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Radiative hydrodynamics

e W. G. VINCENTI AND C. H. KRUGER, Introduction to
Physical Gas Dynami¢c&Viley & Sons, New York, 1965.
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e W. G. VINCENTI AND C. H. KRUGER, Introduction to
Physical Gas Dynami¢c&Viley & Sons, New York, 1965.

Euler-Poisson systen{d = 1):

pt+ (pu)x =0
o ()t + (pu* +p)x = 0 )
(p(e+ 3u?)), + (pu(e + 3u?) + pu), = —qy,

—Oxx +aq+ b(04) =0,
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Spectral problem

Nonlinear analysis

p = mass density,

u = velocity,

p = pressure,

e = internal energy density,
f = temperature.

S p= p(pv 0)7 €= e(p79) S P> 0, Po 7é 0, & > 0.

Spectral problem

estimate
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Kawashima-type

p = mass density,

u = velocity,

p = pressure,

e = internal energy density,
f = temperature.

p:p(p70)7e:e(p70): pp>0) p9#0,69>0.

g = pxx, radiative heat fluxy = radiation energy density.

a, b > 0: Absortion coefficienty; Stefan-Boltzmann constaat
a= 3()427 b = 4ao.
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Hamer's model

e K. HAMER, Quart. J. Mech. Appl. Math24 (1971).
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Hamer's model

e K. HAMER, Quart. J. Mech. Appl. Math24 (1971).

U+ 5(UP)x = —C,
—Oxx + g = —Uy,

(H)

g,u € R, (xt) € R x [0,400). Burgers’ flux function:
f(u) = $u2.
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Hamer's model

e K. HAMER, Quart. J. Mech. Appl. Math24 (1971).

U+ 5(UP)x = —C,

(H)
—Oxx + g = —Uy,

g,u € R, (xt) € R x [0,400). Burgers’ flux function:
f(u) = $u2.

It approximates (EP).
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Trveling wave solution

(U a)(xt) = (U,Q)(x—st), (0,Q)(¢) — (Ux,0), £ — Foo,

(Uy,U_,s) = classical shock front
of the underlying hyperbolic system

Spectral problem
Ka -type
=
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Hydrodynamics and transport determine wave propagation
and wave structure.

Non-equilibrium diffusion regimeRadiation and gas have
different temperatured( q%/*); gas interacts with radiation
via energy exchanges.

Radiation is described by an stationary diffusion process.
Gray non-equilibrium diffusion hypothesiall photons have
the same frequency. OWRIE, EDWARDS, Shock wave&8
(2008)).
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Hamer's model:

Regularization

q — _(1 - 8x)_1uX = _]CUX

—+00
Kf(x) = %/ e M Vf(y)dy=Kf, K= > X

o0

1

O = u— Ku,
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Hamer's model:

Introduction

q — _(1 - ax)_luX = _]CUX

—+00
Kf(x) = —/ e M Vf(y)dy=Kf, K= %e—‘xl

o0

)

ox = u—Ku,
Us + Ul = —u+ Ku,

Rosenau’s regularizatio(ROSENAU, Phys. Rev. A0 (1989);
SCHOCHET, TADMOR, Arch. Ration. Mech. Anal119(1992)):

Regularization (truncation of the Chapman-Enskog expam)sio
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Symmetric and normal forms

Conserved variables:
L 1,.2\) [
U= (p, pu, p(e+ 3u%))

Euler-Poisson (EP):

Ut + f(U)X = _LqX7
—0Oxx + RO+ V(U)g(u)x =0,

f(U) = (pu, pU? + p, pu(e + 1u?) +pu) ',
L=(0,0,1)",
R=a=1,
0 < v(U) = 4b6°,
g(U) =-1/0
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Viscous shock _
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Spectral problem

L W= (0un)T = (—p+(e— 3P+ po Y6, w0, —1/0) ",
e Green operator

Nonlinear analysis

Hyperbolic- 2

elliptic DUW — DUT/ >0
systems

Hypothesis

Results

Spectral U — W

stability
(systems)
Spectral problem
Kawashima-type
estimate
Goodman-type
estimate
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Symmetrization:

Ao(W)W + A(W)Wy + Lax =

—Ox + g + P(W) W
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Symmetrization:
Ao(W)W, + A(W)Wy + Lay = 0,
—0Oxx + 0 + P(W)Wx = 0,

Ao(W) = (DWU)(W) = (Dgn)*
A(W) = Dy (f(U(W))) = (Duf)(Dgn)
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Normal form:
Wi V= (p,u,0)"

Mult. by (DyW)T:

Ao(V)Vi + A(V)Vx + L(V)ax = 0,
—Gux + g+ 7(V)L(V) 'V, =0,
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Normal form:

Wi V= (p,u,6)’

Mult. by (DyW) '

Ao(V)V; + A(V)Vy + L(V)ax = 0,
—Gux + g+ 7(V)L(V) 'V, =0,

Ao(V) = (DyW) T Ag(W)DyW = (DyW) "Dy U,

A(V) = (DyW) "A(W)DyW = (DyW) ' Dyf (U),

L(V) = (DyW)'L = (DyW)'(0,0,1)" = (0,0,1)" /62,
7(V) = v(U(W(V))) = 4bg° > 0,



) 1 [Pol/p Py
A(V) = 5 Py pu

Po

a(V) = (0,0,6%),

General hyperbolic-elliptic system:

Vi +f(V)x + Lok = 0,

—Ox+g+9(V)x=0.

«O0>» «F»r» «E>»

7(V)L(V)Vy = 4b63(0,0,65) " =: bg(V)x

0
Po
0 peyu/o

«E=E»
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_ 1 (PoY/p P, O
A(V):g P, pu Py
0 pp peyu/d

7(V)L(V)Vy = 4b6%(0,0,6,) " =: bg(V)x

G(V) - (07 0, 94)7
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_ 1 (PoY/p P, O
A(V):g P, pu Py
0 pp peyu/d

7(V)L(V)Vy = 4b6%(0,0,6,) " =: bg
G(V) = (07 0, 94)7

General hyperbolic-elliptic system:

Vt + f(V)X + qu = O,
—Oxx + 0+ g(V)x =0

(V)x
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Positive “diffusion”

Eigenvector (characteristic fiefg= 1):

Ary = (U+C)Agr1, 1A= (u+c)liAg

r;.r == (pv C, (C2 - pp)p/pe) = (p? C?Z*)
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Viscous shock

B Eigenvector (characteristic fiefol= 1):

Scalar case
Spectral problem

B Arp = (u+c)Agr1, 1A= (u+c)l1Ag

Pointwise bounds for
the Green operator

Nonlinear analysis

r] =l =(p, ¢ (A~ py)p/po) = (pC.2.)
systems

Hypothesis

Spectral

stability ( ) L ( —)T _ ( 493)
(systems) B(V) := Dvg - 07 O’

Spectral problem

Kawashima-type

estimate

Goodman-type

estimate



1LBr; = (p,c,2.)(0,0,1)7(0,0,46%)(p,c,z.) " = 246° > 0

Positive diffusion coefficient in the characteristic diiea p= 1
in the Chapman-Enskog expansion.

«O0>» «F»r» «E>»



On the
stability of
radiative
shocks

Ramoén G.
Plaza

Introduction

Spectral problem

Nonlinear analysis

Hypothesis
Results

Spectral problem

Goodman-type
estimate

I1LBr; = (p,c,2.)(0,0,1) " (0,0,46%)(p,c,z.) " = 246° >0

Positive diffusion coefficient in the characteristic ditea p= 1
in the Chapman-Enskog expansion.
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U+ Vp =Y ™A upAu+ anV(V - u)) + other terms

Spectral problem 0

= oAU + EgulAzu + ...

Nonlinear analysis

Hypothesis

u=ceup << 1l kinematic viscosity coefficient (non-dimensional

31, — Burnett’s coefficient

Spectral problem

Goodman-type
estimate
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o
E : 2n+1 An

Viscous shock € A (HnAU) ~
0

profiles

Scalar case

Spectral problem /.L

Two Evans functions /.L _

Pointwise bounds for * T zrnz I
the Green operator 1 — & A
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Hyperbolic-

elliptic
systems
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Results
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stability
(systems)
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1

1—e2m2A

Au,

(k) =

m= p1/uo > 0.

I

1+ e2mPk?
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- 2n+1 AN H _
ZO:E A (MnAU)N mAU, m—ﬂ1/,u0>0

Spectral problem /.L
Two Evans functions

Pointwise bounds for lu* = 2 Y /"Z*(k) = /; 2
1— 2m2A 1+ £2mPk
Nonlinear analysis

Scalar model:

1

mﬂ(k))v(X) = —Uu + ’CU

Hypothesis Ut —|— (%U)X = Ea)%(

Results

+00
e Kf(x) = _/ e Yy dy=K «f, K= %e—\x|7

Kawashima-type

estimate o0
Goodman-type

estimate



Principal part:

For systems:

L(LB(U)UX)X = (LLBR)UXX + ...,

(|pLBI’p)(Vp)xx + ...

«O0>» «F»r» «E>»
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Spectral problem V= ILU

Two Evans functions

Pointwise bounds for
the Green operator

Nonlinear analysis

L(LB(U)UX)X = (LLBR)UXX + ...,

Hypothesis

Results

Principal part:

Spoctal proien (IpLBrp) (Vp)xx + - - -

Kawashima-type
estimate
Goodman-type
estimate
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Existence of profiles:

Introduction

e SCHOCHET, TADMOR, Arch. Ration. Mech. Anall119
(1992). Small-amplitude profiles, Hamer’s model only.

o KAWASHIMA, NISHIBATA, SIAM J. Math. Anal.30(1998).
Hamer’s model. Bounded amplitude.

e LIN, COULOMBEL, GOUDON Phys. D218(2006).
Small-amplitude, Euler-Poisson system, ideal gas

p=(v—1pe

e LATTANZIO, MASCIA, SERRE, Indiana Univ. Math. J56
(2007). General modef,general, linear coupling. Systems
case problem reduces to a scalar one (!).

e LATTANZIO, MASCIA, SERRE, Proc. HYP2006, Springer
(2008). Nonlinear coupling, most general result.
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Miscellaneous (Cauchy problemt — +o0, well-posedness):

KAWASHIMA, NISHIBATA, Math. Mod. Meth. Appl. Sci9
(1999). Cauchy problem, Hamer’'s model.

SERRE, Comm. Math. Scil (2003). Stability of constants
in L1, Hamer’s model.

KAWASHIMA, TANAKA , Kyushu J. Math58 (2004):
Stability of rerafecation waves (Hamer).

KAWASHIMA, NIKKUNI, NISHIBATA, Monogr. Surv. Pure
Appl. Math. 99 (1999). Cauchy problem. general
hyperbolic-elliptic systems.

KAWASHIMA , NIKKUNI, NISHIBATA, Arch. Ration. Mech.
Anal. 170(2003). Asymptotic behaviour of solutions when
t — +oo.

LowRIE, EDWARDS, Shock Wave$8 (2008). Numerical
computation of profiles, Euler-Poisson (ideal gases).
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Stability of radiative shock profiles:

o KAWASHIMA, NISHIBATA, SIAM J. Math. Anal.30(1998).
L? stability, Hamer’s (escalar) model, linear coupling.

e LIN, CoOULOMBEL, GOUDON, C. R. Math. Acad. Sci. Paris
345(2007): Stability under zero-mass perturbations, ideal
gas:p = (y — 1)pe. Energy estimates of
Goodman-Matsumura-Nishihara type.




On the
stability of
radiative
shocks

Ramoén G.
Plaza

Introduction

Spectral problem

wo E functions

Pointw nds for
the Green operator

Nonlinear analysis

Hypothesis

Results

Spectral problem

Kawashima-type

New results:

o Stability of radiative shock profiles in the general scalase
(general flux functiorf, nonlinear coupling):
C. LATTANZIO, C. MASCIA, T. NGUYEN, R. G. P,
K. ZUMBRUN, SIAM J. Math. Anal41, no. 6 (2009).
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o Stability of radiative shock profiles in the general scalase
(general flux functiorf, nonlinear coupling):
C. LATTANZIO, C. MASCIA, T. NGUYEN, R. G. P,
K. ZUMBRUN, SIAM J. Math. Anal41, no. 6 (2009).

o Stability of radiative profiles for general hyperboliciptic
systems (small-amplitude).. NGUYEN, R. G. P,
K. ZUMBRUN, Phys. D239 no. 8 (2010).
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oo UER",n>1B(u) = identity viscosity;B(u) degenerate
elliptic (NaVier'StOKGS)-

systems
Hypothesis.

Results
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Viscous shock profiles

U+ f(U)x = (B(U)Ux)x;

ue R", n>1,B(u) = identity viscosity;B(u) degenerate
(Navier-Stokes).

Viscous shock profile: traveling wave solution

u(x, t) = U(x — st), U(x) — ux. Here(uy,u_, s) is a classical
shcok front of the hyperbolic system of conservation laws.
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Stability

¢ Viscous shock profilescalar caseILIN, OLEINIK;
SATTINGER.
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Viscous shock

profles e Viscous shock profilescalar case ILIN, OLEINIK ;

SATTINGER.

 SystemsGOODMAN, Arch. Ration. Mech. Anal95 (1986).

Identity viscosityB = |, zero-mass perturbations. Energy
estimates, diagonalization of the hyperbolic part.

Spectral problem

Kawashima-type
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¢ Viscous shock profilescalar caselLIN, OLEINIK;
SATTINGER.

functions

e SystemsGOODMAN, Arch. Ration. Mech. Anal95 (1986).
Identity viscosityB = |, zero-mass perturbations. Energy

estimates, diagonalization of the hyperbolic part.

e MATSUMURA, NISHIHARA, Japan J. Appl. Math2 (1985).
- Same approcah for Euler system, ideal gases.

Nonlinear analysis

Spectral problem

Kawashima-type
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¢ Viscous shock profilescalar caselLIN, OLEINIK;
SATTINGER.

e SystemsGOODMAN, Arch. Ration. Mech. Anal95 (1986).
Identity viscosityB = |, zero-mass perturbations. Energy
estimates, diagonalization of the hyperbolic part.

e MATSUMURA, NISHIHARA, Japan J. Appl. Math2 (1985).

- Same approcah for Euler system, ideal gases.

Energy methods: Liu (1986) diffusion wavesSzepssy XIN
(1992) first complete result.
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Spectral problem
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Results

Spectral problem

estimate

Pointwise Green function bound method:

e Liu, CPAM 50 (1997): (Approximate) Green function of
linearized operator.
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the Green operato
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Results

Spectral problem

Kawashima-type

Pointwise Green function bound method:

e Liu, CPAM 50 (1997): (Approximate) Green function of
linearized operator.
e ZUMBRUN, HOWARD (1999)Under spectral stability

assumption, resolvent kernel bounds; ponitwise bounds for
the Green function.
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Viscous shock
profiles

Spectral problem

Hypothesis

Spectral problem

Pointwise Green function bound method:

e Liu, CPAM 50 (1997): (Approximate) Green function of
linearized operator.

e ZUMBRUN, HOWARD (1999)Under spectral stability
assumption, resolvent kernel bounds; ponitwise bounds for
the Green function.

e ZUMBRUN, MASCIA (2002-2004)degenerate viscosity.

Other cases: relaxation systems, multi-d, boundary layes,
undercompressive shocks, etc.
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Ramén G. Pointwise Green function bound method:

Plaza
e Liu, CPAM 50 (1997): (Approximate) Green function of
Viscous shock linearized operator.
profies e ZUMBRUN, HOWARD (1999)Under spectral stability
assumption, resolvent kernel bounds; ponitwise bounds for
the Green function.
e ZUMBRUN, MASCIA (2002-2004)degenerate viscosity.

Other cases: relaxation systems, multi-d, boundary layes,
undercompressive shocks, etc.

Basic idea: Spectral stabilitys- nonlinear stability.
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® Radiative shock profiles: scalar case
Spectral problem
ety e Two Evans functions
Pointwise bounds for the Green operator

Two Evans functions
T Nonlinear analysis

Nonlinear analysis

Hypothesis

Results

Spectral problem
Kawashima-type
estimate
Goodman-type
estimate
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Viscous shock

profiles ut + f(u)X + LqX - 07
Scalar case o _
Spectral problem qXX + q + M (u)x - 0’
Two Evans functions

Pointwise bounds for

ugeR,MTf:R—R,L € R (constant).
Nonlinear analysis

Hyperbolic-

elliptic

systems

Hypothesis

Results

Spectral
stability
(systems)
Spectral problem
Kawashima-type
estimate
Goodman-type
estimate
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Introduction

o U+ (U + Lok =0,

Scalar case o ( ) —
Spectral problem qXX + q + M u X 07
Two Evans functions

Pointwise bounds for

womwes -y qe R,M,f: R — R, L € R (constant).

Nonlinear analysis

Hyperbolic- H .
o Traveling waves:
systems

Hypothesis

Results

Spectal (ua)(xt) = (U, Qx—st), (U,Q)(+o0) = (us,0),
(systems)

Spectral problem

Kawashima-type
estimate

o — up # u-. W.lo.g. s=0.

estimate
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Hypotheses:

f,M e C°,
f’(u) >0, ue [uy,u_]
f(uo) = f(uy),

Uy < u_,
LM’(u) >0, ue€ [uy,u_]

(regularity), (A0)
(genuine nonlinearity), (A1)
(Rankine-Hugoniot condition),
(A2)
(Lax’s entropy condition), (A3)
(positive diffusion) (A4)
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Introduction

Viscous shock

profiles
a(x) :=f'(U)

Scalar case . )

Spectral problem

Two Evans functions

Pointwise bounds for
the Green operator

Nonlinear analysis

Hyperbolic-

elliptic

systems
Hypothesis
Results

Spectral
stability
(systems)
Spectral problem
Kawashima-type
estimate
Goodman-type
estimate

Lb(0) + (k+ 3)a'(0) > 0

b(x) := M'(U).

k=123, 4

(A5x)
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Viscous shock
profiles

Scalar case
Spectral problem
Two Evans functions

Pointwise bounds for
the Green operator

Nonlinear analysis

Hyperbolic-

elliptic

systems
Hypothesis
Results

Spectral
stability
(systems)
Spectral problem
Kawashima-type
estimate
Goodman-type
estimate

Structure of profiles

Traveling wave equations:

f(U)Y +LQ =0,
_QN+Q+ M(U)/ — 0’

(U,Q)(£) = (uz,0).
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Structure of profiles

Traveling wave equations:

f(U)Y +LQ =0,
_Q”+Q+ M(U)/ — 0’

(U, Q)(£) = (ug,0).

Existence theoryL ATTANZIO, MASCIA, SERRE, Indiana Univ.
Math. J.56 (2007); Proc. HYP2006, Springer (2008).
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Scalar case

Spectral problem

Proposition [LMS]

Under (AQ) - (A4) there exists a unique (up to translations)
traveling wave(U, Q)(x). Moreover, the velocity profile U isC
except, at most, in one single point where it has an entrapimj
satisfying Rankine-Hugoniot and Lax conditions. U is moneto
decreasing Y < 0, function gx) = f/(U(x)) is C* a.e., itis zero
only at one point which we take w.l.0.g. as=>0:

a(0) =0.

If the amplitude is sufficiently small, then the profile is lass C.
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ad(x)<0 VXeR, xax) <0  Vx=#0.

Integrating:
LQ = f(ux) — f(U) >0,

(a/(x) + I—b(X))U/ =-LQ- a(X)U”7
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Consequences:

ad(x)<0 VXeR, xax) <0  Vx=#0.

Integrating:
LQ = f(us) —f(U) >0,

(&(x) + Lb(x))U" = —LQ — a(x)U”,
In x = 0, U monotone:

a(0) + Lb(0) > 0.

(A5;) implies (P).

(P)
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Viscous shock
profiles

Scalar case
Spectral problem
Two Evans functions

Pointwise bounds for
the Green operator

Nonlinear analysis

Hyperbolic-

elliptic

systems
Hypothesis
Results

Spectral
stability
(systems)
Spectral problem
Kawashima-type
estimate
Goodman-type
estimate

Exponential decay

(d/dX)(U — us, Q)| < Ce™ X,

as|x| — +oo, for somen > 0.

k=0,..,4,
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Viscous shock
profiles

Scalar case
Spectral problem
Two Evans functions

Pointwise bounds for
the Green operator

Nonlinear analysis

Hyperbolic-

elliptic

systems
Hypothesis
Results

Spectral
stability
(systems)
Spectral problem
Kawashima-type
estimate
Goodman-type
estimate

Eigenvalue equations

Au+ (a(x)u)’ +Lg =0,
—q" + g+ (b(x)u)’ = 0.

"= d/dx, u,q € L?(R) perturbations.

(SP)
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Introduction

Viscous shock
profiles

Zero-mass conditions:

Scalar case
Spectral problem

Two Evans functions

Pointwise bounds for = O’ q = 0’
the Green operator

Nonlinear analysis

Hyperbolic- .

elliptic Integratlng (SP)
systems

Hypothesis

Results

Au+a(x)u +Lg =0,
Spectral
sl A +a+ b =0

Spectral problem
Kawashima-type
estimate
Goodman-type
estimate
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Spectral problem
Two Evans functions
Pointwise bounds for
the Green operator

Nonlinear analysis

Hypothesis

Results

Spectral problem

Kawashima-type
ate

Goodman-type
estimate

Lemma (Spectral stability)
Let(u, g) be an eigenfuction, with € C eigenvalue. Then
Re\ < 0if one of the following conditions hold:

() bis constant (linear coupling), or,
(i) |uy — u_| is sufficiently small.
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Plaza Lemma (Spectral stability)
Let(u, q) be an eigenfuction, with € C eigenvalue. Then
Re\ < 0if one of the following conditions hold:

() bis constant (linear coupling), or,
(i) |uy — u_| is sufficiently small.

Spectral problem

Proof (via energy estimates):
L
ReAbY2ul% < (abu,u) — EIIQIIﬁl + C{(la] + [0'])|b|u, u).

Lb > 0,wlo0.g.b>6>0(— —q).a >0,
a,p=0(us —u_|).
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Viscous shock
profiles

Scalar case
Spectral problem
Two Evans functions

Pointwise bounds for
the Green operator

Nonlinear analysis

Hyperbolic-

elliptic

systems
Hypothesis
Results

Spectral
stability
(systems)
Spectral problem
Kawashima-type
estimate
Goodman-type
estimate

First order formulations

Specral problemp := b(x)u — ¢

= — (A +d(X) + Lb(x)) u+ Lp,

b(X) u-—np,

=—q.

(SP2)
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Regularity near x = 0.

Lemma
Given\ € C, v := (ReX + &(0) + Lb(0))/|&'(0)|. Under (AO) -
(A4), ReX > —LDb(0), every solution to (SP2) satisfies

1. Ju(x)| < C|x” for x ~ 0, some C> 0,

2. qisA.C.,pis C (for x ~ 0),
In particular, u € Li,, (for x ~ 0), and gx)u(x) — 0if x — O.

Spectral problem
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Introduction

Viscous shock
profiles

Fisrt order system
Scalar case
Spectral problem
Two Evans functions !

Pointwise bounds for (@ (X)W) — A(X, )\)W,
the Green operator

Nonlinear analysis

Hyperbolic-

elliptic _()\ + L b(X)) 0 L
L e = (a%x) |0> oAM= b0 -1
Results 2 O _1 0

Spectral
stability
(systems)
Spectral problem
Kawashima-type
estimate
Goodman-type
estimate
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Viscous shock
profiles

Scalar case
Spectral problem
Two Evans functions

Pointwise bounds for
the Green operator

Nonlinear analysis

Hyperbolic-

elliptic

systems
Hypothesis

Results

Spectral
stability
(systems)
Spectral problem
Kawashima-type
estimate
Goodman-type
estimate

Construction of the resolvent

Fisrt order system

O(x) :

(

akx) 0

0

I>

(O(X)W)" = A(x, \)W,
> , A(X,\) =

© is singular at x= 0.

kernel

—(\ + Lb(x))

b(x)
0

0 L
0 -1
-1 0
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Viscous shock
profiles

Scalar case
Spectral problem
Two Evans functions

Pointwise bounds for
the Green operator

Nonlinear analysis

Hyperbolic-

elliptic

systems
Hypothesis
Results

Spectral
stability
(systems)
Spectral problem
Kawashima-type
estimate
Goodman-type
estimate

Solutions to:

I (O(x) Gr) = A%, A) Gr = dy(X) 1,

K (O(x) Gx) = Ax,A)Gr =0,

+ jump conditions ak =y.

it x#y,
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I (O(x) Gr) = A%, A) Gr = dy(X) 1,

K(OMX)Gr) —A(X,A\)Gr=0, if x#Yy,

+ jump conditions ak =y.

The resolvent kernel is G= (G )11.
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Asymptotic systems

OLW = AL (AW,

Spectral problem
Two Evans functions - ()\ + L b:t)

Nonlinear analysis

Pointwise bounds for a O
the Green operator @i = < c:;: > s Ai()\) =

Hypothesis ar = lim a(x) = f’(ui), by =

Resuts X—+oo X—Foo

Spectral problem
Kawashima-type
estimate
Goodman-type
estimate
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profiles

Scalar case
Spectral problem
Two Evans functions

Pointwise bounds for
the Green operator

Nonlinear analysis

Hyperbolic-

elliptic

systems
Hypothesis
Results

Spectral
stability
(systems)
Spectral problem
Kawashima-type
estimate
Goodman-type
estimate

Dispersion relation

! = O AL(N)] = p® + & (A + Lba)p? — o —
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Spectral problem
Two Evans functions

Pointwise bounds for
the Green operator

Nonlinear analysis

Hypothesis
Results

Spectral problem
Kawashima-type
estimate
Goodman-type
estimate

Dispersion relation
! = O AL(N)| = p® + & (A + Lba)p® — p— ayth,

For\ € Ry, A\ — +o0: 2 positive, 1 negative root for,.. 2
negative, 1 positive for_.
For each Re\ > 0:

dmuU*(\) =2, dimS*t())
dmU~(\) =1, dimS~()\)

1
2.
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shocks

il — O AL(N)| = 1P+ ar (A + Lba)p? — p— &gt

For\ € Ry, A\ — +o0: 2 positive, 1 negative root for,.. 2
negative, 1 positive for_.

Spectral problem

Two Evans functions

G For each Re\ > 0O:
dmuU*(\) =2, dimS*t())
dmU~(\) =1, dimS~()\)

1
2.

Hypothesis

Results

Dimensions are not equal.

Spectral problem
Kawashima-type
estimate
Goodman-type
estimate
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For\ € Ry, A\ — +o0: 2 positive, 1 negative root for,.. 2
negative, 1 positive for_.

Spectral problem

For each Re\ > 0O:

dmuU*(\) =2, dimS*t())
dmU~(\) =1, dimS~()\)

1
2.

Hypothesis

Results

Dimensions are not equal.

{Re\ > 0} C A = region to the left of the dispersion curves

Region of (not so) consistent splitting
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Eigenvalues 0B A ()\):

A
HEON) =~ + O(AP),
+

17 (A) = £0F + O(|A)),
3 (A) = Fb3 + O(A)),

o Hz (0) =0,
pp(0) = =0y <0 <0 = pg(0),
pg(0) = —05 <0< 63 =uz(0).
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Introduction EigenVGCtOFSZ

Viscous shock

profiles bj—:l(l _ ,U«ji()‘)z)
Scalar case V_i — _'uji()\)

Spectral problem ]
Two Evans functions

Pointwise bounds for 1
the Green operator

Nonlinear analysis

Hyperbolic- O(l)

elliptic

St Vi) =[oN ],  VEXN) =0,

Hypothesis

0(1)

Spectral
stability
(systems)
Spectral problem
Kawashima-type
estimate
Goodman-type
estimate

j

1,3.
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Spectral problem
Two Evans functions

Pointwise bounds for
the Green operator

Nonlinear analysis

Hypothesis

Results

Spectral problem

Kawashima-type
ate

Goodman-type
estimate

Lemma
For each\ € A, the asymptotic systems has solutions

¢ VE(D), x20,j=123.

For |\| ~ 0, itis possible to find analytic representations th
and Vft namely, two “slow” modes

13 (A) = —at A+ O(N?),
and four “fast” modes:

pE(N) =205 +0(N),  pz(\) =F03 +0(N),
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Solutions to the systemnBW' = A(x, \)W

Thanks to Conjugation Lemmai(AscCIA, ZUMBRUN, Indiana
Univ. Math. J.51 (2002): exponential decay of the waves in the
hyperbolic region implies the existence of projections

Pi(x, A) = | + &, uniformly bounded, which relate the solutions
Z to the asymptotic system, with the solutiohsto the variable
coefficient system\W = P,.Z. Moreover,|d} ok | < e,
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Spectral problem
Two Evans functions

Pointwise bounds for
the Green operator

Nonlinear analysis

Hypothesis

Results

Spectral problem

Kawashima-type
ate

Goodman-type
estimate

Lemma
For |\| ~ Othere exiswji(x, A), J = 1,2, explosive modes, and
qb?jf(x, \) decaying modes, ink 0, of class C in x, analytic in),
such that

U A) = € OVE)( + 0@, =12
0% (x, ) = &5 XVEO) (1 + O(eM)),

wheren > 0is the rate of exponential decay of the profiles.
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Summary: solutions for A ~ 0,x = 0

InXx > xg > 0:

Wi (% A) = O\ (1 + O(e™™)),  (fast growing)
U (%, A) = MO VE V) (1 4 O(e7X)), (slowly growin
o1 (x A) = el TFOMDXVE) (1 + O(e M), (fast decaying

InXx <xy<0:

Y1 (%) = e TR E (1 + O(e7M)),  (fast growing)
by (% A) = &M= (X (1 + O(e7 ")), (slowly growir
¢d3 (%, A) = el FODX= () (1 + O(e™)), (fast decayin
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Introduction SOIUtionS for X~ 0

Viscous shock

profiles é‘ /X dz
Scalar case - ?
Spectral problem €0 a( Z)

Two Evans functions +
Pointwise bounds for — f
the Green operator 6(60) - 01 € — +OO ITX— O .

Nonlinear analysis

Hyperbolic- / du 1 du 1

elliptic = —

Tk Ak
‘= d/de.

Results

Spectral
stability
(systems)
Spectral problem
Kawashima-type
estimate
Goodman-type
estimate
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w 0
Introduction W = A(&, )\)W Where A(&, )\) = éB O —é P
Viscous shock 0 —é_ 0

profiles

Scalar case

T w(®) = A X)) HLb(X(E)).  a(g) = a(x(§)). B(€) = b(x(¢))

Hypothesis

Restlts For)\ ~ 0, 0 < €0 <K 1

Spectral
stability

B Rew(£) ~ Rew(0) = i := Re A 4 &(0) + Lb(0) > 0,

for & € [0, +00).
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Viscous shock
profiles

L/w L@ +Lb)/w?
0 —1+Lb/w
-1 0

Scalar case
Spectral problem
Two Evans functions

(03
Il
o Tt1O

Pointwise bounds for
the Green operator

Nonlinear analysis

Hyperbolic-

elliptic

systems
Hypothesis
Results

Spectral
stability
(systems)
Spectral problem
Kawashima-type
estimate
Goodman-type
estimate
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Spectral problem
Two Evans functions

Pointwise bounds for
the Green operator

Nonlinear analysis

Hypothesis

Results

Spectral problem

Kawashima-type
ate

Goodman-type
estimate

Block diagonalization:
. —w 0 <A
zZ= ( 0 0) Z +a6(¢)z,

0 L/w L@ +Lb)/w?
©=(b 0 ~1+Lb/w
0 -1 0

“Fast” and “slow” coordinates

Z1=—wZi+ 0((71)21,
Z, = O(8)Zs.
Z1 — 0, — 4o0:

e fo'g w(z) dz 5 e—(Re >\+%77)§ -0,
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Spectral problem

Lemma (Solutions neak = 0).

Under (AO) - (A4) Y(A53), there exisD < ep < 1 small such that,
for A ~ 0, the solutions if{—ep, 0) U (0, €g) are generated by
“fast” modes,

ui Z1(x)
WE (X, \) = qi = 0 | (14+0(ax)), +eg = x =0,
P> 0
and “slow” modes,
u-
Z(x N =g |, +eo=xz20 [j=13
o

bounded as x-» 0F. moreover, the fast modes decay as
+ 0
i~ =0 (%)~ ogxraro) -

when x— 0%, wherev := (Re\ + &(0) + Lb(0))/|a (0)|.
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Resolvent kernel construction: complete set of decayingeso
Spectral problem

weaswnaions | @t €9 > 0, small. Objective: two decaying modes-ao, VVJ-+,

Pointwise bounds for
the Green operator

j = 1,2; one decaying in-oo, W;'.

:(p:\me‘ W_(X A) - (ZS’; (X7 A)a X < —e€p,
s (mzy +73Z5 +72W, ) (X, A), —eo <x<O.

Spectral problem

Kawashima-type
ate

Goodman-type
estimate
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Viscous shock
profiles

Scalar case
Spectral problem
Two Evans functions

Pointwise bounds for
the Green operator

Nonlinear analysis

Hyperbolic-

elliptic

systems
Hypothesis
Results

Spectral
stability
(systems)
Spectral problem
Kawashima-type
estimate
Goodman-type
estimate

W, (%, A) :=

¢3 (%),

(
(
(

a1zy + agzg + Wy )(X, ),
b1z + Bazg + Faw; )(X, A),
0191 + 021hy + 833 ) (X, A),

X > €p,

0 < X < e,
—eg<Xx<0
X < —e€p.
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Plaza qb;'(x’ )\)’ X > €o,
Wi (x, ) = (1zy +aszg +azwy )(x, ), 0<x< e,
L TR (B + Baz + B )(% D), —e0 <X <O
(6191 + 021by + 0303 )(X, A), X < —eo.

Introduction

Scalar case
Spectral problem
Two Evans functions

Pointwise bounds for
the Green operator

Nonlinear analysis

Hyperbolic-

?H‘PUC ‘ o’ X > 0’

systems

K WS (X, A) i= < w, (%, \), —€p < X< 0,
Spectal (k1tby + oty + K303 )(6)), X < —co.
(systems)

Spectral problem

Kawashima-type
estimate

ST w;, isthefast decaying modeat x — O~.
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Viscous shock
profiles

Scalar case
Spectral problem
Two Evans functions

Pointwise bounds for
the Green operator

Nonlinear analysis

Hyperbolic-

elliptic

systems
Hypothesis
Results

Spectral
stability
(systems)
Spectral problem
Kawashima-type
estimate
Goodman-type
estimate

D_(y.A)
y<0
W, \ w,
k w,
y 0 X
Di(y,A)
y>0
W, / .
/ Wl
w,
0 y X

Figura: Two Evans functionD. fory > 0, andD_ fory < 0.
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Spectral problem

Two Evans functions

Nonlinear analysis

Hypothesis

Results

Spectral problem
Kawashima-type
estimate
Goodman-type
estimate

Analogously we select two mod®g, , W, decaying at-oo, and
oneW;", decaying at-oo.
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Analogously we select two mod®g, , W, decaying at-oo, and
oneW;", decaying at-oo.

Spectral problem

weaswens \Ne definetwo Evans functions:

the Green operator

Nonlinear analysis

D(y,\) = det(W;” W Wy)(y,)),  fory=0,

Hypothesis

Results

Spectral problem

estimate
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Viscous shock
profiles

Scalar case
Spectral problem
Two Evans functions

Pointwise bounds for
the Green operator

Nonlinear analysis

Hyperbolic-

elliptic

systems
Hypothesis
Results

Spectral
stability
(systems)
Spectral problem
Kawashima-type
estimate
Goodman-type
estimate

(i) ForA~0
X
D-(y.)) = —a(y) "Afuldet (g;

where[u] = uy —u_.

Properties



On the
stability of
radiative
shocks

Ramoén G.
Plaza

Properties

(i) For A ~ 0
+ of
Dy, \) = —ay) “Aluldet (gﬁ "2) L o(AP).
1 [x=0

where[u] = uy —u_.

(ii) We define
Di(A) :=Dx(£1,M).

Then,D,(\) = mD_()\) + O(|A]?), wherem # 0.
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(i) For\ ~ 0

Spectral problem

-1 qzr qzqE 2
Di(y,A) = —a(y) ~Afu]det or pi + O(|Al9),
[x=0

where[u] = uy —u_.

(ii) We define
Di(A) :=Dx(£1,M).

Then,D,(\) = mD_()\) + O(|A]?), wherem # 0.

(iii) D.(A) is analytic in\; D1 = 0 iff X is an eigenvalue.
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Introduction

W.l.o.g.y < 0. Jump conditions ix = y:

Viscous shock
profiles

Scalar case a(y)_l 0 0
it [Ga(yI={ 0 10
0

Pointwise bounds for 0 1
the Green operator
Nonlinear analysis

Hyperbolic-

elliptic

systems
Hypothesis
Results

Spectral
stability
(systems)
Spectral problem
Kawashima-type
estimate
Goodman-type
estimate
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W.l.o.g.y < 0. Jump conditions ix = y:

alyyt 0 0
Gxt.yl=( 0 10
0o 01

G\(X,y) is constructed in terms of decaying solutions:

W (% A)CT (Y, A) + W5 (%, A)CF (¥, A), x>,

ey = {_Ws_ (% A)C3 (¥: A), X<y
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By Cramer’s rule:

+ —
Chiy, V) =aw) ™D ()% By,
Py P3
1 1lds of
Coh(y,A) =a(y) "D_(y,\) |2 LIy A),
P Pq
_ -1 -1 q+ q+
Ca(y, A) =a(y) " D_(y,\) |2 21V, A).
Py P

The only coefficients with possible jumps are in the first oot
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C{ () = S, —L, 0)+O(),
C5(y,0) = — {1 AL L, 0) +0(1),
C3(y,\) = aly)*lyl " O(1).

(i) Under (AO) - (M), y < O, near zero,

GA(xy) = AU TTW(L, —L, 0) + O(e™), y <0< x,

|X]”
a(y)ly|

Gr(xy) = AL~ W(L, L, 0)+0(1)(1+ ) y < X< 0

GA(%y) = A7Hu W/ (1, —L, 0) + O(e™), x<y <0,

for somen > 0. The y> 0 case is analogous\’ = derivative of
the profile.
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Under (AO) - (&), y < 0, for |y| large,

Gr(xy) = A"Hu " te 2 YW/(1, —L, 0)
+O((eH2Y et Y)es X)), y<0<X

Gr(x,y) = A7Yu"te 2 YW/(1, —L, 0)
stems + (’)(e#I(X—y)) + (’)(e“z_(x—y)) L O(e YY), y < x <0,
Gr(x,y) = —A7Hu"te 2 YW/(1, L, 0)

+O(e 2 Yels X) 4 O(e's V) x<y<O.
The y> 0 case is analogous.




On the
stability of
radiative
shocks

Ramoén G.
Plaza

Spectral problem
Two Evans functions

Pointwise bounds for
the Green operator

Nonlinear analysis

Hypothesis

Results

Spectral problem
Kawashima-type
estimate
Goodman-type
estimate

Low frequency estimates

“Low frequency” Green function

1
Gl(xty) =5 "G (x, y)dA
ThJrn{a<ry

' = contour neann = 0, away from essential spectrum,
0 < r <« 1 small such that the bounds fGr, hold.
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Ramoén G.

Plaza GI (X> t; Y) = E + él + Rv

E(X> t; y) = UX(X)[U]_le(yv t),

y+at y—a_t
=lemfn| ——— ) —ermfn|{ ——= | | ;
ey, t) (er n< T _t> er n( T _t>>’
|afa§él (x,ty)| < Cy t=(B1HIl)/2-1/2g~(x-y—a-1)?/Cat

LU RKty) = 0@ ) 4 o(e () [L+ 0y
a(y)
for somen, C1, C; > 0, where, k = 0,1andv = %ﬁ‘(m and
(xy) = 1 —1<y<x<0
XY =10 otherwise.

Symmetric bounds fory O.
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Lemma
Under (AQ) - (&), forl < q<p < +o0o,

+00 - 1
[T B oy, < ca ey,

&~ V), la (- s, < Crz-2/0),

,t>0,C>0,p>1
ey )| < Ct3A-/P-1/2, P

+o0o
[ RCEO), < Ce (e + Ifl),
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Introduction

Viscous shock
profiles

Scalar case
Spectral problem
Two Evans functions

Pointwise bounds for
the Green operator

Nonlinear analysis

Hyperbolic-

elliptic

systems
Hypothesis
Results

Spectral
stability
(systems)
Spectral problem
Kawashima-type
estimate
Goodman-type
estimate

High frequencies

—y1+ioco
So(t) = L X e\ — £)~dx
27 {lim A=~} '

—v1—ioco

Small constantsy, v2 > 0, x, = characteristic function.
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Spectral problem
Two Evans functions

Pointwise bounds for
the Green operator

Nonlinear analysis

Hypothesis

Results

Spectral problem
Kawashima-type
estimate
Goodman-type
estimate

High frequencies

S(t) = = / B MO\ — £)~d),

T . ASULPYESS:

Small constantsy, v2 > 0, x, = characteristic function.
Linear problem

U + (a(X)u)x + Lax = ¢,

—Ox + g+ (b(X)u)x = 2,

is recast as
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High frequencies

1 —y1+ico . .
So(t) = —./ _ XU,MM@ (A — £)7td),
27 J s sico

Small constantsy, v2 > 0, x, = characteristic function.
Linear problem

U+ (@(X)u)x + Lax = ¢,
—Oxx+ 0+ (b(x)u)x = 1/17

is recast as

U+ (@X)u)x + Ju= ¢ — Lk (Kv),
u(x, 0) = up(x)

Ju:=—LKK(b(X)u), L:=—(a(X)u)x —Ju.
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Spectral problem
Two Evans functions

Pointwise bounds for
the Green operator

Nonlinear analysi

High frequency bounds

(0= £)7 (e = LaKY) s < C(lplfe + 112

C
0= )7 =~ LB < 5 (I + w12,

under (AO) - (A%), R,C > 0 large,y > 0 small,and for all
IA| > R, Rex > —~.
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(0= £)7 (e = LaKY) s < C(lplfe + 112

C
0= )7 =~ LB < 5 (I + w12,

under (AO) - (A%), R,C > 0 large,y > 0 small,and for all
IA| > R, Rex > —~.

Mid-frequency bounds

(A= L) Yp)2 <Clolyr  for R < |\ < Rand Re\ > —7,

RandC = C(R) large, andy = v(R) small.
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Introduction

Viscous shock
profiles

Scalar case
Spectral problem
Two Evans functions

Pointwise bounds for
the Green operator

Nonlinear analysis

Hyperbolic-

elliptic

systems
Hypothesis
Results

Spectral
stability
(systems)
Spectral problem
Kawashima-type
estimate
Goodman-type
estimate

Lemma
Under (AO) - (%Ax), we have the bounds

05S2() (L B(Kw)) |z < C&™ ([¢lsotlphinsz ) &= 0,1,

for somen > 0.
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Introduction

Viscous shock
profiles

Scalar case

u
Spectral problem q (X’ t) =

Two Evans functions

=]

(x+a(®.9 - () 9

e

Pointwise bounds for
the Green operator

Nonlinear analysis

Hyperbolic-

elliptic

systems
Hypothesis
Results

Spectral
stability
(systems)
Spectral problem
Kawashima-type
estimate
Goodman-type
estimate
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Introduction

Viscous shock
profiles

Scalar case

Nonlinear analysis

Hyperbolic-

elliptic

systems
Hypothesis
Results

Spectral
stability
(systems)

Spectral problem

Kawashima-type
est

Nonlinear perturbation

) oty = (1) krat). - (o) (0.
(@) &0=(3) (2)

U + (a(X) U)x + L ax = Ny (u)x + a(t) (ux + Ux),
—0xx + g+ (b(X) u)x = No(u)y,

Nj(u) = O(|u?)
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Introduction

Viscous shock
profiles

Scalar case Lemma
Spectral problem

. Under (AO) - (Ax), if |ujwz. Y || remain small,

Pointwise bounds for
the Green operator

Nonlinear analysis

t
T B < ceu0)+C [ e I(uHaP) S ds 5> 0
elliptic 0
systems

Results fOI’ k — 17 eny 4

Spectral
stability
(systems)
Spectral problem
Kawashima-type
estimate
Goodman-type
estimate
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‘e Green operator

S|
T
Poi
th
N

onlinear analysis

Auxiliar estimate

Lemma
Under (AO) - (&), If |u|yz. Y |&| remain small,

t

[ulZ(t) < Ce™[ulZ(0)+C / e 9 (|uZ+[af?)(s) ds 7 >0,
0

fork=1,...,4

Crucial: Lb > 0, uniformly. For systems it is not trivial!
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Introduction

Viscous shock
profiles

Scalar case
Spectral problem
Two Evans functions

Pointwise bounds for
the Green operator

Nonlinear analysis

Hyperbolic-

elliptic

systems
Hypothesis
Results

Spectral
stability
(systems)
Spectral problem
Kawashima-type
estimate
Goodman-type
estimate

Green function decomposition

G(x,ty) = G'(x, t;y) + G (x t;y)
él (X, t; y) = GI (X7 t; y) - E(X’ t; y) - R(X’ t; y)

G'(x.t;y) = G"(x t;y) + R(x t; y).
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From previous estimates:

+0o0 . .
s ‘ / 85(5'(.7t;y)f (y)dy‘ " < C(1+t)2/a-1/P-181/2)f| o

Two Evans functions

Pointwise bounds for
the Green operator

Nonies anaysis forl<q<ppB=01,

+oo
Hypothesis ‘ / G” (X7 t, y)f (y)dy‘ Lp S Ce_nt ‘f |H37

Results

for2 <p<oo.

Spectral problem
Kawashima-type
estimate
Goodman-type
estimate
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Viscous shock
profiles

Scalar case
Spectral problem

Two Evans functions

Pointwise bounds for

the Green operator

Nonlinear analysis

Hyperbolic-

elliptic

systems
Hypothesis
Results

Spectral
stability
(systems)
Spectral problem
Kawashima-type
estimate
Goodman-type
estimate

Duhamel principle

Integral representation for the perturbation:

_ oo ~I ~ll .
ux.t) = / (B + B")(x t:y)uo(y)dy

— 00

_ /ot o é{,(x,t -sy) (Nl(u) — LK oyNa(u) + & u) (y,s)dyds

—00

[T E et sy (M) - LR AN + ) (v.9)ayd
q(x,t) = (Ka)(Nz(u) — bu)(x,1),
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Introduction “+00

Viscous shock Oé(t) = — e(y, t)UO(Y)dy
profiles —00

Scalar case

t “+o00
el 4 / / (.t~ 9 (Na(W) — LK AN(W) + 6 u) (y.9)
0 J—

Pointwise bounds for
the Green operator

Nonlinear analysis

Hyperbolic- . oo
eliptc at) = — / e(y; t)uo(y)dy

systems

—0o0
i t oo
Spectral + / / er(y,t—9) (Nl(u) — LK yNa(u) + & u) (y,s)d
stability 0 —00
(systems)

Spectral problem
Kawashima-type
estimate
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Theorem

Under (AOQ) - (&), and spectral stability assumption, the profile
(U, Q) is asymptotically orbitally stable. The solution to the
nonlinear problem with initial datdl, satisfies

00X, t) — U(x— a(t)) i < C(L+ 1) 2P |ug| 1 ya
(X — a(t))lps < C(L+t)"Y4Uo| 1o

=
x
—
N
|
C

Up := Cp — U sufficiently small in £n H#4, p > 2, with a(t) such
that«(0) =0

la(t)] < Cluoluime,  [e(t)] < C(L+ )2 |Uo|appe-
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More details in:

Spectral problem

C. LATTANZIO, C. MASscCIA, T. NGUYEN, R. G. P,

Pointwise bounds for

s K. ZUMBRUN, SIAM J. Math. Anal41, no. 6 (2009).

Nonlinear analysis

Hypothesis

Results

Spectral problem
Kawashima-type
estimate
Goodman-type
estimate



@ Introduction

@ Viscous shock profiles: (unabridged) history

® Radiative shock profiles: scalar case
Spectral problem
Two Evans functions

Pointwise bounds for the Green operator
Nonlinear analysis

@ Hyperbolic-elliptic systems
Hypothesis
Results

@ Spectral estability for systems case
Spectral problem

Kawashima-type estimate

Goodman-type estimate

«40>» «Fr «E» <
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Introduction

Viscous shock

profiles Ut —+ f(u)x + LqX = 07

Scalar case

Spectral problem _qXX + q + g(u)x = O’

Two Evans functions

Pointwise bounds for
the Green operator

Nonlinear analysis

Hyperbolic-

elliptic

systems
Hypothesis
Results

Spectral
stability
(systems)
Spectral problem
Kawashima-type
estimate
Goodman-type
estimate

(x,t) € R x [0, +00),

(HE)
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Spectral problem
Two Evans functions
Pointwise bounds for
the Green operator

Nonlinear analysis

Hyperbolic-

elliptic

systems
Hypothesis

Results

Spectral problem
Kawashima-type
estimate
Goodman-type
estimate

Hyperbolic-elliptic systems

U+ f(U)x + Lax = 0, (HE)
_qxx + q + g(u)x — O, (X, t) S R X [O, +OO),

R" D U > u— state variables) > 1,
R > g — general heat flux functian

R™! 5 L — constant vector (column),
f € C*(U; R") — flux function,
g € C?(U; R) — non-linear coupling.
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B(u) := Dg(u) e R™" ueu.

, Hyperbolicity: eigenvalues o4, real, semi-simple,
Spectral problem

Two Evans functions
a <---<an

Pointwise bounds for
the Green operator

Nonlinear analysis

Hyperbolic-

elliptic

systems . i
Eigenvectors associatedag

An =grj,  iA = al;.

Spectral problem
Kawashima-type
estimate
Goodman-type
estimate
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Spectral problem
Two Evans functions

Pointwise bounds for
the Green operator

Nonlinear analysis

Hypothesis
Results

Spectral problem
Kawashima-type
estimate
Goodman-type
estimate

Structural hypotheses

f,ge C? (regularity)

For eachu € U there existsAg symmetric, posi-
tive definite, such thakgA symmetric, AgLB sym-
metric, positive semi-definite of rank one. More-
over, principal eigenvalugy, of A, 1 < p < n, is
simple.

No eigenvector oA lies in kerLB (genuine cou-
pling).

(S0)

(S1)

(S2)
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Theorem (Kawashima-Shizuta)
Under (S0) y (S1), condition (S2) is equivalent to the excseof
a skew-symmetrix Ki/ — R™" such that

Two Evans functions

Pointwise bounds for

Moo sl Re(KA + AgLB) > 0, (K)

forallu e U.

Hypothesis

Results

Spectral problem

Kawashima-type
ate

Goodman-type
estimate
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Spectral problem

Hypothesis

Results

Shock profiles
Traveling wave solutions

u(x,t) = U(x — st), g(x,t) = Q(x — st),
U(x) — ug, Q(x) — 0, if X — oo,

ur € U C R" constant states_ # u,, s € R shock speed. The
triple (uy,u_, s) is a front (weak solution) of the underlying
system of conservation laws; + f(u)x = 0. It satisfies
Rankine-Hugoniot:

fluy) = f(u) —s(uy —u-) =0,
plus Lax entropy conditions.
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Introduction

Viscous shock

profiles Traveling wave equations:

Scalar case

Spectral problem f(U)X + LQX == O,

Two Evans functions

iy —Qu+Q+9g(U)x=0.

Nonlinear analysis

Hyperbolic- W I O .
llipti =
clipc l.o.g.s (stationary wave).
Hypothesis
Results

Spectral
stability
(systems)
Spectral problem
Kawashima-type
estimate
Goodman-type
estimate
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Introduction

Viscous shock
profiles

Scalar case
Spectral problem
Two Evans functions

Pointwise bounds for
the Green operator

Nonlinear analysis

Hyperbolic-

elliptic

systems
Hypothesis
Results

Spectral
stability
(systems)
Spectral problem
Kawashima-type
estimate
Goodman-type
estimate

Hypotheses on the shock:

f(us) = f(u),

ap(us) < 0 < apya(uy),
ap-1(u-) <0 < ap(u-),

(Vap) 'rp #0, forall uel,

lp(ut)LB(u+)rp(us) > 0,

(Rankine-Hugoniot) (HO)

(Lax entropy condition)
(H1)

(genuine nonlinearity) (H2)

(positive diffusion) (H3)
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Plaza Eliminating theq variable:

U+ F(U)x = (LB(U)Uy)x + (g + F(U)x)xx,

Spectral problem

e Positive diffusion hypothesis (H3):

Pointwise bounds for
the Green operator

Nonlinear analysis

Hypothesis

Results

Spectral problem
Kawashima-type
estimate
Goodman-type
estimate
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Spectral problem

wo E functions

Pointw nds for
the Green operator

Nonlinear analysis

Hypothesis

Results

Spectral problem

Kawashima-type

Eliminating theq variable:

U+ F(U)x = (LB(U)Uy)x + (g + F(U)x)xx,

Positive diffusion hypothesis (H3):

lp-(B®L rp) >0,

It provides the positive along theecharacteristic field in the
Chapman-Enskog expansion.
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e T. NGUYEN, R. G. P, K. Z“MBRUN, Phys. D239 no. 8
(2010).

Theorem 1(Spectral stability)

Under (SO0) - (S2), (HO) - (H3), radiative shock profiles are
spectraly stable foe = |uy — u_| sufficiently small.




On the
stability of
radiative
shocks

Ramoén G.
Plaza

Hypothesis
Results

Theorem 2(Nonlinear orbital stability)
Under (SO0) - (S2), (HO) - (H3) and= |u; — u_]| sufficiently
small, radiative shock profiles are nonlinear orbitally Ska, that
is, the solution(u, q) to system (HE) with initial datagsatisfies
8(x,t) = U(x— a ()l < CL+ 120D |ugl s,
60 ) = Qx — a(t)) e < C(L+ 1)~ 2P |ug) s s,
provided that gy — U is sufficiently small in En H4, p > 2, and
for somen(t) satisfyinga(0) = 0, and
la(t)] < Cluoianps

la(t)] < C(1+ )2 |ug| 1ypa-
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Spectral problem
Two Evans functions

Pointwise bounds for
the Green operator

Nonlinear analysis

Hypothesis

Results

Spectral

stability

(systems)
Spectral problem
Kawashima-type
estimate
Goodman-type
estimate

@ Spectral estability for systems case
Spectral problem
Kawashima-type estimate
Goodman-type estimate
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Introduction

Viscous shock
profiles

- )\U + (Au)x + qu = O,
. —O+ g+ (Bu)x = 0.

Pointwise bounds for

the Green operator
Nonlinear analysis

Hyperbolic-

= A:=AU(X), B:=BU(x)

Hypothesis
Results

Spectral
stability
(systems)

2
Spectral problem u? q € L

Kawashima-type
estimate
Goodman-type
estimate
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Spectral problem
Two Evans functions

Pointwise bounds for
the Green operator

Nonlinear analysis

Hypothesis

Results

Spectral problem
Kawashima-type
estimate
Goodman-type
estimate

Zero-mass conditions

/udx:o, /qu:o,

Equivalent spectral problem:

AU+ Au + Lgx = 0,
—Oxx + g+ Bu=0.
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O<maxju—u,| <e<1 |u,—uy|,|u- —us| = O(e).
ueN

“Scalar” structure of the profile:

Nonlinear analysis

Ux = O()e " (rp(u.) + O(e)),
Uk = O(e3)e M,

6,n > 0. Principal characteristic speea; := ap(U(X)),

Hypothesis

Results

Spoctatproen (ap)x = O(Uy) < 0, (monotonicity)
= . (ap)xx - O(Uxx)-
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Viscous shock

profiles Lemma

Scalar case Under (SO0) - (S2) there exists= g(u) > 0O, such that

Spectral problem
Two Evans functions

Pointwise bounds for
the Green operator

Nonlinear analysis

Hyperbolic-

elliptic

systems
Hypothesis
Results

Spectral
stability
(systems)
Spectral problem
Kawashima-type
estimate
Goodman-type
estimate

(A)L)" =B, VYuel.
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Spectral problem

Two Evans functions

Nonlinear analysis

Hypothesis

Results

Spectral problem

Basic Friedrichs-type estimate

If u, g solutions with Re\ > 0, then fore < 1 sufficiently small,

(ReN)uPa + a2 + |k < C / Uy [uP? dx
Im A / UluZdx < C / Ul (81U + 5-Y(q?) dx,

for someC > 0, anyd > 0.
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If u, g solutions with Re\ > 0, then fore < 1 sufficiently small,

(ReN)uPa + a2 + |k < C / Uy [uP? dx

Nonlinear analysis

Im A / UluZdx < C / Ul (81U + 5-Y(q?) dx,

e for someC > 0, anyd > 0.
Corollary:

Spectral problem
Ka type

0 < Re\ < Cé,
[Im A| < Ce.
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Introduction

Viscous shock
profiles

Scalar case
Spectral problem
Two Evans functions

Pointwise bounds for
the Green operator

Nonlinear analysis

Hyperbolic-

elliptic

systems
Hypothesis
Results

Spectral
stability
(systems)
Spectral problem
Kawashima-type
estimate
Goodman-type
estimate

Kawashima-type estimate

For 0 < ¢ <« 1 small and Re\ > 0, there isC > 0 such that

(Re Ul + unf?s < C [ Uyl b

(KE)



On the
stability of
radiative
shocks

Ramoén G.
Plaza

Spectral problem
Two Evans functions

Pointwise bounds for
the Green operator

Nonlinear analysis

Hypothesis

Results

Spectral problem

Kawashima-type
ate

Goodman-type
estimate

Kawashima-type estimate

For 0 < ¢ <« 1 small and Re\ > 0, there isC > 0 such that
(Re Ul + unf?s < C [ Uyl b

Basic ideas:

e Control of the|uy|?, term.
o L2 weighted product with thekewsymmetric formk.

(KE)
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Introduction

veeossoc For0< e < 1 small and Re\ > 0, there exist€ > 0 such that

profiles

Scalar case

B (ReX)(Julfz + |uxfz) + C / Uyl|ul?dx < Ce|u|%,  (GE)
Pointwise bounds for

the Green operator

Nonlinear analysis

Hyperbolic-

elliptic

systems
Hypothesis

Results

Spectral
stability
(systems)
Spectral problem
Kawashima-type
estimate
Goodman-type
estimate
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Spectral problem

Hypothesis
Results

Spectral problem
Ka type

Goodman-type estimate

For0< e < 1 small and Re\ > 0, there exist€ > 0 such that

(ReA)(Ju + |ux|fz)+é/|ux||u|2dx< Celu®  (GE)

Basic ideas:

o Control of the [ |Uy|u|? term.
¢ Weighted norms in the characteristic direction.

e Diagonalization of the hyperbolic part along the whole
trajectory of the profile.
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Introduction

Viscous shock
profiles

Scalar case
Spectral problem
Two Evans functions

Pointwise bounds for
the Green operator

Nonlinear analysis

Hyperbolic-

elliptic

systems
Hypothesis
Results

Spectral
stability
(systems)
Spectral problem
Kawashima-type
estimate
Goodman-type
estimate

Adding Ce times (GE) to (KE):

(Re)\)(1+Ce)\u\fZ+(C+CC€)/|UX\|U|2dx§ 0.
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Adding Ce times (GE) to (KE):

(Re)\)(1+(_le)\u\fz+(C+CCe)/|UX\|u|2dx§ 0.

Nonlinear analysis

= Re\ <0, i.e.,spectral stability

Hypothesis

Results

Spectral problem
Ka -type
=
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Introduction

Viscous shock
profiles

Notation:

Scalar case
Spectral problem
Two Evans functions

Pointwise bounds for
the Green operator

A = AoA((U(x)),

Nonlinear analysis

Hyperbolic-
elliptic — ( ( ))
systems K: K(u(x )
Hypothesis

Results

Spectral
stability
(systems)
Spectral problem
Kawashima-type
estimate
Goodman-type
estimate

Sketch of the Kawashima-type

estimate

L := Ao(U(X))L,

B = /B(U(X))?

Bxs I:XaAX7 Kx = O(|Ux|) = 0(62)'
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Suffices to control théuy|, - term for ReA > 0, A # 0,

% < C((ReA)n[u, + / U lul? d), *)

zs332 0

for someC > 0,7 > 0, such that?/n < 1.

Takingn = O(e) small and with the Friedrichs-type estimate we
get (KE).

Results

Spectral problem
Kawashima-type
estimate
Goodman-type
estimate
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« Takel? product ofu equation withKuy, useK
skewsymmetric, Im(Kuy, u) = —3 (Kyu, u):

Re (uy, KAw) = Re (A (Kuy, u)) + Re (Kuy, Lay),
Re (A(Kuy, 1)) < C(ReA) (7 HulZ + nlul)

+ C[Im /\|/|Ux\|u|2dx

e LB symmetric, positive semi-definite; REKA + LB) > 0:

_ 1
Re (uy, KA + (Uy, LBuy) > 6|UX|EZ
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ey e L2 product ofu, with equation forg;:

(U, LBU) = — (U, Lay) — (uy, Lxax) — (uy, Lap).

e UseA symmetric,LB symmetric, positive semi-definide
estimate term by term:

(U, [BUY) < ce|ux|fz+c/|ux||u|2dx

Hypothesis
Results

e Substitution into theu,|?, estimate. Re\ = O(¢?),
S ¢?/n < 1 small. The result is (¥).

estimate
Goodman-type

estimate
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Sketch of the Goodman-type
estimate

Lemma (Goodman)
There exist smooth matrix fieRi(u), L(u) such that

A
LAR = ap

A,

where A are symmetric, A< §<0,A. >§>0.If
L=L(U),R=R(U),

(LRX)DP = (LXR)DD =0,

LLBR > —Ce
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Spectral problem
Two Evans functions

Pointwise bounds for
the Green operator

Nonlinear analysis

Hypothesis

Results

Spectral problem
Kawashima-type
estimate
Goodman-type
estimate

R=TR, L=r"1,

R — (Ao)l/ZOT, [ = O(Ao)l/z,

O orthogonal, real, block-diagonalizéo)'/2A(A) Y2,

« solves the ODE

ax = —Tp(Fp)xa, a(0) = 1.

o= efoX —To(fp)x _ eo(f 1Ux) — 1 + O(E).
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e o
From (H3):I5LB*r5 > 0, by continuity,U ~ u.,

Introduction

Viscous shock

profiles (IpLBrp)‘u:U > O

Scalar case
Spectral problem
Two Evans functions

Pointwise bounds for
the Green operator

Nonlinear analysis

ReLLBR > —Ce,

Hyperbolic-
elliptic
systems

e (LLBR)pp > 6 >0

Spectral
stability
(systems)
Spectral problem
Kawashima-type
estimate
Goodman-type
estimate
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Introduction A(X) = (]LAR)(U(X)) = ap
profles At
P L(x) := LUM))L,  B(x) := B(U(X))R(U(x)),

Two Evans functions

Pointwise bounds for
the Green operator

Nonlinear analysis
v = Lu,

Hyperbolic-

elliptic

systems

Hypothesis

Results

Spectral
stability
(systems)
Spectral problem
Kawashima-type
estimate
Goodman-type
estimate
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Introduction

Viscous shock
profiles

Scalar case
Spectral problem
Two Evans functions

Pointwise bounds for
the Green operator

Nonlinear analysis

Hyperbolic-

elliptic

systems
Hypothesis
Results

Spectral
stability
(systems)
Spectral problem
Kawashima-type
estimate
Goodman-type
estimate

A
A(x) = (LAR)(U(x)) = ap
A,

L(x) :=LUM)L,  B(x) := BUX)R(U(X)),

v = Lu,

AV + Ay + Loy = ALyRv,
_qxx + q + gVX = —BRXV
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Introduction

Viscous shock
profiles

Scalar case
Spectral problem
Two Evans functions

Pointwise bounds for
the Green operator

Nonlinear analysis

Hyperbolic-

elliptic

systems
Hypothesis
Results

Spectral
stability
(systems)
Spectral problem
Kawashima-type
estimate
Goodman-type
estimate

Weighted norms:

Wp, W scalar functions:
Wp =1,

(Wi)x = —c*|UX\wi/ai, Wi(O) =1
X
= Wi = exp(/ c.|Uyl/as) = 14 O(e),
0

(W )x = O(JUx[), (Wp)x = 0.
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Introduction

Viscous shock
profiles

Scalar case
Spectral problem
Two Evans functions

Pointwise bounds for
the Green operator

Nonlinear analysis

Hyperbolic-

elliptic

systems
Hypothesis
Results

Spectral
stability
(systems)
Spectral problem
Kawashima-type
estimate
Goodman-type
estimate

¢, > 0 sufficiently large, such that

WA, + WA < C

—Cylp

—0

—Cilnp

CcC>o.
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Spectral problem

Goodman-type
estimate

Ingredients:

« L2 product ofWvversus the equation faf integrating by
parts,A symmetricy := (V_,Vp, V4 )", previous inequality:

(ReN)|VIE2 + % (v, [UxlVie) + 36(Vp, |Ux|Vp)+
+ Re (Wy, Lay) = Re (Wy, ALyRV).

Bound Re(Wv, ALyRV) < C(vq, [Ux|Vi) + Ce(Vp, |[Ux|Vp);
and takingc, large,e < 1,

(ReA)vP: + C / UdIv2 < —Re (Wy gy
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—(Wy, Lox) = — (W, LLBRyV) — (W, LBw)+
+ (W, Laxe) + (Wy, L) + (Wiv, Lq).

e Bound all the terms, in particular

Re (W, qu> < Ce/ |UX||V|2 + C62|VX|EZ,

one gets

_Re(Wy[gy) < Ce / Uy VP + Celw2,
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« Control of the product o with qy; L2 product ofWy, with L
times the equation for lg, integrate by parts,

—(Wy, Lox) = — (W, LLBRyV) — (W, LBw)+
+ (W, Laxe) + (Wy, L) + (Wiv, Lq).

e Bound all the terms, in particular

Re (W, qu> < Ce/ |UX||V|2 + C62|VX|EZ,

one gets

_Re(Wy[gy) < Ce/UX|V2+C6|VXEZ

Combining with last estimate, back into tbevariables, we
obtain (GE).



Thank you!
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