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In view of the definition (71) of ¥ ~, &, (78) and (79) yield

et = oz + + + + -1 -

<a+ — @ )o@ W oo@t w o) 'w

= o) [1 —(0 @) (et W @*)’1] W

_ Ik 0 0 + + R

= <0v>_(0 IHP) (@7 W, @7) v,
which proves the proposition. O

Proposition 3.6 (Resolvent Kernel Bounds as |y| — +400). Make the assumptions of Theorem 1.4. Then, for |y| large, defining

E(x,y) = A" Z %Be(k/ajﬂra(,\z))ywx(x)’

a]f>0
there hold
_ 2 _
G}L(X, y) — E)\(X,y) + (9(1) Z e(}»/ﬂj +0O(1%))y + (9(e—9\y|) Z e(—)»/ak +(9(A2))x + O(e—e\x\) (80)
aj’>0 a, >0
fory <0 < x,and
G}L(X, y) — EA(X,y) + (9(1) Z e(—k/ajf+(9(x2))(x—y) + (9(1) Z e()»/aj_+(9()Lz))ye(*)x/ﬂk7+(9()»2))x + (9(679(Ix7yl)) (81)
aj_ >0 aj_ >0, ak_ <0
fory <x < 0,and
- 2 - 2 -
G)L(X, y) — EA(X,y) + (9(1) Z e(_)t/aj +0O(A9))(x—y) + (9(]) Z e()t/aj +OM ))ye(_)»/ﬂk +(9()»2))X + (9(e—9(|x_}’|)) (82)
aj* <0 af >0, a, <0

forx <y <.
Similar bounds can be obtained for the casey > 0.

Proof. The proof follows directly from the representations of G, (x, y) derived in Proposition 3.5 and the corresponding estimates on
normal modes, noting that

et = (007D i=1
Jle b gk O(1) otherwise.

Indeed, we recall, for instance, that

G =D (h, O)(@" Wy o) ur,

where ()¥ denotes the determinant of the (k, j) minors. For the case j # 1, by using the fact that we choose ¢>1+ =¢,,= W, at A = 0, the

determinant of the (k, j) minor therefore has the order 1in A, which cancels out the A ~! term coming from our spectral stability condition:
D 'l<o . O

4. Pointwise bounds and low frequency estimates

In this section, using the previous pointwise bounds (Propositions 3.2 and 3.6) for the resolvent kernel in low frequency regions, we
derive pointwise bounds for the “low frequency” Green function:

1
G t;y) == -— ™Gy (x, y)da (83)
27 Jr i
where I' is any contour near zero, but away from the essential spectrum.

Proposition 4.1. Under the assumptions of Theorem 1.4, defining the effective diffusion B+ = (L,LBR,)+ (see (25)), the low frequency Green
distribution G' (x, t; y) associated with the linearized evolution equations may be decomposed as

G'(x.t;y) =E+G +R, (84)
where, for y < 0,

Ex, t:y) =Y UV ey, 1), (85)

a, >0
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y+agt y—agt
ex(y, t) .= [ errfn — errfn ; 86
K00 < (Fw-r) (Flﬂ_t (80

n
1070 T (x, ;)| < e rDr2 [ 32 12gmvymatme 3N

N
\a,jtlzly\}t—l/ze (kg (t=ly/a /M | -
k=1 a,?<0, aji>0
1
R, t1y) = 0" + 0™y (x.y) [1 ) (x/y)a} ; (88)
ap
forsomen, C,M > 0, where 0 < |Bl, |y| < 1,a = 2o gng

lap (O]
)1, -1<y<x<0
xXxy) = {0, otherwise.
Symmetric bounds hold for y > 0.

Proof. Having the resolvent kernel estimates in Propositions 3.2 and 3.6, we can now follow the previous analyses of [16,17,33]. Indeed,
the claimed bound for E precisely comes from the A~! term. Likewise, estimates of G' are due to bounds in Proposition 3.6 for y away from
zero and those in Proposition 3.2 for y near zero but x away from zero. The singularity occurs only in the case —1 < y < x < 0, as reported
in Proposition 3.2. In this case, using the estimate (68) and moving the contour I" in (83) into the stable half-plane {Re A < 0}, we have

X[ . 1%
Mt 1—|—>dk=(9 nt <1+),
/re ( 4,y Ot Lo

which precisely contributes to the second term in R(x, t; y). The first term in R(x, t; y) is as usual the fast decaying term. O
With the above pointwise estimates on the (low frequency) Green function, we have the following from [17,33].

Lemma 4.2 ([17,33]). Under the assumptions of Theorem 1.4, el satisfies

< C(1 4 t)"2Wa=1P=IBI2)f (89)
P

+00 -
’ / 80T .ty D)y

forallt > 0,someC > 0, forany 1 < q <p.
We recall the following fact from [35].

Lemma 4.3 ([35]). The kernel e satisfies

_1q_
ley (-, O, lec (-, D), < e 271D,

leye (5 O < ct—2(-Up-172 (50)
forallt > 0,someC > 0, foranyp > 1.
Finally, we have the following estimate for the R term.
Lemma 4.4. Under the assumptions of Theorem 1.4, R(x, t; y) satisfies
+00
’/w R(, t; »f (v)dy " < Ce™"(If |l + f =), (91)

forallt > 0,someC,n > 0, forany 1 < p < oo.

Proof. The estimate clearly holds for the fast decaying term e "(*=¥1+0 in R, whereas, to estimate the second term, first notice that it is
only nonzero precisely when —1 <y <x < 0o0r0 < x <y < 1.Thus, for instance, when —1 < x < 0, we estimate

X 1
/ [1 + (X/y)“}f(y)dy‘

+o00 1
/ x(x,y>[1+ (X/y)“]f(y)dy

N ) 9 e
X 1
Clflio | 1 “d
< cifl, [ +[1 PRI y]
< Clf|pee,

where the last integral is bounded by that fact that a,(x) ~ x as |x| — 0. From this, we easily obtain

< Ce™"[f |y,
P(~1,0)

+oo 1
[ o 1+ e | roe
. )

which proves the lemma. O

Remark 4.5. We note here that the singular term a; 1(y)(x/y)® appearing in (68) and (88) contributes in the time-exponential decaying
term. This thus agrees with the resolvent kernel for the scalar convected-damped equation u; + a,u, = —LBu, for which we can find
explicitly the Green function as a convected time-exponential decaying delta function like in the relaxation or real viscosity case.
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5. The nonlinear damping estimate and high frequency estimate

In this section, we establish an auxiliary damping energy estimate. We first recall the nonlinear perturbation equations with (u, q)
perturbation variables

ur + (Au), + Lgy = a(Uy + uy),
—Qu +q+ (Bwu)y =0,

where we now define
A(u) == Df (U + u), B(u) := Dg(U + u). (93)

We prove the following:

Proposition 5.1. Under the assumptions of Theorem 1.4, as long as ||u||,,2.~ and |c| remain smaller than a small constant ¢ and the amplitude
|Uy| is sufficiently small, there holds

t
ull2e(t) < Ce ™ Jlul|?(0) + C f e /I (ull?, + aP)(s)ds, 6 >0, (94)
0

fork=1,...,4
Proof. Let us work on the case & = 0. The general case will be seen as a straightforward extension. We first observe that
|Aoxl, 1Aotl, 1Ax], |Ael, IBxl, IBel = O(1Ux] + &) (95)

where A, B are defined as in (93) and Ag is the symmetrizer matrix as in (S1).
We note that from the second equation of (92) we easily obtain

lgllye < Cliullgr-1, (96)

for k > 1. Meanwhile, from the first equation, we estimate
! — ) = ) ! ( )
Aou, u) = (Aolr, u) + —(Aogell, U
2de " ° o 2"

= —(A()AXU + ApAuy + qu, A()rll u)

1

2
<A0A u— f(AOA)xu + Ly, u >+ (Aoeu, uy,
which, by (95) and (96), yields

1d ,
5 g Vot u) = Cllull,. (97)

Now, to obtain the estimates (94) in the case of k = 1, we compute

1d 1
5CT<A0UX’ ux) = ((Aout))u ux) + §<A0tuxa ux) - (AOXU[; ux)

= —((AoAuyx + AoLqy)x, Ux) + %(AOtux’ Ux) — (Ao, Ux)
= —(AoLux, the) — (AoAth, ), +(O (U + Oy, ) + Il
= —(AoLqux, tx) + (O(Ux| + Oity, 1) + O(D)ull?
= —(AoLBuy, tty) + (O (U] + )y, 1) + O(D)Jul?, (98)
noting that since ApA is symmetric, we have
Ao, ) = (Aot ) = OV + D)t ).

Likewise, in the spirit of Kawashima-type estimates, we compute

1d 1 1 1
53(’“1 Uy) = 5<KtU, Uy) + E(KUr, Uy) + E(KU, Uyt )

1 1 1 1
= 5<KtU, Uy) + §<Kuu Uy) — 5<Kqu Ug) — 5<KxU, ug)

1 1
= (Kug, uy) + 5<I<fu, Uy) — 5<Kxu, Uue)

1 1
—(KAuy + KAqu + KLqy, uy) + 5<I<[ua Uy) — E(Kxuy ue)

= —(KAtty, ux) + (O(|Ux| + Ok, ) + O (D) [[ullF,. (99)
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Adding (98) and (99) together, we obtain

%% ((Ku, the) + (Aoliy, Ux)) = —((KA + AoLB)ly, ) + (O(|Ux| + ©)tty, tx) + O (D) Jul% (100)
which, by the Kawashima-type condition (6): KA 4+ AoLB > 0 and the fact that @ (|Uy| + ¢) is sufficiently small, yields
1d 1 )
Sdr ((Ku, uy) + (Aolly, Ux)) < —59(% ux) + O |lull,. (101)
Similarly, for k > 1, paying attention to the leading terms, we can compute
1d

1
5 g Aotk du) = (Aodue, ) + - (Aacdyu, Ou)

= (05 (Aotr), du) + (O(|Ux| + )5, o5u) + O (D) |ull 2
where by using the first equation and then the second one, we obtain
(3 (Aouip), 1) = — (05 (AoAux + AoAtt + AoLgy), du)

= —(AoLdf Gy, OFU) — (AgADS T, BRu) + - -

1
—(ApLd¥ (Bu), dfu) + 5((A0A)x8fu, uy +---.

Thus, we have obtained

1d

33 005, 05u) = —(AoLBogu, du) + (O(|Uyl + £)ogu, d5u) + O () [l (102)
Meanwhile, we have the following kth-order Kawashima-type energy estimate:
1d

1
(K3* 1w, fuy = (Ko¥uy, oku) + 5<

X

1
¥ K08 u, 8ku) — 5<1<,<af—1u, 3 Tu,)
= —(KAd{u, dfu) + (O (U] + )3k, dfu) + O (D[l (103)
Hence, as before, adding (102) and (103) together and using the Kawashima-type condition (6): KA + AgLB > 6 and the fact that
O(|Uy| + ¢) is sufficiently small, we obtain

1
7 g (KO, ) + (Aodu, ) = =20 u, u) + O (D) ullfuer. (104)

Now, for § > 0, let us define
N
&(t) =y 8 ((Kof"u, 0fu) + (Aodfu, dfu)).
k=0

By applying the standard Cauchy inequality on (K 8f‘1u, 8,’fu) and using the positive definiteness of Ag, we observe that &(t) ~ ||u||12{k. We
then use the above estimates (97), (101) and (104), and take § sufficiently small to derive

d
35O = —65€ () + Cllull?, (1) (105)

for some 63 > 0, from which (94) follows by the standard Gronwall inequality. O

With the damping nonlinear energy estimates at hand, we immediately obtain the following estimates for high frequency part of the
solution operator e**:

1 —01+ioo
$() = 7/ Xiima=6,)€" (A — £)7'dA, (106)
271 J g —ico
for small positive numbers 6;, 6,; see (18). Here, x{jim />4, €quals 1 for [Im A| > 6, and 0 otherwise.
Proposition 5.2 (High frequency Estimate). Under the assumptions of Theorem 1.4,
[182(Of ll2 < Ce"’“(LIfIIHL (107)
185 82(Of 12 < Ce™ 1 [If llyas2,
forsome 6; > 0.

The proof of the proposition proceeds in exactly the same way as that in our companion paper [7] for the scalar case. We recall it here
for the sake of completeness. The first step is to estimate the solution of the resolvent system

A+ (Au)x+ Loy =g,
—Qwx+q+ (Bu)x = w:

where A(x) = Df (U) and B(x) = Dg(U) as before.
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Proposition 5.3 (High frequency Bounds). Under the assumptions of Theorem 1.4, for some R, C sufficiently large and y > 0 sufficiently small,
we obtain

|k = L) (9 = LK) < C (lelin + ¥ 1%)

(0. = )7 g = LKyl < T (0l + V1)

forall x| > RandRe A > —y, where X = (=02 + 1)~ ..
X

Proof. A Laplace transformed version of the nonlinear energy estimates (94) in Section 5 with k = 1 (see [24], pp. 272-273, proof of
Proposition 4.7 for further details) yields

(Rek + %) 2, < C (July + lo + [W1%). (108)
On the other hand, taking the imaginary part of the L? inner product of U against Au = £Lu -+ 9,LXh+f and applying the Young inequality,
we also obtain the standard estimate
mAlulf, < [(Lu, u) + [({LEY, u)l + (@, u)]
< C(lulZy + W5+ lelh) . (109)

noting the fact that .£ is a bounded operator from H! to L? and X is bounded from L% to H'.
Therefore, taking ¥ = y;/4, we obtain from (108) and (109)

IMuldy + lulfy < € (Jullz + 115 +1elh) .

for any Re A > —y. Now take R sufficiently large such that |u|f2 on the right hand side of the above can be absorbed into the left hand side
for |A| > R, thus yielding

Mlull + lulfy < € (1915 + leli) .
for some large C > 0, which gives the result as claimed. O

Next, we have the following:

Proposition 5.4 (Mid-frequency bounds). Under the assumptions of Theorem 1.4,
|(h = L) '¢l2 <Clglyn for R < |A| <RandRei > —y,
forany R and C = C(R) sufficiently large and y = y (R) > 0 sufficiently small.

Proof. Immediate, by compactness of the set of frequency under consideration together with the fact that the resolvent (A — «£)~ ! is
analytic with respect to H' in X; see, for instance, [35]. O

With Propositions 5.3 and 5.4 in hand, we are now ready to give:
Proof of Proposition 5.2. The proof starts with the following resolvent identity, using analyticity on the resolvent set p(.L) of the
resolvent (A — .£)~ !, forallp € D(L),
A= lo=2"T0— L) 'Lp+ 2171
Using this identity and (106), we estimate

—y1+ioco

1
Aty —1 -1 Aty —1
Xy € A = L) £<pdk+2n1f  Kgmazyy € A0 A2
—Y1—100

1 —y1+ico
$ (D)

27'[1 —y1—ico
=51 +5,,
where, by Propositions 5.2 and 5.4, we have
—y1-+ioo
|mg§cf A 1eRH (1 — .£)7 L] 2]

y1—ioo

< Ce Nt R A3 dx
< Ce (A7 5| Lol [dA

y1—ioo
= Ce_y1[|<ﬂ|H2
and
1 —y1+ioo 1 —y1+ir
1S2]p2 < 5 w/ _ 2 leMda +o— ‘(p/ 4 A letMda
—y1—ioc 2 —y1—ir 12
< Ce™"glp2,

by direct computations, noting that the integral in A in the first term is identically zero. This completes the proof of the bound for the term
involving ¢ as stated in the proposition. The estimate involving v follows by observing that L 9,.X is bounded from H* to H®. Derivative
bounds can be obtained similarly. O
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Remark 5.5. We note that in our treating the high frequency terms using energy estimates (as was also done in [36,37,7]), we are ignoring
the pointwise contribution there, which would also be convected time-decaying delta functions. To see these features, a simple exercise

is to obtain the Fourier transform of the equations linearized about a constant state.

6. Nonlinear analysis

In this section, we shall prove the main nonlinear stability theorem. The proof follows exactly word by word as in the scalar case [7].

We present its sketch here for the sake of completeness. Define the nonlinear perturbation

(3) (X, t) = <g) (X + O[(t)a t) - <8> (X),

where the shock location «(t) is to be determined later.
Plugging (110) into (1), we obtain the perturbation equation

ur + (Au)x + LCIx =N (u)x + d(t)(ux + Ux)v
—Qux + q + (Bu)y = Nao(u)y,

where N;j(u) = O(Ju|?) as long as u stays uniformly bounded.
We recall the Green function decomposition

G t;y) =G (x, t;y) + G'(x, t; y)

where G (x, t; y) is the low frequency part. We further define, as in Proposition 4.1,
G'(x.t;y) =G (x, t;y) —E(x, t;y) = R(x, ;)

and

G'(x, t;y) = G"(x, t;y) + R(x, £; y).

Then, we immediately obtain the following from Lemmas 4.2, 4.4 and Proposition 5.2:

Lemma 6.1. We obtain

< C(1 4 t)"2Wa=1P=IBI2|f | o
Lp

+00 ~
‘ f 80T .t YD)y

foralll1 <q<p,B=0,1,and

+oo
‘ / &' (x. £ Y)f )y

=< Ce_"tlﬂm,
Lp

forall2 <p < oc.

(110)

(111)

(112)

(113)

(114)

Proof. (113) is precisely the estimate (89) in Lemma 4.2, recalled here for our convenience. (114) is a straightforward combination of
Lemma 4.4 and Proposition 5.2, followed by a use of the interpolation inequality between L? and L* and an application of the standard

Sobolev imbedding. O

We next show that by Duhamel’s principle we have:

Lemma 6.2. We obtain the reduced integral representation:

+oo _ t +oo
ux, t)y = / (G + G, t: ) (y)dy — / f G, (x, t — 5;y) (O,LIKNy(u) 4+ N1 () + c(t)u) (v, s) dy ds
— 0 —00

o0

t +o0 ~
B s G N+ aou), 0,9 dy s
0 —0o0

q(x, t) = (Kx)(N2(u) — Bu)(x, t),

and

+00 t +o00
at) = — f e:(y, Hug(dy + / / ey(y, t — ) (9yLKNo(u) + Ny (u) + a(t)u) (v, s) dy ds.
— 0 —00

o0

400 t +00
a(t) = —/ e:(y, Hup(y)dy + / / ey (y,t —5) (ByLJCNz(u) + Ny(u) + o'z(t)u) (y,s)dyds.
— 0 —00

o0

Proof. By Duhamel’s principle and the fact that

+o00
/ G(x. £ Uy = e“Uy(x) = Uy,

[e¢]

(115)

(116)

(117)
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we obtain

+o00 t +00
ux, t) = / G(x, t; y)up(y)dy + / / G(x, t — ;) (O)LKNy(u) + Nq1(u) + o't(t)u)y (v, s)dyds + a(t)U,. (118)
— 0 —00

oo

Thus, by defining the instantaneous shock location:

400 t +00
a(t) = —/ ey, t)Uo(V)dJ’+/ / ey, t —s) (8L N2 (u) + Ny(u) + c(t)u) (v, s) dy ds
— 0 —00

o0

and using the Green function decomposition (112), we easily obtain the integral representation as claimed in the lemma. O
With these preparations, we are now ready to prove the main theorem, following the standard stability analysis of [ 18,22,35]:

Proof of Theorem 1.4. Define

(0= s [+ 4 a@)]+ 610 +9"2]. (119)

0<s<t,2<p=<o0

We shall prove here that forall t > 0 for which a solution exists with ¢ (t) uniformly bounded by some fixed, sufficiently small constant,
there holds

(1) < C(luolpipms + £(6)%). (120)
This bound together with continuity of ¢ (t) implies that
£(t) < 2Cuolpippys (121)

for t > 0, provided that |ug|;1~ys < 1/4C2. This would complete the proof of the bounds as claimed in the theorem, and thus give the
main theorem.

By standard short-time theory/local well-posedness in H*, and the standard principle of continuation, there exists a solution u € H* on
the open time interval for which |u|gs remains bounded, and on this interval ¢ (t) is well-defined and continuous. Now, let [0, T) be the
maximal interval on which |u|ys remains strictly bounded by some fixed, sufficiently small constant § > 0. By Proposition 5.1, and the
Sobolev embedding inequality |u|y2.0 < Clu|gs,s > 3, we have

t
(O < Ce~up 2 + C / e (ju()P, + |af?) dr
0

< C(luolZs + ¢+ 0772 (122)

and so the solution continues as long as ¢ remains small, with bound (121), yielding existence and the claimed bounds.
Thus, it remains to prove the claim (120). First by representation (115) for u, for any 2 < p < oo, we obtain

+oo o t
| @+ eyuwma) + [
—00 P 0
t +oo
+ / / G'(x. t —5:) (YLK N> () + N1 (u) + @ (O)u), (v,5)dy| ds
0 —00 P

=hL+hL+I, (123)

+oo
lulp () < / G, (x, t — 57 ¥) (3L Ny (1) + Ny (u) + &e(s)u) (v, 5) dy| ds

=S} Lp

where estimates (113) and (114) yield

+00 - -
L= ‘ / @ + T x. £ Y)uo()dy

L
C(1+ )20 g1+ Ce™™ Jug s
C(1L+ 07207 g1y,

IA

A

and, noting that 9,LX is bounded from L* to [?,

t
= [
0

t
¢ / (¢ — )" 227DV (Ul 4 |&])ulp (5)ds
0

+oo
s (BLAN ) + e+ 0) (9| s
—00 P

IA

IA

t
Cé(t)2/ (t — 5)~3072-UP=1/2(1 4 )=3/44s
0

IA

Co(e(1+073071,
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and, combining with (122),s > 4,

t
/
0

t
<cC / e 1913, LK N, (u) + Ny (u) + @(t)ulya(s)ds
0

+oo
f G'(x.t — ;) (LK N> (W) + N1 (u) +@(s)u), (v, s)dy| ds
oo »

IA

t
c / e (ulye + 1) s (5)ds
0

IA

t
C(luolZs + C(t)z)f e =9 (1 4 5)7ds
0

IA

Clluolps +¢®OHA+0)71
Thus, we have proved
1
u(@®) ] (1+ )20 VP < C(luol s + ¢ (7). (124)
Similarly, using representations (116) and (117) and the estimates in Lemma 4.3 for the kernel e(y, t), we can estimate (see, e.g.,[18,35]),

() (1+ )% + Ja(t)] < C(luolyr + £ (). (125)

This completes the proof of the claim (120), and thus the result for u as claimed. To prove the result for g, we observe that X 9y is
bounded from I[P — WP forall 1 < p < oo, and thus from the representation (115) for g, we estimate

|qlwip () < CUN2 ()] + |ulp) (1)
< Clulip(£) < Cluglyiys (146207177 (126)

and
|qlys+1 () < Clulys(t) < Cluglapys (146774, (127)

which complete the proof of the main theorem. O
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Appendix A. Spectral stability in the small amplitude regime

In this section we verify the spectral stability condition for small amplitude profiles. Defining A = A(U(x)), B = B(U(x)) we have the
associated linearized spectral problem

Au+ (Au)x + Lgy = 0,

A1
—qxx+q+ (Bu)x =0. ( )
Using the zero-mass conditions
/udx:O, /qu:O,
we recast system (A.1) in terms of the integrated coordinates, which we denote, again, as u and q. The resulting system reads
Au+ Auy + Lgy = 0, (A.2)
—(Qxx +q + Buy = 0. (A3)

In what follows we assume that the shocks are weak, that is, u.. € & (u,), N being a neighborhood of a certain state u,, for which

O<max|u—1u <e<kK1,
ueN

with € > 0 sufficiently small; clearly,
[ — ugl, Ju— —uy| = O(€)
and the shock profile for U is approximately scalar, satisfying,

Uy = O(e)e "M (r,(w,) + 0(e)),

Uy = O(e>)e 0N, (A4)
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for some 6, n > 0. For the principal characteristic field a, := a,(U(x)) we have
(ap)x = O(Uy) <0, (monotonicity), (A.5)
(ap)xx = @(Uxx)-
We shall make use of the following:

Lemma A.1. Under (S0)-(S2), there exists a scalar function 8 = B(u) > 0 such that

(Al)" = BB, (A6)
forallu € U.

Proof. Follows by elementary linear algebra facts, since AgLB is positive semi-definite with rank 1 and can be written as z ® w, for some
vectors z and w. There follows the existence of a scalar 8 such that z = Bw; it is clearly nonzero and positive because of the positive
semi-definiteness of AcLB. O

We start by providing some basic Friedrichs-type energy estimates.

Lemma A.2. Assume u, q and Re A > 0 solve (A.2)-(A.3). If € > 0 is sufficiently small, then there hold the estimates

Re )P, + [l + 1ol < c/ Uyl 42 dx (A7)

|Imk|/|ux||u|2dxsc/|ux|(a|u|2+6”|q|2) dx (A8)

forsomeC > Oandany § > 0.

Proof. Multiply (A.2) by A := Ao(U(x)) and take the complex L? product against u; taking its real part and defining
A=AAU®K), L:=AU®)L,

we obtain
(Re A) (u, Agu) + Re (u, Auy) + Re (u, Lgy) = 0.

Using symmetry of A and integrating by parts we get

1 - -
(Re A){u, Agu) — iRe (u, Ayu) + Re (u, Lgy) = 0. (A.9)
Multiply (A.3) by 8 := B(U(x)), use (A.6), take the L? product against g, integrate by parts and take its real part. This yields
¢ axl% + ¢ Mgl%, + Re (g, Bq) — Re (u, Lgy) — Re (Lyq, u) =0, (A.10)

1

because 8 > ¢~ > 0. Since the error terms can be absorbed,

Bxs ix =0(|Us]) = (9(62)7

for € sufficiently small, and since Aq is positive definite, we obtain inequality (A.7). Inequality (A.8) follows in a similar fashion, with the
parameter § arising after application of Young’s inequality. O

Corollary A.3. There hold the estimates

0 <Rex < Cé?, (A11)
ImA| < Ce, (A12)

forsome C > 0.

Proof. Estimate (A.11) follows immediately from (A.7). Taking § = € > 0 in (A.8), and using (A.7) to control |q|f2 we can easily obtain
(imi - co) [ Ul <o,

yielding (A.12). O

A.1. The Kawashima-type estimate

Next we obtain an energy estimate for u, of Kawashima type (see [13,38]).

Lemma A.4. For eachRe .. > 0, 1. # 0, there holds

2 < C ((Rek)nlulfz + / IUxIIUIde) , (A.13)

for some C > 0 and n > 0 with €% /1 sufficiently small.
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Proof. Define K = K (U(x)), and take the real part of the L? product of Ku, against (A.2). Since K is skew-symmetric, the result is

Re (uy, KAuy) = Re (A (Kuy, u)) + Re (Kuy, Lqy). (A.14)
Noticing also that Im (Kuy, u) = — % (Kxu, u), we obtain the bound
Re (A(Kuy, u)) < C(Re ) (™' |uxl? + nlul,) +C|lmx|/ |Uylful? dx, (A.15)

for any n > 0 and some C > 0. We also have the estimate

(Kuy, Lgy) < C (81luxl? + 87 qul) . (A.16)

for any §; > 0, where we have used Young's inequality in both estimates.
To estimate Re (u,, KAu,), observe that from (6), there holds

Re (uy, KAuy) + (uy, iBux) = C_l|ux|221 (A17)

for some ¢ > 0. (Notice that (uy, [Buy) € R because LB is symmetric, positive semi-definite.)
Multiply Eq. (A.3) by L, take the L? product with u, and integrate by parts. This yields

(Uy, iBux) = — (U, EQX) — (uy, ixQx) — {uy, i‘n (A.18)

To estimate the first term, take the real part of the L? product of uy, against Ao times (A.2), use A symmetric, Ay positive definite, and
integrate by parts to obtain

- 1 - -
—Re (uxx’ qu> = —Re ()L<um (AO)XU)) + 5(11,(, Ax”x) — Re (um Ax”)

IA

1 - _
—(Re AM)Re (uy, (Ao)xu) + (Im A)Im (uy, (Ag)xut) + 5(”){7 Axuy) — Re (uy, Acll). (A.19)
Using (A.7) and (A.8), and bounding the error terms (Ag)x, Ax = O(|Uy|) = O (€2), we get
— Re (uyy, Lgy) < Ce/ |Uellul? dx + Celuyl2, (A.20)

where the term (uy, Acut) has been bounded by

C
f|ux||u||ux|dx = </|Ux|3/2|u|2dx+f|ux|1/2|ux|2dx>

C C
< e / Ul ful? dx + Eflux|fz~
We also estimate

Re (uy, Leqy) < C€>|ux|? + Claxl%. (A21)

Re (1. Lq) = C (8alul}2 + 8, 'Iql72) - (A22)
for any §, > 0, using Young's inequality. Putting all of this together back into (A.18) we get

(uy, LBuy) < Celuyl?, + C/ |Usl [ul? dx, (A.23)
after using (A.7).

Finally, since Re . = O(€?), taking 8, = ¢ and €2 /7 sufficiently small, we can substitute (A.23), (A.15) and (A.16) back into (A.17),
absorbing the small terms into the left hand side to obtain (A.13). This proves the result. O

Corollary A.5. For all e > 0 sufficiently small and Re A > 0, there holds the estimate
Refull + unfy =€ [ 10 b (A24)

for some C > 0.
Proof. Take C times estimate (A.7) and add to (A.13) to obtain

C(Re M[ul? + |uyl? < C(1+ C)f |uy|Ju|* dx + C(Re Mnul?,.
Take 7 sufficiently small, say = @ (¢), so that €2 /5 remains small; after absorbing into the left hand side we obtain the result. O

A.2. Goodman-type estimate

Finally, we control the term f |Ux||u|? by performing a weighted energy estimate in the spirit of Goodman [30,39] (see also [13,38]).
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Lemma A.6. Under (S0)-(S2), (HO)-(H3), for all Re A > O there holds the estimate
Re (Juf + ) + € [ 1010 dx < Celunf, (A25)

for some C>0andalle >0 sufficiently small.
We first recall that there are matrices L,, R, diagonalizing matrix A such that
) Ay 0
A= L,AR, = a, (A.26)
0 AS

where Aji are symmetric and positive/negative definite, and aj, is a scalar satisfying (A.5) and a, = @ (¢). Defining v := L,u, we rewrite

(A1) as
Av+ /:\vx + gqx = A(Lp)xva,

(A.27)
—Qxx + q + Buy = —B(Rp)xv,
where
A=L,AR,, L=1LL  B=BR,
Define
¢_I,_, 0
- 1 (A28)
0 ¢+In—p

where the block-diagonal form is obtained in the same way as that of (A.26), and ¢ are scalar functions of x € R which are bounded away
from zero and satisfying

¢,i = FCu|Uxl @+, ¢+ (0) =1

for some sufficiently large constant c, to be determined later. Once again, we write either ’ or (-), for the derivative with respect to x.
In what follows, we shall use (-, -) as a weighted norm defined by

(F.f) = (..
With this inner product, we note that for any symmetric matrix A,
1
(Afx.f) = _5<(Ax + (Sx/A . f)

where S,/S should be understood as ¢/, /¢ or 0 in each corresponding block.
By our choice of S and ¢, we observe that

. . (AD) + (9L /Pp)AT 0
Ay + (5:/S)A = a,
0 (A7) + (¢, / P)AT
—Cyl 0
< ( —0 ) | Uyl (A.29)
0 —Cyl

Proposition A.7. Defining v =: (v_, vy, v4) ', we obtain
1 1 -

(ReA)(v, v) + EC*(|UX|Ui’ vy) + EG(Ilevp, Up) < —Re (Lgy, v). (A.30)
Proof. We take the inner product in the weighted norm of the first equation of (A.27) against v, take the real part of the resulting equation,
and make use of integration by parts, obtaining

(Re)(v,v)  —((Ax+ (Sx/S)A)v, v) = —Re (Lgy. v) + Re (AL Ryv, v). (A.31)
Noting that L;,Rp = O(|Uy]) and the fact that A has the diagonal block (A.26), we estimate

AL Ry, v)| < C([Uylvs, vi) + Cllay|[Uxlp. vp).-
Using this, (A.29) and the fact that |a,| = O(¢) is sufficiently small and c, is sufficiently large, (A.31) immediately yields (A.30). O
Proposition A.8. We obtain

(Re 1) (vy, vx) — Re (Lgy, v) < C{O(U))v, v) + 1{vx, vx) (A32)
for sufficiently small n > 0.
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Proof. We now take the inner product of the derivative of the first equation of (A.27) against v,. We thus obtain

Mvy, ve) + (Avxs 1) + (Lgo)xs ve) = (ALRyV)x, 1) (A33)

where we estimate by integration by parts,

(B v) = Gt v) = 3 ((he+ S/ v) = (OUson, )
((AL,Ryv)x, vy) = (O (|Ux|)vx, vy} + (O(IUx])v, vx)
and by using the second equation and the semi-definite condition IB>0,
((Lq)x vx) = (Lqux> Vi) + (Ls v3)
(L(q + Bvy + BR)), vy) + (Lxx, vx)
—(Lgx, v) — (L + (S¢/S)D)q, v) + (LBuy, vy) + (LBRYV, V) + (LeClx, vx)
—(Lgx. v) + (IBRyV, vy) + (L. vx) — ((Lx + (S¢/S)D)q, v).
Thus, (A.33) yields

v

(Re 1) (vy, ve) — Re (Lgy, v) < (O(Up[*)v, v) 4 1V, v2) + (L ve) — (L + (S/S)D)g, v). (A34)
By testing the second equation against g, it is easy to see that
(Gxs Gx) + (g, g) < C{vy, vx).
Thus, we have
~ ~ ~ 1
(L vx) — (L 4 (Se/S)D)q. v) < Cvp v)Y? ({O(UxP)vxs v2) + (O(1Ux*)v, )

Using the standard Young inequality and absorbing all necessary terms into the right hand side of (A.34), we thus obtain from (A.34)
the important estimate (A.32), which proves the proposition. O

/2

Combining Propositions A.7 and A.8, we are now ready to give:

Proof of Lemma A.6. Adding (A.32) to (A.30), noting that the “bad” term Re (qu, v) gets canceled out, and using the fact that |U,| = O(¢)
is sufficiently small, we easily obtain

Re A({v, v) + (vx, vx)) + O (|Ux|v, v) < NV, V) (A.35)
which by changing v to the original coordinate u yields the lemma. O

Proof of Theorem 1.6. Add Ce times (A.24) to (A.25) to get
Re V(1 + Ce)lul, + (€ + CCe) f |Udlul® dx < 0,
which readily implies Re A < 0, yielding the result. O

Remark A.9. Theorem 1.6 can be extended to the non-convex case, that is, when the principal characteristic mode is no longer genuinely
nonlinear (hypothesis (H2) does not hold). For that purpose, it is possible to modify the Goodman-type weighted energy estimate by means
of the Matsumura-Nishihara weight function w [40] (introduced to compensate for the loss of monotonicity), satisfying

1
_E(wap + wy) = |Usl,

which replaces the 1 in the weight matrix function S in (A.28). This procedure was carried out for the viscous systems case by Fries [41]
and it can be done in the present case as well at the expense of further book-keeping. Note that the existence result of [5,15] includes
non-convex systems, a feature that might be useful in applications.

Appendix B. The pointwise reduction lemma

Let us consider the situation of a system of equations of the form
Wy = AS(x, MW, (B.1)

for which the coefficient A€ does not exhibit uniform exponential decay to its asymptotic limits, but instead is slowly varying (uniformly
on a e-neighborhood V, € > 0 being a parameter). This case occurs in different contexts for rescaled equations, such as (36) in the present
analysis.

In this situation, it frequently occurs that not only A€ but also certain of its invariant eigenspaces are slowly varying with x, i.e., there
exist matrices

v= (o m - B



452 T. Nguyen et al. / Physica D 239 (2010) 428-453

for which L¢R¢(x) = I and |LR’| = |L'R| < C§¢(x), uniformly in €, where the pointwise error bound §¢ = §¢(x) is small, relative to

M; O
€ .__ T € AEDE _ 1
M == LA°R (x) = ( 0 M;) x) (B.2)
and ‘" as usual denotes d/0x. In this case, making the change of coordinates W¢ = R¢Z, we may reduce (B.1) to the approximately
block-diagonal equation

Z¢ = MZ¢ + 6°O°Z¢, (B.3)

where M€ is as in (B.2), ®¢(x) is a uniformly bounded matrix, and §€(x) is (relatively) small. Assume that such a procedure has been
successfully carried out, and, moreover, that there exists an approximate uniform spectral gap in the numerical range, in the strong sense
that

min o (Re M{) — maxo (ReM;) > n(x), forallx,

with pointwise gap n¢(x) > no > 0 uniformly bounded in x and in €; here and elsewhere ReN = %(N + N*) denotes the “real” or
symmetric part of an operator N. Then, there holds the following pointwise reduction lemma, a refinement of the reduction lemma of [33]
(see the related “tracking lemma” given in varying degrees of generality in [23,17,42,16,22]).

Proposition B.1. Consider a system (B.3) under the gap assumption (B.3), with ®¢ uniformly bounded in € € 'V and for all x. If, foralle € V,
sup,cr (8¢ /1) is sufficiently small (i.e., the ratio of pointwise gap 1 (x) and pointwise error bound &€ (x) is uniformly small), then there exist
(unique) linear transformations @ (x, A) and @5 (x, 1), possessing the same regularity with respect to the various parameters €, x, A as do
coefficients M€ and 8¢ (x) ©€ (x), for which the graphs {(Z1, ®5(Z1))} and {(®5(Z,), Z,)} are invariant under the flow of (B.3), and satisfying

sup |9 < Csup(5°/n°).
R R

Moreover, we have the pointwise bounds

X X e
B500] < C / e @ 5e )y, (B4)

—00
and symmetrically for ®7.

Proof. By a change of independent coordinates, we may arrange that n°(x) = constant, whereupon the first assertion reduces to the
conclusion of the tracking/reduction lemma of [33]. Recall that this conclusion was obtained by seeking &5 as the solution of a fixed-point
equation

X

D5(x) =T P (x) = / FITISC QP ()dy.

—00

Observe that in the present context we have allowed &€ to vary with x, but otherwise follow the proof of [33] word for word to obtain the
conclusion (see Appendix C of [33], proof of Proposition 3.9). Here, Q (®5) = @(1+ |®5|?) by construction, and [FY~*| < Ce™1%=Y Thus,
using only the fact that |@5| is bounded, we obtain the bound (B.4) as claimed, in the new coordinates for which »¢ is constant. Switching

X €
back to the old coordinates, we have instead |FY7%| < C e b @z yielding the result in the general case. O

Remark B.2. From Proposition B.1, we obtain reduced flows

Z{' = MSZ§ + 8(O11 + O5,@5)Z5,
Z5' = M5Z5 + 8 (O + 05,9575

on the two invariant manifolds described.

References

[1] W.G. Vincenti, C.H. Kruger, Introduction to Physical Gas Dynamics, Wiley & Sons, New York, 1965.
[2] S.Kawashima, Y. Nikkuni, S. Nishibata, The initial value problem for hyperbolic-elliptic coupled systems and applications to radiation hydrodynamics, in: Analysis of
Systems of Conservation Laws (Aachen, 1997), in: Monogr. Surv. Pure Appl. Math., vol. 99, Chapman & Hall/CRC, Boca Raton, FL, 1999, pp. 87-127.
[3] S.Kawashima, Y. Nikkuni, S. Nishibata, Large-time behavior of solutions to hyperbolic-elliptic coupled systems, Arch. Ration. Mech. Anal. 170 (4) (2003) 297-329.
[4] S.Kawashima, S. Nishibata, A singular limit for hyperbolic-elliptic coupled systems in radiation hydrodynamics, Indiana Univ. Math. J. 50 (2001) 567-589.
[5] C.Lattanzio, C. Mascia, D. Serre, Shock waves for radiative hyperbolic-elliptic systems, Indiana Univ. Math. J. 56 (5) (2007) 2601-2640.
[6] K. Hamer, Nonlinear effects on the propagation of sound waves in a radiating gas, Quart. J. Mech. Appl. Math. 24 (1971) 155-168.
[7] C.lattanzio, C. Mascia, T. Nguyen, R.G. Plaza, K. Zumbrun, Stability of scalar radiative shock profiles, SIAM J. Math. Anal. 41 (6) (2009) 2165-2206.
[8] P.D. Lax, Hyperbolic systems of conservation laws II, Comm. Pure Appl. Math. 10 (1957) 537-566.
[9] S.Schochet, E. Tadmor, The regularized Chapman-Enskog expansion for scalar conservation laws, Arch. Ration. Mech. Anal. 119 (1992) 95-107.
[10] S.Kawashima, Systems of a Hyperbolic-Parabolic Composite Type, with Applications to the Equations of Magnetohydrodynamics, Ph.D. Thesis, Kyoto University, 1983.
[11] S.Kawashima, Y. Shizuta, On the normal form of the symmetric hyperbolic-parabolic systems associated with the conservation laws, Tohoku Math. J. (2) 40 (3) (1988)
449-464.
[12] Y. Shizuta, S. Kawashima, Systems of equations of hyperbolic-parabolic type with applications to the discrete Boltzmann equation, Hokkaido Math. J. 14 (2) (1985)
249-275.
[13] J. Humpherys, K. Zumbrun, Spectral stability of small-amplitude shock profiles for dissipative symmetric hyperbolic-parabolic systems, Z. Angew. Math. Phys. 53 (2002)
20-34.
[14] C.Lin, J.-F. Coulombel, T. Goudon, Shock profiles for non-equilibrium radiating gases, Physica D 218 (1) (2006) 83-94.
[15] C.Lattanzio, C. Mascia, D. Serre, Nonlinear hyperbolic-elliptic coupled systems arising in radiation dynamics, in: S. Benzoni-Gavage, D. Serre (Eds.), Hyperbolic Problems:
Theory, Numerics, Applications (Lyon, July 17-21, 2006), Springer-Verlag, Boston, Berlin, Heidelberg, 2008, pp. 661-669.
[16] K.Zumbrun, P. Howard, Pointwise semigroup methods and stability of viscous shock waves, Indiana Univ. Math. J. 47 (3) (1998) 741-871.



T. Nguyen et al. / Physica D 239 (2010) 428-453 453

[17] C. Mascia, K. Zumbrun, Pointwise Green’s function bounds and stability of relaxation shocks, Indiana Univ. Math. J. 51 (4) (2002) 773-904.

[18] C. Mascia, K. Zumbrun, Stability of large-amplitude viscous shock profiles of hyperbolic-parabolic systems, Arch. Ration. Mech. Anal. 172 (1) (2004) 93-131.

[19] C.Mascia, K. Zumbrun, Stability of large-amplitude shock profiles of general relaxation systems, SIAM J. Math. Anal. 37 (3) (2005) 889-913. electronic.

[20] J. Alexander, R.A. Gardner, C.K.R.T. Jones, A topological invariant arising in the stability analysis of travelling waves, J. Reine Angew. Math. 410 (1990) 167-212.

[21] B. Sandstede, Stability of travelling waves, in: B. Fiedler (Ed.), Handbook of Dynamical Systems, Vol. 2, North-Holland, Amsterdam, 2002, pp. 983-1055.

[22] K. Zumbrun, Multidimensional stability of planar viscous shock waves, in: H. Freistiihler, A. Szepessy (Eds.), Advances in the Theory of Shock Waves, in: Progress in
Nonlinear Differential Equations and Their Applications, vol. 47, Birkhduser, Boston, 2001, pp. 307-516.

[23] R.A. Gardner, K. Zumbrun, The gap lemma and geometric criteria for instability of viscous shock profiles, Comm. Pure Appl. Math. 51 (1998) 797-855.

[24] K.Zumbrun, Planar stability criteria for viscous shock waves of systems with real viscosity, in: P. Marcati (Ed.), Hyperbolic Systems of Balance Laws, in: Lecture Notes
in Math., vol. 1911, Springer, Berlin, 2007, pp. 229-326.

[25] M.-R. Raoofi, [P asymptotic behavior of perturbed viscous shock profiles, J. Hyperbolic Differ. Equ. 2 (3) (2005) 595-644.

[26] S.Kawashima, S. Nishibata, Shock waves for a model system of the radiating gas, SIAM J. Math. Anal. 30 (1) (1998) 95-117. electronic.

[27] D.Serre, L'-stability of nonlinear waves in scalar conservation laws, in: C.M. Dafermos, E. Feireisl (Eds.), Evolutionary Equations, in: Handbook of Differential Equations,
vol. 1, North-Holland, Amsterdam, 2004, pp. 473-553.

[28] H.Liu, E. Tadmor, Critical thresholds in a convolution model for nonlinear conservation laws, SIAM ]. Math. Anal. 33 (4) (2001) 930-945. electronic.

[29] C.Lin, J.-F. Coulombel, T. Goudon, Asymptotic stability of shock profiles in radiative hydrodynamics, C. R. Math. Acad. Sci. Paris 345 (11) (2007) 625-628.

[30] J. Goodman, Nonlinear asymptotic stability of viscous shock profiles for conservation laws, Arch. Ration. Mech. Anal. 95 (1986) 325-344.

[31] A. Matsumura, K. Nishihara, On the stability of travelling wave solutions of a one-dimensional model system for compressible viscous gas, Japan J. Appl. Math. 2 (1)
(1985) 17-25.

[32] D. Henry, Geometric Theory of Semilinear Parabolic Equations, in: Lecture Notes in Mathematics, vol. 840, Springer-Verlag, New York, 1981.

[33] C. Mascia, K. Zumbrun, Pointwise Green function bounds for shock profiles of systems with real viscosity, Arch. Ration. Mech. Anal. 169 (3) (2003) 177-263.

[34] G.Meétivier, K. Zumbrun, Large viscous boundary layers for noncharacteristic nonlinear hyperbolic problems, in: Hyperbolic Problems and Related Topics, in: Grad. Ser.
Anal, Int. Press, Somerville, MA, 2003, pp. 243-252.

[35] K. Zumbrun, Stability of large-amplitude shock waves of compressible Navier-Stokes equations, in: S. Friedlander, D. Serre (Eds.), Handbook of Mathematical Fluid
Dynamics, Vol. Ill, North-Holland, Amsterdam, 2004, pp. 311-533.

[36] B. Kwon, K. Zumbrun, Asymptotic behavior of multidimensional scalar relaxation shocks, ]. Hyperbolic Diff. Eqs. 6 (4) (2009) 663-708.

[37] T.Nguyen, K. Zumbrun, Long-time stability of multi-dimensional noncharacteristic viscous boundary layers, Preprint, 2009.

[38] C.Mascia, K. Zumbrun, Spectral stability of weak relaxation shock profiles, Comm. Partial Differential Equations 34 (2) (2009) 119-136.

[39] J. Goodman, Remarks on the stability of viscous shock waves, in: M. Shearer (Ed.), Viscous Profiles and Numerical Methods for Shock Waves (Raleigh, NC, 1990), SIAM,
Philadelphia, PA, 1991, pp. 66-72.

[40] A. Matsumura, K. Nishihara, Asymptotic stability of traveling waves for scalar viscous conservation laws with non-convex nonlinearity, Comm. Math. Phys. 165 (1)
(1994) 83-96.

[41] C. Fries, Nonlinear asymptotic stability of general small-amplitude viscous Laxian shock waves, ]. Differential Equations 146 (1) (1998) 185-202.

[42] R.G. Plaza, K. Zumbrun, An Evans function approach to spectral stability of small-amplitude shock profiles, Discrete Conin. Dynam. Syst. 10 (4) (2004) 885-924.



	Stability of radiative shock profiles for hyperbolic--elliptic coupled systems
	Introduction
	Main results
	Discussion

	Abstract framework

	Construction of the resolvent kernel
	Outline
	Asymptotic behavior
	Solutions near  x sim 0 
	Two Evans functions

	Resolvent kernel bounds in low frequency regions
	Pointwise bounds and low frequency estimates
	The nonlinear damping estimate and high frequency estimate
	Nonlinear analysis
	Acknowledgements
	Spectral stability in the small amplitude regime
	The Kawashima-type estimate
	Goodman-type estimate

	The pointwise reduction lemma
	References


