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Abstract

We investigate asymptotic equations describing small amplitude surface elastic waves in the half-plane (Rayleigh waves).
For hyperelastic materials such model equations are Hamiltonian systems, and are seen to lead to the formation of singularitie:
in the surface elastic displacement. At the time of singularity formation the Fourier spectra of the solutions exhibit power law
decay, and the observed exponents suggest the existence of both differentiable and non-differentiable singular potfiles.
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1. Introduction motion of the solid is described by the evolution of the
surface elastic displacement. The resulting amplitude

In this Letter we study the non-linear evolution of €quation is non-local and has the structure of a non-
small amplitude periodic surface elastic waves (Ray- 0cal Hamilton—Jacobi type equation. Equations with a
leigh waves) in the half-plane. Early investigations of Similar structure can b_e derived for other systems, e.g.,
non-linear Rayleigh waves in this geometry have fo- for C(_)nservatmn laws in the half-plane and other scale
cused on the question of existence of traveling waves invariant interface geometries (see, e.g., [6]). Also,
of permanent form (see [1,2]), reducing the full trav- non-linear Ray_le|gh waves have been recently gener-
eling wave equation to a simpler model. We have ated and studied expenmentally (see [7,8]),_and we
recently seen that traveling waves solutions of such comm_entonthe relation of the present work with these
model equations can have non-smooth profiles (see€XPeriments the end of the Letter.

[3]) and in this work we extend our investigation of ~ Numerical simulations in [4,9] and elsewhere show
singularities in Rayleigh waves to the evolution prob- that the amplitude equations for surface elastic waves
lem. can develop singularities. To investigate these singu-

To study the evolution problem we use an asymp- Iaritie_s we consi_der hyperelastic _matgrials, where the
totic amplitude equation originally derived in [4] (see amplitude equations have a Hamiltonian structure. We

also [5]) that describes the non-linear slow modulation Study numerically three hyperelastic models and in all
of linear Rayleigh waves. In this approximation, the C€ases we see that smooth initial conditions lead to non-

smooth surface elastic displacements. These phenom-
ena are especially pronounced for the horizontal dis-
E-mail address: panos@colorado.edu (P. Panayotaros). placement, where we see the formation of “cusps”, i.e.,
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points where the second derivative of the horizontal
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tion t(Vu) of the derivativevu of the elastic displace-

elastic displacement diverges. We argue that for ana- ment ¢ (Vu) is the “stress—strain” relation). With this

lytic initial conditions the solutions stay analytic up to

the time of singularity formation. As a consequence,
the Fourier spectra of the solutions have power law
decay at the singularity formation time, and this obser-
vation allows us to determine the singularity time nu-
merically. Note that the idea of connecting singularity
formation, loss of analyticity and Fourier spectra has

notation, a time-dependent elastic displacement must
satisfy the equations of motion

1,2, inH, 2.1)

2
00l = Zaxj"[l.jv i
j=1

and we will consider “zero-traction” boundary condi-

been used by several authors (see, e.g., [10,11]). Sinceions

characteristics or similarity blow-up solutions are not
available here, we focus on the evolution of Fourier
spectra.

Power law exponents at the singularity time can be

2
Z‘Cijﬁj =0 atoH,
=1

2.2)

measured in several ways, in some cases using the conWith 72 = [711, /2] = [0, —1] the outward unit normal at

servation of momentum. The exponents observed sug-

gest that for some initial conditions the surface elas-
tic displacement is still differentiable at the singularity
time, i.e., the apparent “cusps” are differentiable func-
tions. For other initial conditions, however, the elas-
tic displacement at the singularity time may fail to be
differentiable. We also remark that the traveling wave
solutions seen in [3] have even stronger singularities.
This Letter is organized as follows. Section 2 sets
up the notation and outlines the argument leading to

the amplitude equations. In Section 3 we show that the
amplitude equations have a Hamiltonian structure, and

we discuss some of their symmetries. In Section 4 we
describe numerical experiments with three models, fo-
cusing at the power law behavior at the time of singu-
larity formation. In the last section we briefly discuss
to connection of our work with recent experiments on
non-linear Rayleigh waves.

2. Amplitude equation for surface elastic waves

We considerR? with the Cartesian coordinates
(x1,x2) and an elastic solid occupying in its unde-
formed state the half-pland = {x = (x1, x2) € R%:
x2 > 0}. The Cartesian components of the elastic dis-
placement: will be denoted byu; (x1, x2), i =1, 2.
The densityp of the material will be assumed to be

constant. The internal elastic forces due to a deforma-

tion can be obtained from the (first Piola—Kirchhoff)
stress tensor(x) : H — R? x R2, thought of here as a
2 x 2 real matrix with components;, i, j = 1,2. We
will assume that the stress tensois a specified func-

9 H. A convenient shorthand for (2.1), (2.2)d8;;u =
V.tin H,t-n=0atdH, respectively.

We will also require that for all timese R the elas-
tic displacement satisfy periodicity and decay condi-
tions

u(x1+2m,x2,t) =u(xy, x2,1), V(x1,x2) € H,
(2.3)

im wu(x1,x2,1)=0, Vxi€eR, (2.4)
— 00

X2
respectively. In view of the periodicity condition in the
horizontal direction we work in the half-cylindep,
obtained by identifying the pointéx1 + 7, x2) and
(x1 — m, x2) of the Strip[) = {(x1,x2) € H: x1 €
[—m, 7]}

We will be particularly interested in hyperelastic
materials, where the stress tensdras the form

AW (Vu)

Tij = , Wwith i,j=12.

(2.5)
The real functionW represents the density of the po-
tential energy stored in a deformed solid. We will as-
sume that the potential energy density can be decom-
posed asw = WL + WN- with Wl quadratic and
WNL cubic inVu. The quadratic paf’~ will be given

by

Wi j=0xUj
aMi,j J i)

wk = %(tl’]/)z +ptr(y?), with
y=5[Vu+t V'], (2.6)

with A, u > 0 the Lamé constants. The particular
choice of W’ gives the standard linear theory for iso-
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tropic materials. Also, we let

2

NL
Z Wabcdefua’b”ad”eyf’
a,b,c,d,e, f=1

Wik = (2.7)

. NL i NL
with the W, ., real constants. The cubic péit

is general enough to include the cubic part of several A2—1_
physically reasonable models, e.g., for isotropic mate-

rials. An example is the St. Venant—Kirchhoff mater-

ial, considered in Section 4. The asymptotic theory be-
low describes only the lowest-order non-linear effects ;g x, 7) =
and does not take into account the effects of quartic or

higher-order terms in the potential energy density.

We will now use a formal multiple scales argument
to seek small amplitude solutions of (2.1)—(2.3) that
have the form

u(xy, x2,1) = €U (0, x2, €1) + €2U (0, x2, €t)
+0(e3),

whered = x; — ct, andc is a constant. We enforce the
boundary conditions (2.3), (2.4) by requiring tliat
be 2r-periodic in6, and that they decay as — oc.
The small parameter can be chosen to be the typi-
cal sloped,, u; of the horizontal displacement. We are

(2.8)

113

The theory of (2.9), (2.10) is well known (see, e.g.,
[12,13]), and we summarize the results. First, in order
for solutions with the required boundary conditions to
exist, ¢ must satisfy a cubic equation with a unique
real solutioncg (the Rayleigh speed). Then, letting

2 2
P9 and B2=1--FL%C (211
W A+ 2u
all solutions have the form
> atk. T)e™ b (k. x2). (2.12)

keZ*

wherezZ* = Z \ {0} and o(k, x2) = [01(k, x2), v2(k,

x2)], with
ellexz) ,

(2.13)

2A

v1(k, x2) =i sgnk) <_Ae|/<|AX2 + yram,

keZ*,

2AB

5 — [ o IklAX2 _
v2(k, x2) = (6 2 A2 11

). ez

(2.14)
To obtain real elastic displacements, we require that

thus seeking elastic displacements that travel to the a*(k,T) = a(—k,T), Yk € Z*. The coefficients

right with velocity ¢, with a wave profile that varies
over a “slow” time-scaler. The goal is an equation
describing the slow evolution df/ (0, x2, €t). Equa-
tions of this type have been derived by [4]. The argu-
ment we outline here follows related work of [6].

To determinel/, U we insert (2.8) into Egs. (2.1),
(2.2) and match powers ef Note thatdy = 9, and
& = 01, + €dr + 0(e?), e, To=1t and T = et,
are the “fast” and “slow” time-scales, respectively. At
ordere® we have the linear homogeneous system

O 4 WV(V-U) + pAU — pc?92U =0 in D,

(2.9)
and
—(0x, U1+ 09U2) =0,
—A(V-U)—2ud,U>2=0 atdD, (2.10)

with V = [y, dx,] andA = V- V. We also require that
U@, x2) — 0 asxy — oo. Egs. (2.9), (2.10) do not
involve T so that the dependence of solutionsmis
arbitrary at this stage.

a(k, T) are otherwise arbitrary, and can be determined
by the elastic displacement at the surfade. For in-
stance,U1(0, 0, T) can be arbitrary, and once speci-
fied,U2(0, 0, T) and the displacemebt in the interior
of D are completely determined. FéfF independent
of T, (2.12) describes linear traveling wave solutions
(Rayleigh waves).

Matching the order? terms of (2.1), (2.2) with
expansion (2.8) we obtain

VL (0) — pcdd2U = F(U) in D,

tL(0)-a=fWU) atap, (2.15)
with

F(U) = —pcodrdpU — V - TN (U, U),
fwy=-="“w,v)-a, (2.16)

and U a solution of the homogeneous system (2.9),
(2.10). We require thal/ (9, xo) — 0 asxs — oc.

In order for (2.15), (2.16) to have a solutiof(6,
x2,T) = F(U®,x2,T)), f(6.T) = fU®,0,7T))
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must satisfy the solvability condition The Hamiltonian H is given by
/u*(é),xz, T)-F(0,x2,T) H=(K)_1/WNL(U, U,U), (3.2)
D D

— /u*(Q,O, T) - f6,T)=0 (2.17) with K = 4pcond, and d a constant (d = |k| x

s Jo (k. x2)? + [D2(k, x2)|2).

for all solutions u(6,x2, T) of the homogeneous
system (see [3]). Equivalently, letting (x2) = ¢/*? x
v(k, x2), with the components df(k, x2) as in (2.13),
(2.14), we require

Proof. Let V(a(k)) = [, WN-(U, U, U) be the cubic
potential energy, restricted to the space of solutidns
of the linear homogeneous system (2.9), (2.10). It is
easy to show (see [3]) that the right-hand side of (2.18)

20¢00r / Vi (x2) - U is the (formal) gradient oV, that is,
b ; a(vk) =—/v(—k,xz) (V- N, 0))
k al—
=_/vk(x2).(v-zNL(U, U)) D
b +/v(—k,0)-(tNL(U, U)-7).  (3.3)
+ /u;g(O)-(zNL(U, U)-i) (2.18) D
aD k € Z*. On the other hand,
forall k e Z*. ik da(k)
The amplitude equation (2.18) is the desired equa- 2pcgdr / 0*(k, x2) - 09U = 4,ocon'd|lk—| ZT , (3.4)

tion for the evolution of the coefficienta(k, T),

k € Z*, of the lowest-order displacemebt(®, x2, T')

in the “slow” time scaleT = ez. The initial con-
ditions a(k, 0) should satisfy the reality conditions .
a(—k,0) = a*(k, 0), ¥k € Z*. Note that the assump- Rema.rk 3.1. Eq. (3.1) has the form of Hamilton's
tion that the material is hyperelastic has not been used €duation

so far, and that (2.18) involves only the quadratic non- da (k)

linearity of the equations of motion, even in the pres- ~ ;7 — [a(k)’ H]' (3.5)
ence of higher-order terms.

D
with d as in Appendix A, and (3.1) follows. O

The conjugate variables awg(k), k € Z*, and the
Poisson brackdt, -] is given by

3. Hamiltonian structure of the amplitude .
; [f.g1=—i ) sgnk)
equation 5.
In this section we point out some general features x ( of dg 0 of )
of the amplitude equation (2.15) that do not depend on da(k) da(—k)  da(k) da(—k)
the detailed form of the stress tensor. First, we note (3.6)

that in the case where the material is hyperelastic, The axioms for Poisson brackets are verified readily
amplitude equation (2.18) has a Hamiltonian structure. for (3.6).

Proposition 3.1. Let U (6, T) bean arbitrary solution In (3.1) we may alternatively take the canonical
of the linear homogeneous system (2.9), (2.10) i.e, variables to bei(k), a*(k) with k € ZT and use the
areal function of form (2.12) Then amplitude equa- reality conditiona (—k) = a* (k) to write the Hamilto-
tion (2.18)can be written as Hamilton’s equation nian H and the Poisson bracket in terms of thé),
da(k) oH a*(k), k € Z*. Also, letting g(k) = (1/2)(a(k) +

gr = s, kezn G1) @ k), ptk) = (A/2i) @ (k) — a*(k)), for k € Z+, we
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can also write Hamilton’s equations as with initial condition 8(Lk,0) =rf (k) (for L € Z™T,
; _ 2
dgk) 1 oH dpk) 1 0H r € R), we will haveg(Lk, T) =ra(k,rL°T).
ar +23p(k) ar 29q(k) Remark 3.2. Since k # 0, we may also multiply
kezZ™. (3.7) (3.10) by ik to obtain an evolution equation for the
An immediate consequence of the Hamiltonian Fourier coefficientsika (k) of U' = 03U (0, x2,T).
structure of (2.18) is that The evolution equation fot/’ has the form of a con-
servation lawdr U’ + 8¢ (F(U")) = 0, with F(U’) a
I= Z |k||a(k)|2 (3.8) guadratic integral operator (see also [6]). Starting from
kez\{0} (3.3) it is easy to see that the equation &dris also a

is conserved under the evolution: by (3B)k). 1] = Hamiltonian system for hyperelastic media.

—ika(k), i.e., I is the generator of horizontal transla- . .

tions. On the other hand| WNL(U. U, U) is transla- Remark 3.3. The amplitude equations for hyperelas-

tion invariant, hencé/ H?: 0 T tic media can also be derived from a variational princi-
A Hamiltonian H ol:;tained from the cubic potential ple using a Lagrangian. The existence of the constants

enerav densities’NL of (2.7) has the general form H, I then follows from Noether’'s theorem (see [5]).
gy " 2.7) g Note also that in [9] the amplitude equations for hy-

H= Z a(ki)a(ko)a(kz)(ik1)(ik2)(ika) perelastic media are derived directly starting from
k1.2, k3eZ\ (O} an averaged Hamiltonian. Proposition 3.1 shows that
~ the more general multiple scales argument and ap-
x O(k1+ k2 +k3) Cry ko k- (3:9) proaches starting from an appropriate Hamiltonian or
The coefficients’, 1, 1, Can be computed easily once  Lagrangian yield the same equation.
WwNL is specified, and we see that they are sums of
terms
g(k1, ko, k3) 4. Singularity formation and power law spectra

filkil + folkal + falkal’

In this section we study numerically the evolu-

where theg (k1, k2, k3) depend omd, B and sgitk;), tion of the amplitude equations for three model non-
J=1,2,3,andthef1, /2, f3 are constants (depending |inearities. In all three cases smooth initial surface
on A, B). Therefore,Cixy ikpiks = 2~ Ciq ko, fOF elastic displacements develop singularities. The time
all & € Randky, k2, kg € Z*. of singularity formation and the nature of the singular-
The amplitude equation will thus have the form ities are studied by examining the Fourier spectra of
da(k) . . the numerical solutions.
ar Z [ikaa(kp)][i (k — kpa(k — k)] The first two models we consider have cubic poten-
k1€Z\{0,k} tial energy densitie® L1, WnL2, with

x (—ik) Ak, k1), keZ*, (3.10)

1 2
where Ak, k1) = Ckiyh—ty + Chy—kk—ky + Wit = 7+ wuraug and

Ciy.k—k1.—k- (The reality of the Hamiltonian implies 1

that A*(k, k) = A(—k, —k1), VK, k1 € Z*) Transla- N2 =Z(+ ) (ur.aui o+ uz.2u3 ). (4.1)
tion invariance and the fact that the non-linearity of
(3.10) is quadratic imply that, for ang € Z*, the
subspaced; of functions whose Fourier coefficients
a(k) vanish fork ¢ LZ* are invariant under the evolu-
tion of (3.10). Then, by the homogeneity of the coeffi- A 2 5
cientsik A(k, k1) (and the fact that (3.10) is quadratic), Wsvk = 5(”5) +utrés,  where

if a(k, T) is a trajectory of (3.10) with initial condition 1

a(k,0) = f(k), and B(Lk, T) a trajectory of (3.10) &= E(VM + (V)" + (Vu) V). (4.2)

respectively. The part&Z, WNL for the third model
are the quadratic and cubic parts of the St. Venant—
Kirchhoff potential energy densitWsyk, given by
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The St. Venant—Kirchhoff material is a simple model from the LSODE package (Adams—Bashforth predic-
for isotropic elastic solids (see [10, Ch. 4]), while the tor, Adams—Moulton correction, see [14]). Global ac-
first two non-linearities are toy models chosen for their curacy in the integration of the Galerkin system was
simplicity and are not consistent with isotropy. In all assessed and verified using the conserved quarntities
the numerical experiments below the Poisson ratio and/. The truncation error will be discussed at the end

was set to 14 (the corresponding Rayleigh speed is
approximatelyZ ~ 0.845./p).

To integrate the equations of motion numerically
we work with the variables;(k), p(k), k € ZT. To
obtain Galerkin projections of the amplitude equa-
tion we consider Hamilton’s equations (3.7) for modes
with wavenumberk < N and the truncated Hamil-
tonianHy,

ko+ks<N
Hy= Y 2[qlkz+ka)q(k2)q(k3)
kaka=0 g (ko + k3) p(k2) p(k3)
+ p(k2 + k3)q (k2) p(k3)
+ p(k2 + k3) p(k2)q (k3) ]

x (k2 + k3)k2k3C (k2, k3). (4.3)

The coefficient< (k», k3) for the three models above
can be computed straightforwardly using (2.12) and
(2.13). Also, the components of the elastic displace-
ment at the surface are

U1(6,0,T)
k<N
=Y c1[-2q(k. T)sinko — 2p(k, T) coskd ],
k=1
(4.4)
U2(6,0,T)
k<N
= c2[2q (k. T) coskd + 2p(k, T) sinkd ],
k=1
(4.5)
where
2A

A2~|—17 2=

2A

C1=_A+ 1_A2——|—1

Remark 4.1. From Hamilton’s equations and (4.3),
the subspac® of solutions withg(k, T) =0, Vk €

Z*, is invariant under the evolution. An analogous
statement holds for Galerkin projections. By (4.4),

of the section.

In all numerical experiments with the three mod-
els considered we observed that smooth initial surface
displacements develop singularities. Examples for the
three models are shown in Figs. 1, 2 and 3. The singu-
larities are more pronounced for the horizontal surface
displacement, where we see the formation of “cusps”.
These cusps develop at local extremalafand can
be characterized as points whéig U1 | diverges, see,
forinstance, Fig. 4. Note that in the trajectory of Fig. 4
the local maximum of/; is always a¥ = 0, in gen-
eral the local extrema were observed to move slightly
from their initial conditions. The above observations
suggest that there is a finite singularity tifiewhen
the solutions cease to be smooth.

Remark 4.2. After the cusps become visually evi-
dent, we see small scale oscillations that begin to grow
to appreciable magnitudes, eventually distorting the
shape of the wave. The discussion at the end the sec-
tion suggests that aftef, the computed surface dis-
placementlooses accuracy due to truncation error. The
problem of continuing the solutions past the conjec-
tured singularity timef will not be addressed here.

To determine the singularity tim&; and also to
study the nature of the singularities we look at the
Fourier spectra(k, T) =q(k, T) +ipk,T), k€ ZT,
of the numerical solutions. We observe that at some
time T = T, inside the interval where we expect to
find T, the Fourier spectrum has a power law decay,
while for T < T the spectrum decays exponentially.
These observations suggest that analytic initial condi-
tions lead to solutions that remain analytiddirfior all
T € [0, Tr), and that the singularities are formed at
T =Ty, i.e., the singularity timd is the numerically
determined’; .

The above scenario is suggested by the log—log plots

(4.5) these subspaces correspond to solutions withof |a(k, T)| vs. k. Initially these plots are concave

U1(0,0,T) even and/2(0, 0, T) odd.

The Galerkin equations were integrated numeri-
cally using a predictor—corrector multi-step method

(possibly at largé) or have a concave envelope. Even-
tually they become linear, as in Figs. 5, 6 (the latter
for large k), or profiles that are enveloped by lines,
as in Fig. 7. The concavity of the logarithmic plots
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(@) (b)

e .
U,(6,0)

-2 0 2 -2 0 2
0 € [-n,m) 0 e [-n,m)

(© (d)

U,00)
S
b 8
°
®
. U,00
b %6 w
| g
o

0 e [-n,m) 0 e [-n,m)

Fig. 1. Amplitude equation for model NL1: (a) Initial horizontal
surface displacemertfy (6, 0) = 2cos, (b) U1(0, T) at later time
T =Ty, (c) initial vertical surface displacemebb (9, 0) = 2siné,
(d) Ux(6, T) at later timeT = T;.

(@

IS
IN

[
‘ vy (x1 0)
b o

[0]
W0
b o

-2 0 0
X, € [-m,7) X, € [-n,m)

(©
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~

[0]
W0
b2
[0]
- Wlx,0
b 2o
% .

-4 -4
0 2 -2
X, € [-n,7)

)
X, € [-m7)

Fig. 2. Amplitude equation for model NL2: (a) Initial horizon-
tal surface displacement/1(9,0) = —2cos®) — (1/5)cos?d —
(1/5)sin® + 0(0.01), (b) U1(0, T) at later timeT = T», (c) ini-
tial vertical surface displacemebb (6, 0) = 2sin6 4 (1/5) cos D +
(1/5)sin® + 0(0.01), (d) U2(0, T) at later timeT = T5.

before T}, indicates exponential decay of the power

spectra forT < Tr. Moreover, visual inspection of
the logarithmic plots already gives % to a reason-

able accuracy. For instance, for the NL1 model with

U (0, 0) ~ cosd, we can determing;, to +0.05 (recall

(a) (b)

04 0.4
02 0.2
=X S
S e o
= =
-02 -0.2
-0.4 0.4
-2 0 2 -2 0 2
0 e [-nm) 6 e [-n,m)
© (d)
04 0.4
0.2 0.2
S S
£ o L o
] )
) =)
-02 -02
-04 -0.4
-2 0 2 -2 0 2
9 e [-n,7) 6 e [-n,7)

Fig. 3. Amplitude equation for St. Venant—Kirchhoff model:
(a) Initial horizontal surface displacemeidf;(0,0) = 0.2sind,
(b) U1(0, T) at later timeT = Ty, (c) initial vertical surface dis-
placementU»(0, 0) = 0.2cosd, (d) U2(0, T) at later timeT" = T;.

-500 1
-1000 1
-1500 4

20001 1

=

(s3)
2500 4

—3000 b

-3500 1

-4000 v L L
0

50 100 150 200 250
Te [1,220]

Fig. 4. Evolution ofdyg U1 at 6 = 0 for trajectory of Fig. 1 (model
NL1).

and length-scale). Note also that, to this accuracy, the
timesTy, obtained using different Galerkin truncations
(ranging fromN = 100 to 1600 modes) agree.

To obtain more information on the singularities we
focus on trajectories that &, exhibit spectrda (k)|?
= Ck” overallk > 1, e.g., as in Fig. 5. Note that such
exact power law behavior &t = T; was observed for
several initial conditions. Also, the spectra of such tra-
jectories have an almost exact exponential decay be-

that the relevant time-scale depends on the amplitudefore 7, and this allows us to estimate the size of
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-5+ . 4

log k

Fig. 5. Logarithmic power spectrum @t= T}, for the trajectory of
Fig. 1 (model NL1).

log k

Fig. 6. Logarithmic power spectrum &t = 7y for initial condi-
tion with U1 (6, 0) = (11/5) cosd + (3/5)cos D — (2/5)cos P —
(1/5)sin¥ + 0(0.04) (model NL1).

the domain of analyticity of the surface elastic dis-
placement. Recall that a periodic functig®) whose
Fourier coefficientsf (k) satisfy | f(k)| < Me kP
for some M, p > 0 must be analytic in the strip
| Im6@| < p. We can estimatg by fitting the numerical
values of|a(k, T)|? to a profile C(T)k¥ ) e~ Iklp(T)
using least squares. The decay@fr') in Fig. 8 is
typical. A simple way to estimaté&} is to extrapo-
late from the graph op(T'). Also, we expect that as
o(T) — 0, the exponent (T) converges to the power
law exponent afy .
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Fig. 7. Logarithmic power spectrum @&t= 7; from an initial con-
dition U1 (6, 0) with two maxima a®;, —9;. The maxima develop
into cusps at the same time (model NL1).
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Fig. 8. Evolution of the exponeng(7). The initial condition is
U1(0,0) =2cod) — sin ¥ + 0(0.05) (model NL1).

The time T, and the power law exponemt can
be determined more directly, by looking for the time
that minimizes the least-squares error of a linear fit
to the log—log plot of the power spectrum. Assuming
that the spectrum obeys an exact power law fokall
we consider only the modes with<l k < N/2 to
minimize the effects of the truncation error. The two
approaches yield the same expongnto +0.02. For
instance, for Fig. 5, both approaches yigle= —4.53.
Alternatively, the conservation dfand the power law
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assumption imply initial conditions and the model will be presented else-
where.

Z la(1,Tp)| lk|*Y = 1(0), The current simulations also give some information

kez* on traveling wave solution& (6 — c¢1T, x2), c1 # 0,

of the amplitude equation. Recent numerical work in
[3] suggests that such solutions can exist but they
are not smooth. These non-smooth traveling solutions
have power law spectra with exponemts- —4, i.e.,
they are more singular than the surface displacements
U0, Ty) seen here. On the other hand, smooth initial
conditions were always observed to lead to singularity
formation in the present study. Smooth traveling wave
solutions therefore seem to be either impossible or
unstable to singularity formation. For some elastic
models the amplitude equations may also have non-
trivial stationary stated/(9) (see [1]). A search for
trajectories that evolve (or come close) to such states
has not produced any examples so far.

We conclude with a brief discussion of the reliabil-
ity of the numerical results. First, the global relative
numerical drifts of the conserved quantitiél; and
Iy = Y21 k[g?(k) + p?(k)] over the interval of in-
tegration[0, Tmax] (typically Timax ~ 1.271) were in
the range[10-8,10~7], suggesting very good accu-
racy in the integration of the Galerkin systems. Also,
as long as the number of modeé in the trunca-
tion satisfiesN > p(T)~1, the truncation error is in-
significant (see [10]). For instance, in Fig. 8 we use
N = 800 and the values qf (T) in the plot are self-
consistent, i.e.p(T)N~1 ~ 1.5 x 10°3. Determin-
ing T,y by extrapolating from these values p{T)
should be reliable. To argue that the truncation er-
ror does not affect the lowest modes significantly as
T — T, and that the values for the tin#®, and the
Remark 4.3. Note that the numerical observations exponenb/ have sufficient accuracy, we note that the
are consistent with the assumptions of (2.8) used in ygJyes ofy obtained using the conservation bfin-
the derivation of the amplitude equations, sinde volved only |a(1, Ty)|, i.e., the least affected mode,
and d,U remain of O(1) for all times up to7;. In and agree tat0.002 with the values of/ obtained
particular, we see that max: [dsU| stays within 4 from the modes with X k < N/2. Also, we find that
times its initial value. Typically, the largest increase is that the values off;, andy from different Galerkin
seen indy U2, €.9., as in Fig. 2. truncations agree, e.gN = 400, 800, 1600 give the

same exponents t0.002. Finally, we integrated nu-

Note that in general different initial conditions lead merically Galerkin truncations of; — (1/2)(us)? =0
to different power law exponents &, although we with several initial conditions. We saw thd} and
have also observed initial conditions, not necessarily the singularity time found using characteristics agree.
nearby and with well separated singularity tinigs Similar agreement between the theoretical value of
that lead to the same power law exponenTatFur- T, and T is also seen in the Burgers equation (see
ther results on the dependence of the exponents on thg10,11]).

and we can determing using the numerical values
of la(1, Ty)|, 1(0). For the trajectory corresponding to
Fig. 5, we findy = —4.52.

The above analysis can be performed in principle
for all initial conditions. For instance in Fig. 7, the
envelope obeys a power law for al> 1, and we
perform the above analysis for the points on the
envelope. We find the exponemt = —4.0 + 0.1.
However, trajectories exhibiting power law spectra at
Tr. only whenk is sufficiently large, e.g., as in Fig. 6,
require higher resolution and have not been studied
systematically.

The exponentg measured af' = 7 contain inter-
esting information on the differentiability di (0, T')
at the singularity tim&" = 7;. Recall here that a peri-
odic functionf () with Fourier coefficientsf(k) sat-
isfying 3", .5 |/ (k)||k|" < oo must have continuous
derivatives for allg, i.e., must beC!. Thusy < —4
implies theU (0, T;) is C1. Combining this with the
observed divergence of the second derivative, we thus
have evidence for solutions that are analytic ufitp
when they cease to b€2 but remain continuously
differentiable. The “cusps” observed in such cases
are therefore somewhat misleading, the slope at the
“cusp” points is well defined and vanishes. In the case
wherey = —4, as in Fig. 7,U (0, T;) does not have
to beC?, i.e., we can have bona fide cusps. The two
possibilities were seen in all three models.
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5. Discussion

In the present work we have investigated some as-
pects of singularity formation in amplitude equations
describing the slow non-linear modulation of Rayleigh
waves. We observed that for analytic initial conditions
solutions stay analytic up to some finite singularity
time T,, when the second derivative of the horizon-
tal displacement diverges. The regularity of the sur-
face elastic displacement & depends in general on
the initial conditions, and in some cases the wave pro-
file is continuously differentiable af;. Progress on
the theoretical explanation of these observations will
be reported in future work.

Note that some non-local conservation laws of the
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of [8]. The authors also argue that the motions they
study can be approximately described by solutions of
form (2.8), and show that the evolution of the pulses
can be modeled quantitatively to good accuracy by a
non-local conservation law féy U of the type consid-
ered here, with a phenomenological dissipative term
added. Thus the experiments show that the amplitude
equations are a physically relevant first approximation.
There are several questions however, and it appears
that a more realistic model must include dissipative ef-
fects. Such effects are in evidence in the results of both
studies, and should also affect the spectra (see [11]).
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We conclude with some remarks on recent experi-
mental observations of singular surface elastic waves
(see [7,8]). The experiments describe pulses of sur-
face elastic waves that develop very large slopes in
dx,u(x1,0). This is analogous to the blow-up of
|0geU|, and we also see that the shapes of the ob-
served pulses are qualitatively similar to the wave pro-
files shown in the figures, e.g., the derivatiyé/ from
U in Fig. 2 is very similar todyU from Figs. 1, 2
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