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Abstract.

We study the existence breather-type localized solutions in the discrete NLS equation
with high frequency time-periodic parametric forcing. The question is formulated as a
problem of persistence for breathers of an autonomous averaged equation that approxi-
mates the full system. We show that single-peak breathers of the averaged equation with
vanishing residual diffraction and small forcing amplitude to forcing frequency ratio can
be continued to periodic or quasiperiodic solutions of the full system, provided that the
frequency is sufficiently large. We also present numerical results on possible extensions of

the theory to wider classes of breathers.



1. Introduction

In this paper we show the existence of localized periodic and quasiperiodic solutions in
a discrete NLS equation with high frequency periodic parametric forcing. The equation we
consider is also known as the discrete NLS with diffraction management and was originally
proposed by [AM] to describe light propagation in an array of coupled waveguides with
the experimental geometry studied by [ESMA].

Localized solutions of the parametrically forced discrete NLS model of [AM] have been
primarily studied through an autonomous system, referred to as the averaged system, that
approximates the full system in the high frequency forcing regime (see [M]). The averaged
equation has localized breather solutions (see [M], [P2]), as well as multipeak breather
solutions (see [P3]) and a natural question is whether such breather solutions can be

continued (in an appropriate sense) to solutions of the full nonautonomous system.

In the present work we consider the continuation question for single-peak breather
solutions of the averaged equation with vanishing residual diffraction and small forcing
amplitude () to forcing frequency (£2) ratio. We show that such breathers can be contin-
ued to periodic and quasiperiodic solutions of the full system, provided that the forcing
frequency is sufficiently large. The result can be also interpreted in terms of the time—T
map of the nonautonomous full system, where T" = %T is the period of the forcing. In par-
ticular, we show the existence of invariant circles of an appropriate iterate of the time—T

map of the full system that are 2—1—close to the breather orbit of the averaged equation.

A related problem is that of continuing breathers of the discrete NLS to solutions
of the parametrically forced NLS of [AM] with small amplitude parametric forcing, i.e.
with Q fixed and [ small. In the small amplitude forcing regime we have shown (see
[P4]) an analogous continuation result for single-peak breathers of the anticontinuous limit
NLS by developing a framework that can be used to answer the continuation question
for more general breather solutions of the discrete NLS. An extension of the continuation
results to a class of multi-peak breathers is presented in [PP] (see also [P4] for some
numerical evidence). In the high frequency case we follow a similar plan, considering first
the continuation problem for the simplest breather and expecting to extend the results to

other breathers in further work.

The continuation of breathers relies on an infinite-dimensional version of a result of

[N] and [BG] on the continuation of invariant tori in Hamiltonian systems with additional
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conserved quantities (see [BV] for another application). In the case of small amplitude
time-periodic perturbations of the discrete NLS the idea is to first write the full system as
an autonomous Hamiltonian system in an extended phase space and view the parametric
forcing term as a perturbation of the discrete NLS Hamiltonian. Breathers of the discrete
NLS can be then interpreted as invariant 2—tori and we want to show the existence of
nearby invariant 2—tori in the perturbed system. To continue the tori we must verify a
nonresonance condition on the Floquet spectrum of a linear combination of the Hamiltonian
flows of the Hamiltonian, and an additional integral of the discrete NLS. In the high
frequency case we arrive at a similar setup by applying a symplectic change of coordinates
that transforms the original system to the averaged equation plus a T'—periodic remainder
of size O(Q2~1). (The change of coordinates is defined in a neighborhood of the origin that
is independent of €2 for large €.) The unperturbed system is then the averaged equation
and the 2—tori correspond to its breather solutions. The goal is to continue the 2—tori to

the system that contains the remainder.

In contrast to the small amplitude case, where the amplitude of the parametric forcing
does not appear in the discrete NLS, in the high frequency continuation problem the “small
parameter” €—1 that controls the size of the perturbation also appears in the averaged
equation and affects the distance from the resonance. Instead we replace Q—1! in part of
the perturbed Hamiltonian by an artificial parameter ¢ and show that the continuation is
possible for |e| < €, with an €, > 0 that can be chosen independently of €2 for Q sufficiently
large (i.e. for > Q, for some Q, > 0). The perturbed invariant 2—tori we find imply the
existence of invariant circles of iterates of the time—7 map of the perturbed system. The
number of iterates is roughly proportional to €2 so that the time required to return to the
invariant circle is independent of €). As in the small amplitude case, the invariant circles

are near the breather orbits of the averaged equation.

The continuation is shown for arbitrary forcing amplitude # and we also discuss the
dependence of €2, on 3. We speculate that the continuation argument should be valid for a
region below a line through the origin in the Q-3 plane. In the current continuation proof
the slope of this line is assumed small, however this restriction seems to be technical. The

possiblity of extending the continuation results to more breathers is examined numerically.

The paper is organized as follows. In chapter 2 we formulate the breather continuation
problem for small amplitude parametric forcing, state a theorem on continuation of tori in
equivariant Hamiltonian systems, and apply it to a simple case. In chapter 3 we formulate

the breather continuation problem for high frequency parametric forcing and state the



main continuation result of the paper. Two preliminary steps are the definition of the
symplectic transformation that leads to the averaged equation, and a statement on the
existence of single-peak breathers. We then formulate and prove the auxiliary continuation
statement that involves the artificial parameter e. We also present some numerical results
on possible extensions of the theory. In chapter 4 we show the theorem on continuation
of tori in equivariant Hamiltonian systems. In the proof we make explicit the quantities
that determine the size of the forcing amplitude threshold ¢, and show that they can be
bounded uniformly in €2, for 2 sufficiently large. Chapter 5 contains some technical lemmas

used in chapter 4.

2. Localized solutions for small amplitude forcing

We consider the parametrically forced discrete cubic nonlinear Schrodinger equation

(2.1) O,u = iD(t)Au — 2iyg(u), with

(2.2) (Au); =y —2u;+u;y, g;(u) = |uj‘2uj

and u a complex valued function on the integers Z. ( [f; denotes the value of f :Z — C
at the site j.) Also, v is a real constant and D is a T'—periodic real valued function (for
some T > 0). We also write

(2.3) D(t) =D+ D(t), where D= %/OT D(r)dr

is the average over the period.

Equation (2.1)-(2.2) is a non-autonomous Hamiltonian system in X = [,(Z9, C), the
set of square-summable complex valued functions on Z with the real inner product (u,v) =
Re ), cz u,vs, and corresponding norm ||.||. The Hamiltonian structure is specified below.
Physically, t in (2.1) is the distance along the waveguides, and u ; 1s the complex amplitude
of (any) one of the components of the electric field at the waveguide j (see [AM], [ESMA]).
The initial condition u(t,) for (2.1) is the emitted light.

Our goal is to examine the existence of localized periodic or quasiperiodic localized
solutions of (2.1). The strategy be will be to consider (2.1) as a perturbation of a simpler

system with known periodic localized solutions of breather type. The existence of localized
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periodic or quasiperiodic localized solutions of (2.1) is then formulated as a continuation

problem.

This general strategy is applied to two parameter parameter regimes where the systems
that approximate (2.1) are different. In this chapter we consider simpler the case where
the amplitude of the function D is small. We thus set D = ed(Qt), Q = 27 with da
2w —periodic function with zero average and consider the limit of € — 0. System (2.1) with
€ = 0 is referred to as the discrete NLS. Breathers are solutions of the discrete NLS that
have the form u,, = e~ with A € R, A € X. There are several results on the existence
of breather solutions and we here formulate and show and answer the continuation problem
for a simple example that is easily tractable and illustrates the main idea. Extensions are
developed elsewhere. The main tool, Theorem 2.2, is also used in the next section where

we consider the high frequency forcing case.

To formulate the small amplitude forcing problem we write (2.1)-(2.2) with the initial

condition u(t,) =v € X as
(2.4) d,u = iDAu — 2iyg(u) + ed(¢)Au, ¢ =,

¢ € S', with the initial condition u(0) = v, ¢(0) = ¢,. Equation (2.4) is written as
a Hamiltonian system by adding an extra variable J € R. The phase space will be
X x ST x R. The Hamiltonian H_ is

(2.5) H =-QJ+ Z ((E + 6d(¢))|“j+1 - Uj|2 + 7|Uj|4) )
JEZ
and we formally obtain (2.4) by the first two of Hamilton’s equations

OH, . OH. . OH,

To simplify we assume that D = 0. Let ¢ = 0. Then for any n, € Z, A € C\ {0}, and

¢y € ST we have the “one-peak” breather solution

(2.7) u, (t) = e”™MA with A=2v|A% w,(t)=0, VteR if n#ng;

(2.8) G(t) =t +dy; J(t)=0, VteR.

The choice J = 0 is arbitrary. Let C(ng, 4, ¢,) be the set of points of X x ST x R in the
orbit defined by (2.7), (2.8). Also let Ay(ng, A) = Uy c51C(ng, 4, ¢g). The set Ag(ng, A)
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is an invariant 2—torus of the ¢ = 0 system, e.g. the torus is foliated by periodic orbits if

4 is rational. We now consider (2.6) with |¢| small.

Proposition 2.1 Consider n, € Z, A € C\ {0}, and the set A,(n,, A) as above. Let
r be an integer, r > 2, and suppose that the 2w —periodic function d above is C" in R.
Assume that § ¢ Z, where A = 2|y||A]2 (and © # 0). Then there exist ¢,, 3, > 0 such
that for any e with |¢| < ¢, the corresponding system (2.4) has a C" 2—parameter family
of invariant 2—tori A_ 4, with 3 € (=0, By)?, and A, = Ay(ng, A) . The motion on each
torus is periodic or quasiperiodic (with two quasiperiods). Also, for any € € (—¢, €,) there
is a two-parameter family of C functions f, 5: Ag(ng, A) — X x S, B € (=0, y)? with
A g = fep(Mo(ng, A)), and fo 4(Ag(ng, A)) = No(ng, A).

Proposition 2.1 was shown in [P4] and is also included here. The proof is based on
Theorem 2.2 below.

To set up Theorem 2.2, let » be an integer, » > 2, and consider a real C'™ Hilbert
manifold M modeled on a real (separable) Hilbert space E with inner product (, ). Assume
that M also has a weak symplectic structure w with corresponding Poisson bracket { , }.
Consider s real functions Hy, ..., HS on M that have the form Hf = H]Q + eij, j =1,

.+, 8. (The parameter € is real and the Hg, H; are independent of €.) The Hamiltonian
vector fields of H, HY, I:Ij are respectively denoted by X§, X?, Xj, j=1,..., 5. We are
assuming that s is finite, and in the case of dim(M) = 2n that also 1 < s < n. We further
assume that there exists € > 0 such that for any € € (—¢€, €) the following hold:

A T The Hamiltonian vector fields X5 of the Hf j=1,... sare C7, and their time—t
maps exist and are C" in M, Vt € R.

A II There exists an s—dimensional torus A that is invariant under the Hamiltonian flows
of the H]Q, j =1, ..., 8. Moreover, A is a C" submanifold of M and has a C" tubular
neighborhood in M.

A III The H 0=1...s mutually Poisson commute and are functionally independent
in a neighborhood of A in M.

We are interested on on whether the invariant torus A of X can be continued to an
invariant torus of the perturbed system X§ for |e| sufficiently small. First note that given
any o € m;(A) =~ Z# there exists a ¢ = [¢q, .. ., ¢,] € R® such that the integral curves of the

restriction of the vector field Ky(a) = 377_; ¢; X} to A are 1—periodic orbits that belong



to the homotopy class a. Denote the time—1 map of K (a) by g§. The Fréchet derivative
Dg§(m) of g5 at any m € A is a bounded linear operator in E ~ T, M. It is easily seen
that the derivatives at two different points of A are related by a similarity transformation.
The spectrum of Dg§(m) in E is therefore independent of the point m € A and will be
denoted by o(Dgf).

Theorem 2.2 Consider the functions Hf, j =1, ..., s as above and assume that
there exists a € 7;(A) and a corresponding vector ¢ = ¢(«) € R* with the property that
o(Dg§) has exactly s eigenvalues that are unity and that o(Dg§) \ {1} lies outside an open
disc around 1. Then there exist €,, 3, > 0 such that for any e with |¢| < ¢, there exists
an s—parameter family of s—tori A_g, 8 € (=B, By)?, that are invariant under the flow of
each of the X%, 5=1,..., s. The motion on each Ae,ﬁ is periodic or quasiperiodic (with
at most s quasiperiods). The family A_ 5 is also C™ in 3 and there exists 3, € (=0, 5)*
for which Ag 5 = A.

Theorem 2.2 is a generalization of results of [N], [BG] and is proved in [P4] using the
Poincare map construction of [BG]. We here give a different version of the proof. The goal
is to understand better the particular case of Proposition 2.1, and especially how ¢, and

B, depend on the parameters of equation (2.1).

Proof of Proposition 2.1: Let M = X x S' xR, and Hf = H_, with H_as in (2.5). The
corresponding Hamiltonian vector field is denoted by X§. Also, let A = Ay(ny, A), with
Ay(ng, A) as defined by (2.7). Thus is A is a 2—torus that is invariant under the vector
field X7. Alsolet P =3, ,
Ve € R. The corresponding Hamiltonian vector field is denoted by X5. We observe A
is also invariant under X9 and we check that Hf, HS satisfy the conditions AI-AIII of

Theorem 2.2. To verify the nonresonance condition for the Floquet map of an appropriate

lu;[? and define a second family of functions Hs by Hs = P,

linear combination of X?, X§ we parametrize A € M and define the function A : Z — C
by ./Tlno = A, A, =0 for n # ny. Then

(2.9) A={[e?A,¢0,00c X xS xR: HecR, ¢ecS'}.

Also, given any F : M — R, let g% be the time—¢ maps of the flows of the Hamiltonian
vector field of F'. On A we then have

(2.10) glao (74, 6,0]) = [V A, (6 + Q)mod2r, 0],

(2.11) 9o ([ 4,6, 0]) = [~ 4, 6, 0].



Also, gtp = ¢4, Ve € R, therefore the time—¢ map of the Hamiltonian vector field of
ctHy + ¢, P is gfql(fgf}t. Using (2.10), (2.11) we therefore see that the condition for the
orbits of the Hamiltonian vector field of ¢; H, + ¢, P to be 1—periodic on A and to belong
to the homotopy class [ny,ny| € Z? is that —c; A — ¢y = 27n,, and ¢, = 27n,, hence

2 2w
(2.12) ¢ = nQﬁﬁ, cy = —27n, i

To calculate the Floquet map around any such 1—periodic orbit, i.e. Dgg, let
(2.13) u=e WAt A Ly = Q4 ¢,+v, J=1I,

with A as above. Using (2.1), (2.5), (2.6) and keeping only linear terms we obtain the
variational equation for w, ¢), I. The variational equation is made autonomous by the
change of variables v = ei(ciAte2)ty), We obtain

(2.14) v, =icyAv,, neZ\{n,}

n

(2.15) Uy = —ie MUy, +5), =0, I=0.

]

Since v = w at t = 1, the Floquet map around the 1—periodic orbit coincides with the
time—1 map of the equations for v, QL, I. The spectrum of the time—1 map of the linear
system (2.14)-(2.15) is calculated readily since the system is block diagonal with 2 x 2
blocks: the second and third equations of (2.15) yield two unit eigenvalues. The first
equation of (2.15) yields another pair of unit eigenvalues. Finally, equations (2.14) yield
the pair of eigenvalues e£27im2a for each integer n # ng. Choose [ny,n,] = [—1,1]. Then,
by our assumption that % ¢ 7 we have exactly 4 unit eigenvalues with the rest of the
Floquet spectrum bounded away from unity and the proposition follows from Theorem
2.2.

Note that each invariant 2—torus A, 53 C X x S x R of the Hamiltonian system
(2.6) obtained by Proposition 2.1 after verifying the nonresonance condition associated to
a homotopy class o = [n,n,] projects to an invariant 2—torus A_ 5 C X x ST of the first
two equations of (2.6). From the proof of Theorem 2.2 (see also [P4], Proposition 2.3) we

see that this projection yields a 1—parameter family of 2—tori A_; (see [P4], Proposition

2.3). (The parameter corresponds to the [, norm of the X component.) We furthermore
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see that the intersection of any KQ 5 with any hyperplane X x {¢,} is an invariant circle of
the time—n,T map of the flow of (2.1). Each of the circles we obtain by varying ¢, belongs
to a 2—dimensional plane through the origin in X and is centered at the origin of X. The
plane generally depends on §,,. Also the time—n,T map of the flow of (2.1) induces a rigid
rotation on the circles. A more complete discussion of geometrical interpretation of the

tori and the choice of homotopy class is presented in [P4].

The setup of the proof of Proposition 2.1 works for more general breathers: for
u, = e MA A e X, a solution of (2.1) with D = 0, D € R (the discrete NLS), the

n

parametrization of the torus A in (2.9), the expressions for the actions in (2.10), (2.11),
and the ¢, ¢, in (2.12) are the same as for the example of Proposition 2.1. The variational

equation is different: using (2.13), and the change of variables v = ei(c1Atc2)ty we obtain
(2.16) b, = erlide, + ID(AV), — 209 (A, )20, + 214, ).

Further study the spectrum of the right hand side of (2.16) allows us to extend the con-
tinuation results to other types of breathers, e.g. multipeak breathers. Some extensions

are presented in [PP] (see also [P4] for a numerical study).

3. Localized solutions for high frequency forcing

We now study the continuation question in the parameter regime where the oscillating
part D has high frequency. Specifically, let D(t) = 5J(Qt), with d a 27 —periodic function,
G >0, and 2 = 2% > 0. Thus, in contrast to the parameter range of Proposition 2.1, we

here fix (3, and the function d and consider large.

To set up the continuation problem we first consider (2.1) and define the new variable
b by

- N t
(3.1) u(t) = L,b(t), with L, =e™®2  and A(t) = / Bd(Qur)dr.
0
By (3.1), (2.1) the evolution equation for b is then
(3.2) 8,b = iDAb — 2iyLig(L,b),

with the initial condition b(t,) = by, = L 'u(0). Note that L; ' = LI = ¢iA()A | System

(3.2) is equivalent to the autonomous system
(3.3) ;b = i0Ab — 2iyLig(Lyb), ¢ =1,
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where § = D, and L, = L. The initial condition is b(0) = by, ¢(0) = ¢,. The fact that
- Q

L, is T—periodic in ¢ implies that L, and the cubic nonlinearity in (3.3) are 2r—periodic
in ¢. In the range where §, v are O(1) and {2 is large we can heuristically approximate

(3.3) by the averaged system
. 1 27
(3.4) O0,a =i0Aa — 2ivg; (a), ¢=Q with g,(a)= o /0 ng(Lea)dG.

The dependence on the angle ¢ has been therefore averaged out of the nonlinearity.

Remark 3.0.1 The averaged equation can be also defined without introducing the
angle ¢. In particular, we have g, (a) = 7 fOT f/ig(f/Ta)dT. We also note that the rescaling
B — sf, Q2 — 58 leaves G invariant and that g — 0 implies that supt€R|/~\(t)\ — 0. Thus,

for any fixed 27 —periodic function d, the nonlinearity g . (v) depends only on the ratio g

Denote the set of bounded linear operators in X by B(X) and let || - ||, denote the
operator norm on B(X). For A bounded, the exponential in (3.1) is well defined and
L, € B(X), for all t € R. The fact that A(t)A is a one-parameter family of bounded
operators also implies that the map ¢t — L, from R to B(X) is norm continuous in R.
This follows from basic results on the abstract Cauchy problem (see e.g. [F], ch. 7). The
operators L, also depend on 2 (this is not explicit in the notation at this point). Fixing
the 2w —periodic function d and scaling €2 outside the integral of (3.1), we see that for any
fixed t € R, the maps  — L, from R+ to B(X) are norm continuous in R+. Since L, is

T—periodic in t, the continuity is uniform in ¢ € R.

Both (3.2) and (3.3) can be made formally into a Hamiltonian system in the standard

way, adding a real variable J as before. For instance, the Hamiltonian H for (3.4) is

2
- g

, T Jo

JEZ
The Hamiltonian structure is as in chapter 2 and its meaning can be made rigorous using
the boundedness of the operators L, and the norm continuity of the family L, in ¢ men-
tioned above. Also, we can show that there exists a symplectic change of variables which
transforms (3.2) into (3.3) plus a small term that depends on ¢. Let By denote the ball
of radius R in X. We have:

Proposition 3.1 Assume that d is piecewise continuous, ||, |y| < C,. Let b(t) be a
solution of (3.3). There exists €; > 0 such that if 2 > Q, there exist p > 0 independent
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of 2, and a symplectic map 7 : B , xS I x R — X for which the variable a defined by
b=17T(a), a € B,, satisfies

1

(3.6) 0 =idAa —2ig,(a) + Gdi(a.9), =9
where g, (a, ¢) is 2r—periodic in ¢ and satisfies
(3.7) 50, 8)| <C, VaeB, Ve

with C' > 0 that depends on C, and p (and is independent of Q, and ). In the case
where d is Cr, r > 2, then g, is C" in Bp x S x R. Furthermore, let H = H o T be the

Hamiltonian in the new coordinates, and P = Po 7. Then P = P.

The proposition follows from the normal form arguments in [P1] and we only sketch
the formal part. We work in X x R x R, the covering space of the extended phase space
X x St x R. The Hamiltonian H corresponding to (3.3) is written as H = hy + hy + hy,
where h, = —J, with h,, h, the quadratic, and quartic parts (in u) respectively. The
time—1 map 7 of the the Hamiltonian flow of S changes H to

(3.8) HoT =—QJ +hy + hy +[S, —QJ] + R,

where the remainder R contains the remaining terms. We want to choose S so that
h, + [S,—QJ] = hy, where h, is the quartic term of H in (3.5), and [, | is the Poisson

bracket in the extended phase space. The solution is

¢ _
(39 S(u.6) = g5 [ Ihatu0) = Tafa) av.

The fact that S is independent of J implies that ¢ o 7 = ¢. The new Hamiltonian can be

written as

(3.10) HoT=-QJ+hy+h,+ R, with

(3.11) R = ((exp §)hy — hy) + ((exp S)hy — hy) + ((exp S)hy — hy — [S, ) -

The term 2-1§, in (3.6) is the Hamiltonian vector field of R. The size of each of the three
terms of R is determined respectively by the size of [h,, S], [hy, S], and [[S, k], S] = [hy, S],
each of O(Q2~1). The rigorous estimates of the Hamiltonian vector field of R follow from

analogous estimates of 7 and its derivative in [P1] (and can be also reconstructed from
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the the lemmas of chapter 5). We also see that we can choose p is independent of 2. The
C" regularity of the remainder vector field can be shown starting from the expression for
R in (3.11).

Also, (3.9), the fact that P is independent of ¢, and [h,, P] = [h,, P] = 0 imply that
[P, S] = 0. Therefore Po7 = P.

We are interested in continuing breather solutions of the averaged equation. There
are several existence results for breather solutions of (3.4), and we first consider the case
d = 0, where we also have multi-peak breather solutions. Let n, € Z, A € C\ {0} and set
A = —7]AJ]2. Define A:Z - Chby A, =A, A, =0ifn+#ny (The dependence of A on

ny, A is not made explicit here.)

Proposition 3.2 There exists 2, > €2, such that the averaged equation (3.4) with
Q > Q, has a unique breather solution a = Ae~"** that satisfies || A — A|| — 0 as Q — oo.
The breather amplitude A depends on 2, n,, and A.

Remark 3.2.1 In Proposition 3.2, § is assumed fixed. By Remark 3.0.1, the breather

solutions for the averaged equation also exist for g sufficiently small.

We now combine the above statements to set up the continuation problem. We con-

sider the system
(3.12) dv = i0Av — 2ivg, (v) + €4, (v, 0), d=0Q, J=-—"".

By Lemma 3.1, sufficiently near the origin, and for e = Q with Q > €, (3.12) is equivalent
to the full system. System (3.12) is Hamiltonian, for all real e, with Hamiltonian H¢ =
hy+ ho + h, +€R. Moreover, since P Poisson commutes with both H?™", and hy + hy + hy,
we see that P Poisson commutes with He¢, for all real e. Therefore He, and P satisfy
conditions AI-AIIT of chapter 2.

For € = 0, HO is independent of ¢ and Hamilton’s equation for H yield the averaged
system (3.4), and ¢ = Q, J = 0. By Proposition 3.2, given any n, € Z, A € C\ {0}, and
assuming that 2] > max{Q,,,}, the € = 0 system has the breather solution

(3.13).  a(t) =e™MA with A=2v[A]% ¢t)=Qt+¢,; J(t)=0, VtcR.

Let C(A, ¢,) be the set of points of X x ST x R in the orbit defined by (3.13). Also let
Ag(A) = Uy, e51C(A, ¢g). The set Aj(A) is an invariant 2—torus of the € = 0 system. By

12



Proposition 3.2, there exists A, > 0 (and a corresponding A;), and Q5 > max{€, Q,} for
which the breather A corresponding to A with any A € (0, 4,) and any n, € Z yields a
set Ag(Ag) that satisfies Ay(A) C B, x ST x R.

Theorem 3.3 Let n, € Z, A < Ay, A < )y, and consider the corresponding invariant
tori Ay(A) of system (3.12) with e = 0, as above. Then there exist an , > Q, ) > 0
such for every Q2 > Q, system (3.12) with e = Q~1, has a 2—parameter family of invariant
2—tori Ag-1 g, B € (=8, By)?. The motion on each A_ 4 is periodic or quasiperiodic (with
two quasiperiods). Also, there exists 3, > 0 for which A, 5 = Ay (A).

Theorem 3.3 is proved in two steps. First we consider (3.12) and show that we can
apply Theorem 2.2 for some pair ¢€,, 5, > 0. This is done below, using Lemmas 3.4-3.8.
Next, we show that we can choose ¢,, B, > 0 that are independent of €2. This is the
content of Lemma 3.9 below (whose proof is the next chapter). Theorem 3.3 then follows
by setting Q, = ¢,~!, and applying Theorem 2.2 to (3.12) with > Q,, and € = Q1. The
corollary also follows from the proof of Lemma 3.9 where we examine the geometry of the

proof Theorem 2.2 in the particular problem.

We start by reducing the continuation problem to a study of the Floquet spectrum of

an appropriate variational equation.

Let M =B, x S xR, and Hf = He, HS(u, ¢, J) = P(u) = ||u||2. The corresponding
Hamiltonian vector fields are denoted by X, X§ respectively. Also, let A = A (A). We
check that we have the set-up for Theorem 2.2, and in particular that Hf, HS satisfy
the conditions AI-AIII. The regularity properties follow from the regularity of the cubic
nonlinearity and the observations above on the family L,. To continue the torus A we

examine the Floquet map of an appropriate linear combination of X, X9. We parametrize
A as

(3.14) A={[e?A,¢0,00ec X xS xR: HecR, ¢ecS'}.

Let g% be the time—¢ map of the flow of the Hamiltonian vector field of F', where F' : M —
R. On A we then have

(3.15) gﬁflo([eie.?l, ®,0]) = [ei“’*”)Z, (¢ + Qt)mod2m, 0],

(3.16) grg ([ A, 6,0]) = [e"7Y A, ¢,0].
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Also, gtp = ¢4, Ve € R, therefore the time—¢ map of the Hamiltonian vector field of
ctHy+c,Pis gf}(fgf}t. Using (3.15), (3.16), the condition for the orbits of the Hamiltonian
vector field of ¢y Hy + ¢, P to be 1—periodic on A and to belong to the homotopy class
[Ny, s € Z2 is that

(3.17) —Ci A —Cy = 21Ny, ¢, = 27Ny,
or

2m 2w
(3.18) €L =Nym, €= —2mn, — ny—q

To calculate the Floquet map around the 1—periodic orbit, we let

(3.19) u, = e MO ALy p=c Qt+ g +1p, J=1,

n

and linearize around the periodic solution. The variational equation can be made au-

tonomous by the change of variables v = ei(c1A+¢2)ty) and we obtain

(3.20) ov, =c¢,L(v), =0, I =0, where
(3.21) L(v) =i v+ i6Av — 2iv(G(v)),
Lo i 2 2
(8:22) (G =51 | D Ll (LA (L), + 2/(LyA) [P (L)) 0,
meZ
n € Z, and [M],,,, is the (n,m) matrix element of the operator M in the standard basis

of X. By (3.19), at t = 1 we have w(t) = v(t). Therefore the Floquet map around the
1—periodic orbit coincides with the time—1 map of the system generated by (3.20)-(3.22).

The formal calculations leading to (3.20)-(3.22) above are justified using the properties
of L, and the cubic nonlinearity. In particular, the Fréchet derivative of the Hamiltonian
vector field of ¢; HY 4+ ¢, HY at each point of the periodic orbit exists and is a bounded
operator in X, moreover the variational equation leading to (3.20)-(3.21) has a unique
solution for all real ¢. In the autonomous problem (3.20)-(3.21), G, £ are bounded linear

operators in X. Therefore £ generates a norm continuous semigroup.

The operators GG, £ depend on §2, through L,, and also through the breather amplitude
A of Proposition 3.2. To make this dependence explicit we write Gq,, L, Aq. Also, define
the operator £__ by

(3.23) (Loo(V))y, =i, if me€ZN\{ng};  (Log(v))n, = —iA(v,, +vp,)-
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The spectrum of the time—1 map of 0,v = ¢, L, w = 0, I = 0 is calculated readily
since the system is block diagonal with 2 x 2 blocks: the equations for @/}, I yield two unit
eigenvalues. and we also obtain a double unit eigenvalue from the n, block of the first

. . . . . ; A
equation. Also each integer n # n, yields a pair of eigenvalues =272

Lemma 3.4 The map 2 — L, from [(2,, 00) to B(X) is norm continuous in [(2,, 00).

Moreover, as 2 — oo, L, converges to £__ in the norm.

We remark that by (3.18) ¢, = 277, i.e. it depends on Q. As Q@ — o0, L — L
in the norm and we expect that the Floquet spectrum of 0,v = ¢, L (v) should (in some
sense) approach the Floquet spectrum of 0,v = ¢,£__(v), computed above. If n, is kept
fixed, we have that ¢; — 0 and we expect that the Floquet spectrum of 9,v = ¢, L, (v)
collapses to unity as 2 — oo. Note however that the perturbation is also proportional
to ¢y, i.e. by Proposition 3.2 it is of O(272). Roughly, we therefore have an O(Q2~1)
“unperturbed part” (i.e. distance from the resonance) with an O(2—2) perturbation. The
continuation may be therefore possible. To see this we will instead vary n, with {2 and
keep ¢; of O(1), i.e. we will consider an equivalent continuation problem with an O(1)

unperturbed part and an O(Q~1) perturbation.

To define n, as a function of €2, consider 25 > ), that also satisfies

IA| 1
3.24 — < = Q 1.
( ) Qg — 87 3 >
Also let 2, = Q5 + % By (3.24) it is easy to check that there exists a positive integer N,
satisfying
IA| T

2 27N, (—,—] .

(3.25) T 393 373

Let also Ny = Nj. Let C;, j = 3, 4 be the set of all 2 > €, that can be written as

3
(3.26) O=Q+k +z;, k €{0,1,2..}, a:je{(),ﬂ.

Clearly, any 2 > Q3 belongs to either C5 or C; (or both). Moreover, given any Q € C;,
J =3, 4, the corresponding k;, x; are determined uniquely. Finally, each C;, j =3, 41is a
disjoint union of intervals I7 = [Q; +k;,Q + K + %], k; €{0,1,2,...}. Using the above,
let @ €C;, j =3, 4, and define ¢; by

(3.27) ¢ =¢,(2) =ny(Q) with  ny(Q) = N,(Q) + k;(2).

J
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For Q € C; N C, the scalar ¢;(Q2) can have two values. To avoid extra notation we first
consider the case Q2 € C; and use the value ny(2) = N3(Q) + k3(€2). We then proceed to
prove Theorem 3.3 for 2 € C5. We can then repeat the same arguments for Q2 € C,, this
time choosing n,(2) = N, (Q) + k,(£2). The following is elementary.

Lemma 3.5 Let 2 € C; with ¢;(€2) as above. Then

(3.28) e, ()] € [

]

62

With Q € C;, and ¢, (f2) as above, denote the time—1 map of 0,v = ¢;(2)L(v) by
Mg, Also, let M, be the time—1 map of d,v = ¢, (Q)L__(v).

Lemma 3.6 Let Q € C; with ¢, (), Mg, M, as above. The maps Q — M,,, and
Q — My, both from C; to B(X), are norm continuous in C;. Moreover, for every € > 0
there exists M > 0 for which Q > M implies ||[Mq — Mg||, < €.

By the proof of Proposition 2.1, the spectrum of M., consists of a double unit eigen-
value, and the two infinite multiplicity eigenvalues exic1(®)A We want to show that o (M)
is in some sense similar. Let I' be a circle of radius r, around unity in the complex plane,
with r, € (0,sin§). The radius r, will be kept fixed as we vary 2 € C;. Given any
N € B(X) we will say that I' separates o(N) if N has two simple eigenvalues A\, A,
inside I' and o(N) \ {\{, A\, } lies outside I". (A, A, are allowed to coincide, in which case
we are assuming a spectral projection of rank two.) Clearly, if Q € C; as in Lemma 3.5,

then the circle T' separates o(M,,).

Lemma 3.7 Suppose that N € B(X), and that T separates o(N'). Then there exists
€g = €5(N,T) > 0 such that N' € B(X) and ||V —N||, < eg imply that T separates o (N).

The lemma is a special case of a standard result on stability properties of spectral
projections, (see [K], ch. 4, par. 3). In our case I is fixed and eg(Mg,, ') depends only on
My, and therefore on ). We see that we can choose €4 that is independent of

Lemma 3.8 Suppose that I separates o(M.,) for all Q € C;. Then there exists eg > 0
such that if N € B(X) and |[N — Mg,||, < €g for some Q € Cs, then T separates o (N)

Proof: From the definition of ¢,, Mg +k = Mg, Vk € {0,1,2,...}. Tt is therefore
sufficient to show the lemma for M, with Q € I 3 for some non-negative integer k. Let
I = I}. Consider w, € I, and an eg(w,) > 0 such that for any N € B(X) with ||V =N||, <
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€g(wy) we have that I' separates o(N'). By Lemma 3.7 such eg(w,) exists. Let
(3.29) GWO(Q) = e5(wy) — ||mQ - Wono-

There exists a neighborhood E, C I of w, where, by Lemma 3.6, €, is bounded away
from zero. Moreover, suppose that a bounded operator N satisfies ||V — Mg, < €, (€2)
for some Q € £, . Then, using (3.29),

(3.30) IV = M, llo < IV = Mgllo + [[Mg — M, llo < €5(wp)

and therefore I separates o(N). Thus for Q € E,, we can choose the function eg(Mg,T) of
Lemma 3.6 to be bounded away from zero in I (T" is fixed). We can repeat the construction
around any other point of I. By the compactness of I we have a finite set of intervals E,
o By, I CE UL B, and functions €; : E; — R* that are bounded away from zero in
E; and satisfy the property that if N € B(X) is at most €;(2) away from M, in the norm
for some € € £, then I' separates o(N). Choosing lower bounds €% > 0 of the functions

. . . j
e; oneach B, j =1, ..., m, we have the lemma with eg =min o, _,, €g.

By the second part of Lemma 3.5, setting € = €g, there exists My > )5 such that
Q > M, implies || Mg — Mgl|, < €5. By Lemma 3.8, for any Q € C; with Q > M,, T
separates o(My,).

Lemmas 3.5, 3.6, and 3.8 are also valid for Q € C, with the choice ¢;(2) = k,(Q) +
x,4(Q). (eg may be different.) We therefore see that there exists an M, > €, with the
property that for any Q € C, with Q > M,, I" separates o(Mg,). Consequently, I' separates
o(Myg,), for any Q > Q. = max{M;, M,}. By the Hamiltonian structure of the flow that
defines My,, the part of o(My,) inside I' consists of a double unit eigenvalue.

Lemma 3.9 Consider the invariant torus A(A) of system (3.12). Assume that 2 > €,
for some €, > Q.. Then there exist 3, ¢, > 0 such that for any e with |¢| < ¢, system
(3.12) has a two parameter family of invariant tori A_; with 8 € (=5, 5))2, and A, =
A(A). Moreover, the constants f3,, €, can be chosen to be independent of .

The first part of Lemma 3.9, on the existence of invariant the 2—parameter families of
invariant 2—tori follows from our discussion of the Floquet spectrum around the breathers,
and Theorem 2.2, by choosing n, as in (3.27). It remains to show that that 3, and ¢, can

be chosen to be independent of {2. This is shown in the next chapter.
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Remark 3.9.1 Theorem 3.3 applies to any 8 > 0, and a natural question is how €,
depends on 3. We conjecture that we can choose €2, linear in 3 so that the continuation
is valid in a region that is to the right of some w, and below some g = « for some o > 0

(see Figure 1).

To see that this is plausible, first consider (3.20), (3.21): ¢; depends on n,, and €,
with n, chosen so that c; belongs to an interval that is independent of € for €2 sufficiently
large. On the other hand, the operator £ of (3.21) depends on A and % (by Remark 3.0.1).
Since A is fixed the distance of o(ec1£) \ {1} from unity only depends on g Thus €5 is
a linear function of 8. Also, in the proof of Lemma 3.9 we observe that for 2 sufficiently
large, and % sufficiently small, all estimates depend on quantities that are independent of
Q, g (this is shown in chapters 4, 5). In particular, the distance from the resonance, the
geometry of the unperturbed torus, and the size of the neighborhood of the unperturbed
torus where we define the modified Poincare map in the proof of Theorem 2.2 depend
only on g For Q sufficiently large and g sufficiently small the other quantities affecting
the size of ¢, and f3,, i.e. norms giving information how much the unperturbed system
changes in a neighborhood of the unperturbed torus and on the size of the perturbation,

are independent of 2, and (.

We conclude this chapter with some numerical calculations of the Floquet spectra of
breathers of the averaged equation (3.4). The argument used to prove Proposition 3.2 (in
[P3]) can be also used to show the existence of multipeak breathers. For U C Z, |U| = k,

the k—peak breathers of the vanishing diffraction averaged system

(3.31) 0,0 = 277, (a),

with g, as in (3.4), are continuations of solutions of the system 0,a = —2ivg(a), g as in
(2.1), that have the form a,(t) = e=* A, where A, = +A, if n € U, even; A, = +iA, if
n € U, odd, with A\, A € R, A = 2vA2. The continuation is valid for % sufficiently small
(see [P3]). Recall that at § =0, g, becomes g.

In the numerical experiments we fix A and find breather solutions a = Ae—At of (3.31)
using minpack routines. We use values of % between 10—3 and 1.5. Also, v =1, A = 10,
2 = 13. As before, given any homotopy class «, we have a ¢ = [¢;, ¢y] € R? for which the

breathers of (3.4) correspond to 1—periodic solutions of
(3.32) w, = ¢,[iDAu — 2vig(u)] + ¢y[—iu], é=c¢,Q, J=0.

The modified Floquet map is obtained by integrating numerically the variational equation

around these 1—periodic solutions. The criterion for continuation is that the spectrum of
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the numerically computed nontrivial block of the modified Floquet map have exactly two

unit eigenvalues.

We first consider single-peak breathers. Figures 2(a), 3(a), 4(a) show the behavior
of the spectra of the nontrivial Floquet blocks as we increase the parameter g The
corresponding breathers are in Figures 2(b), 3(b), 4(b). The homotopy class is [ny,ny] =
[—1,1] with the corresponding ¢ = [cy,¢,] of (2.12). For 8 = 0, we see a double unit

8

. . . P .
eigenvalue and the multiple eigenvalues e*27% | as expected. As we increase o away from

the origin we see a double unit eigenvalue, moreover the rest of the spectrum remains on

the unit circle and accumulates at the points eﬂ”%, i.e. as expected, it stays off 1 for

B8
small a-

In the k—peak case with g = 0, the nontrivial Floquet block has 2k unit eigenvalues,

PN . o .
+£2mi5 . As we increase g away from the origin we see 2k — 2

and the multiple eigenvalues e
eigenvalues that move off 1 along the unit circle. The rest of the spectrum remains on
the unit circle and accumulates at the points e*27i%, away from 1. This is indicated in
the spectra of Figures 5(a), 6(a) that correspond to the 2—peak, and 3—peak breathers of
Figures 5(b), 6(b) respectively. For peaks that are further apart, the phenomenon is less

pronounced and the 2k — 2 extra eigenvalues remain close to unity.

Increasing n, with €2 can control the apparent accumulation points of the spectrum
but not the 2k — 2 eigenvalues that move off 1 for nonzero g Since the distance of these
2k — 2 eigenvalues from 1 vanishes as {2 — oo, it does not seem likely that the k—peak
breathers of the averaged equation can be continued by the argument of Theorem 3.3.
The strategy may still work by continuing from solutions of higher averaged equations and

using asymptotics of the eigenvalues. Another possible approach is suggested by Remark
4.5.2.

4. The equivariant continuation theorem

To prove Theorem 2.2 we follow the notation used in setting up the theorem in section
2. Let r be a fixed integer, with » > 2. Also let gf’e denote the time—t¢ map of the
vector field Xf. Assumption AI implies that the maps giE are C", Vt € R. Letting
c=lcq,...,c] € R, t € R, we also use the notation g¢t = gff ...g5t. By assumption

ATII the maps gf , gie mutually commute, for all 7, j € {1, ..., s}, and ¢, ¢ € R. Also,
B(Z,Y) denotes the bounded linear operators from a Banach space Z to Banach space Y.
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The operator norm in B(Z,Y) is denoted by ||.||, (the spaces Z, Y will be clear from the
context in each case). The ball of radius r around the point x is denoted by B,.(z), and

B, if = is the origin (the spaces and norms will be clear from the context).

The plan is to use the maps g¢* to construct a version of the Poincare map from a
neighborhood of (each) m € Ain ¥, to X

that is transverse to the unperturbed torus. This map will be further restricted to the

m, Where X is a set of codimension s in M
intersection of the level hypersurfaces of the functions HJQ, 7 =1, ..., s. The Poincare
map will be then defined on a set of codimension 2s in M. The directions we remove
correspond to the eigenvectors of the unit eigenvalues of the Floquet map Dgg§ so that
by the nonresonance condition the linearization of the restricted Poincare map will be
invertible and we can continue the fixed point of the unperturbed restricted map uniquely.
The invariant s—torus will be the set of fixed points obtained for each m € A and we

obtain an s—parameter family by varying the level hypersurfaces of the H]Q.

The construction of the Poincare map from a subset of X, to X, relies on the def-
inition of a suitable coordinate system in a neighborhood of m. This coordinate system
allows us to identify the image of a neighborhood of m in ¥ , under ¢g¢ with points on
>, This is done in Lemmas 4.1-4.4. The Poincare map is defined after Lemma 4.3. The
existence of fixed points of the Poincare map is shown in Lemma 4.5. Lemma 4.6 states
that the fixed points of the restricted Poincare are the invariant tori we seek. (The proof

makes a repeated application of the implicit function theorem, stated as Lemma 4.7.)

In the continuation problems we are studying the construction of the Poincare map
is simpler, and the map can be defined directly without reference to the general construc-
tion described in Lemmas 4.1-4.4. Similarly, the construction of the invariant tori from
the fixed points of the restricted Poincare map can be done directly, without Lemma 4.6.
Consequently we state these lemmas without proof (see [P4] for proofs). The direct con-
struction of the restricted Poincare map and the invariant tori is detailed in the proof of

Lemma 3.9.

We first define a system of coordinates around the set A. Note that for any m € A
there exists a C" Hilbert submanifold X, of M that has codimension s and is transverse
to A at m. Moreover, by assumption AII on the existence of a C" tubular neighborhood
around A, we can choose a family {¥, },,ca of such submanifolds that constitutes a C”
foliation of a neighborhood U of A (see [L]).
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Letting m € A we can assume that a neighborhood of ¥, in M has been identified with
a neighborhood of the origin of T, ¥, ~ E by a C" chart (that we do not make explicit).
Also, let h0, = HOy . Then, in a neighborhood of m in ¥, we can use coordinates
(y°, 20), where y0 € YO, the nullspace of DhO , and 20 € Z0, the orthogonal complement
of YO0in T, 3 . Note that Y0 splits in 7, ¥ . and that m has coordinates (0, 0). Also, in
a neighborhood of m € A we can use C" coordinates (39,20, w) € YO x Z0 x W, W ~ Rs,
where W is the orthogonal complement of ¥, in 7,3, . Points with coordinates (y°, 20, 0)
belong to £, . The dependence of the coordinates of a given point on m is not made explicit

in this notation.

Consider H¢ = HO + eH, where H, H, H¢ are s—component vectors with j—th com-
ponents Hg, ﬁj, H respectively. Let h,, = fI|Em. By AI the derivatives D,h0 (y9,29),
Dyh,, (y°, 20) are elements of B(Z°% R#), i.e. s x s matrices, for any (y°,2°) € £,,. By
the independence of the components of HY, and the definition of ¥ _, D,h0 (y0,20) is
invertible, V(y9,20) € .

Lemma 4.1 There exist an ¢; > 0 and and nonempty X! C X _ such that for
le] < €, and (y9,29) € X1 | the map (y°, 20) — (y°, 5¢) defined by B¢ = h¢,(y°,20) isa CT

diffeomorphism in ¥} , i.e. defines a new C” coordinate system in X! .

Let g7 (y9,29) = ¢7(y°,29,0), |e] < €, (y°,20) € XL . Let [g7(y°, 29)],, denote the
W —component of ¢g7(y9,2%,0). Also, consider a point (y°, 2% w) in a neighborhood of
YL x {0} in M, and the equation

(4.1) 92 (4°, 2w = w

for 7 € R®, i.e. (y9, 29, w) is a parameter. We want to find a neighborhood of X! x {0} in
M where (4.1) has a unique solution 7 = 7¢(y9, 20). In such a neighborhood we can use

the coordinates (y°, G¢, 7¢).

Consider now the function G(w, 1) = [¢7(yY, 2°)];;, — w, i.e. compare with (4.1), in a
subset of the origin in Rs x Rs. Note that G(0,0) = 0.

Lemma 4.2 There exist €, > 0, 7, > 0, and nonempty 2, C X1 such that for |e| < e,,
(y0,29) € ¥2 | ||w|| < ry equation (4.1) has a unique solution 7¢(y?, 20, w). Moreover, the
function x¢, : X2 x B, — Y0 x R x R® defined by x¢,(y%, 2%, w) = (y°, B¢, 7¢) with
B¢ = he,(y°, 20), 7¢ the solution of (4.1), is injective and continuous in X2, x B, . Also,

there exists 7y > 0, 7y < 7, for which x¢,, restricted to ¥2 x B is a C™ diffeomorphism.
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Let m € A, |e|] < ey, and (y%,20) € ¥2. Define the map ¢¢, : 32 — Y0 x R®
by ¢¢,(y0, 20) = (y°,5¢). Also define the map fe, : (¢9,)"1(X2,) — ¢5,(X2)) by fc, =
(@0 )~1 o ¢, . By the lemma f¢ is a C diffeomorphism between the coordinates (y°, 5°),
and (y°, ¢). Let I, be the set of w € R# satisfying ||w|| < 32 . We have the following.

Lemma 4.3 Let m € A. There exists €5 > 0 (and €5 < €,) such that if |¢] < e
then there exists U,, C ¥2 x I, with the property that any solution of cX¢ with initial
condition v(0) € U,, satisfies v(1) € 32 x I,.

The lemma follows from the continuity of the flows g¢ and X< = X0 + eX.

Let ®_ = g¢. Note that the dependence of ®_ on the homotopy class a and c¢ is not

made explicit in this notation.

By Lemma 4.2, for any (y°, 8°,w) € ¥2, x I, we can use coordinates y¢, 3¢, 7¢ defined
by 7¢(y%, 8% w) as in Lemma 4.2, B<(y%, 3% w) = hg,(y°, 8%), and y<(y°, B°, w) = y°.
Consider the image ®_(y°, 3°, w) of points of U,, under ®.. Using coordinates y¢, ¢, 7€
we define g€, BE, 7€ by
(4.2) 5O =y (R (Y5, 85,79)), B =By, B 7)), 7 =T(D(y5, B, 7).

By Lemma 4.3, j¢, 3¢, 7¢ are well defined in U,,.

Lemma 4.4 Fix m € A and let (Bé, 7€, y¢) be as above. Then for any (3¢, 7¢,y¢),, €
U,,, we have (i) Be = e, (ii) 7¢ = 747§, where 7§ depends on g€, y¢, (iii) g€ is independent

of T¢.

By Lemma 4.2 the component y¢ of ®_depends on ¢ and y¢ and we write §¢ =

9¢(0¢,y¢). We now use the condition on the spectrum of the derivative of @,,.

Let m € A, |¢] < €5. Let 33, I; be non-empty subsets of ¥2 , I, respectively, with
the property that X3 x I, C U,,. Let V, = X9 (23, x {0}). For (y°,3°) € V., define the
functions 3, and y by

(4.3) Ble,y’, 8%) = B(y°, 8°),
(4.4) g(e,y°, 8% = 5°(y°, Be,y°, B%)) = 9°(B(°, BY)).
Also, let

F(e,y° 8% = 9°(y°, ) — y° = 9(e, 4°, B(e, y*, 8)) — ¢/°
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We may assume without loss of generality that 5%(m) = 0, Ym € A, i.e. by adding
appropriate constants to the HJQ, 7 =1,...,s. Viewing F' as a function of the two variables
x = (¢,0°), y = y°, we then have F'(0,0) = 0. The function F'is C™ in its domain by the
C" regularity of the flows ®_. Also, by Lemma 4.1 and the construction of the coordinates
(y9,89), Fis C™ in m € A.

Let

(4.5) 16l = (el + 1, 8)1°) 2.

Assume that there exist positive reals p4, A;, A, satisfying respectively

(4.6) pis = |[[Do F(0,0)] -
(4.7) |DoF(x,y) — Do F'(0,0)[|g < Aql[(x,¥)[l1, V(x,y) € I3 XV,
(4.8) |F (%, 0)]] < Ao|(x,0)[[, V(x,0) € I3 xV,

Lemma 4.5 Let m € A, x¢,, . as above, and |¢| < e5. There exists ¢, > 0, ¢, < €,
that depends on A, A,, us, such that for every € € (—¢,¢,) there exists a 5 > 0 for
which |e] < ¢y, 8¢ € Bg. imply that the equation 7¢(yY, B¢) = yY has a unique solution
Y0 = p¢,(6¢). The map pg, : Bs. — Y0 is C" in a nontrivial subset of its domain. Also,
the maps p¢, depend on m in a C" way, Ve € (—¢,,€,), 03¢ € Bﬁ:.

Remark 4.5.1 In the case where one of the s, Ay, A, is not well defined, the
conclusions of Lemma 4.5 are still valid for some ¢, > 0. The more detailed version and
additional assumptions here allows us to understand the dependence of €, on some of the

parameters of the problem, especially §2; this is used the proof of Lemma 3.9 below.

Proof of Lemma 4.5: We want to solve F(x,y) = 0, i.e. find y(x) for x near the
origin. We have F'(0,0) = 0. Also,

dyc 98 9y
4.9 D, F = -1
( ) 2 66 6y0 + 6y0 )
From (0,49, #9) = 39 and the continuity of 8‘9—5) at the origin we have that
op
4.10 ——(0,0,0) = 0.
(410 55(0.0.0
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Also, at the origin,

oy 090
(4.11) 6—y0 = 6—y0(0,0).
Therefore
010
(4.12) D,F(0,0) = 8—y0(0,0) - 1.

Using the coordinates (y¢, ¢, 7€) for € = 0, the derivative of @ is

0,00  Opf 00
(4.13) DOy = | 0,000 05000 8.0/

0,070 Dgot0 0,070

By Lemma 4.4, at 30 =0, y° =0, 7, = 0 we have

0,09(0,0)  939(0,0) 0
(4.14) D®,(0,0,0) = 0 I, 0,
0,070(0,0)  9p070(0,0) I

where I, is the s x s identity matrix. The block 1, 1 is the operator g—ﬁ)(0,0) of (4.13).
By the block triangular structure of D®,(0,0), i.e. swap the first and second compo-
nents, the spectrum of D®,(0,0) is the union of the spectra of ;—33(0, 0) and I,. There-
fore o(D®,(0,0)) contains at least 2s unit eigenvalues, moreover by the assumption on
o(D®,(0,0)), the spectrum of g—gﬁ(o,o) belongs to the complement of a disk around 1.
The operator 3—5)(0,0) of (4.13) has thus a bounded inverse in Y and there exists some
s > 0 that satisfies (4.6). To apply the implicit function theorem, consider some r > 0
with the properties that (x,y) € B, x B, implies that (x,y) € I3 x V,, and

(4.15) < (2V2A 1)L
Let
(4.16) ry=71; 1, = (20 uy)" " if 2A,uy>1, r, =7 otherwise.

We check that the conditions for the implicit function theorem are satisfied for (x,y) €
B, x B, . Therefore for (¢,3°) € B, we have a unique map (¢, 3°) — p,.(¢,8°) € YO,

with F'(e, 89, p,,, (€, 8%))) = 0. The map is C" in a nonempty subset of B,. . Note that there

exist € > 0, BY such that (—ey,€y) x (=62, 80)% C B,. , moreover, given any e with [e| < ¢,
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there exists a 3¢ > 0 such that the set V¢ = (=3¢, 065) x {0} C ¢¢,(X3,) C Z0 x YO is
mapped to V.0 by (f<,)~t. We then define pg, : V¢, — YO0 by

(4.17) P (B6°) = ppe, (£1,)71(6°,0)),

ie. p&. (B9 = p(e, B2 with 80 = (f<,)~1(5¢,0). By the definition of the map p,,, and
letting B9 = (fc,)~1(5¢,0), we have

(4.18)  §°(B% p5(5)) — P5,(B) = G(e. Ble, B, (€, 8))s P (€ 8°)) — (e B%) =

= F(e, 8" ppu(e,8°)) = 0,

as required. Also, for |e| < ¢,, the maps p¢, are C™ in ¢, for all #¢ in some nontrivial
subset of V¢. The C" smoothness of the p¢, in m follows from the C" regularity of p,, on

m, and the C7 regularity of the map from the variables y9, 3¢) to the variables 39, 3°.
|

Remark 4.5.2 In the case where the multiplicity of the unit eigenvalue of D®_ is
greater than 2s and finite one may be able to analyze the continuation question using

Lyapunov-Schmidt reduction. This approach may be useful in the multipeak case.

Now, let m € A and define the map of. : A — U, .\ Uy, by

(4.19) X (05 (m)) = (3,0, p0)).
Also, let
(420) AE,BE = UmGA(ﬁea 07 pfn(ﬁe))m = 0-,2’5 (A>

Lemma 4.6 The set A, 5. is C" diffeomorfic to A and is invariant under g7, V7 € R#
(and therefore invariant under the flow of the X 5 =1 s). Moreover the motion on

A se is conditionally periodic.

The following is the version of the implicit function theorem used in Lemma 4.5 (see
e.g. [Z]).

Lemma 4.7 Let X, Y be Banach spaces, (x,,y,) a point in X xY, and U a neighbor-
hood of (x,,y,) in X x Y. Consider a function F' : U — Y, that satisfies F'(x,,y,) = 0.
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Assume that F' is continuous in U, that D,F exists and is continuous in U, and that
[DyF(x4,y0) € B(Y) has a bounded inverse. Let M, > 0 satisfy

(4.21) ([DyF (%05 ¥0)) o < M,

and consider ry, r, > 0, B, (%) x B, (y,) C U, satisfying

1
(4.22) Sup 1Dy F(x,y) = Dy F(%0,y0)llo < oM.
(x7Y)€Br1 (XO)XBrz (yO) 2
1
(4.23) M, sup |[F(x,y0)lly < 572
x€Br; (%0)

Then there exists a unique function g : B, (x,) — Y with g(x,) = y,, and F(x, g(x)) = 0,
Vx € B, (xg). Also g(B, (xq)) C B,,(y,)- If in addition, F'is C" in U, r > 1, then g is

Cr for z in some B; (x,), where 7, > 0.

We now proceed with the proof of Lemma 3.9. We follow the steps of the Poincare

map construction.

We use the following notation: let h: X — R be C" in X and define Vh: X — R by
(Vh(u),v) = Dh(u)v. Let Jv = —iv, v € X. J defines a symplectic structure in X. Also
let V, = JVh.

Similarly, let F = X x R x R (the covering space of M) with the inner product ( ,
) defined by ((u,¢,J), (v, ¢, J")) g = (u,w') + ¢¢' + JJ'. Let h: E — R be C" in E
and define the gradient V zh of h as before using the inner product on £. We also use the
notation V = V - Also let J be the tensor product of J with the standard symplectic
structure in R2. 7 is a symplectic structure on F and we let f/h = JVh.

Furthermore denote the orthogonal projections from E to X, R (angle), R (action)
by P,, P,, P; respectively. Let f/hl, ‘7,3 , th denote the corresponding components of f/h.

We first define the hypersurfaces X, . Let M = B, x St x R, with p as in Proposition
3.1. Thus p is independent of 2, for @ > Q,. Let S, be the set of points that belong
to the periodic orbit e~ A, where A C B,. Note that S, depends on Q. Let A =
S 4 x St x {0} C M be the invariant torus of the ¢ = 0 problem. Let m = (p, ¢,,0) € A,
i.e. pec S, and we may assume without loss of generality that p = A. Let P, C X be the
hyperplane through A that is normal to S, in X. Also let P¥ be the set of points a € P4
that satisfy ||a — A|| < k.
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It is easy to check that the set S 4 belongs to a 2—(real)dimensional subspace £ 4 of X,
in particular it is a circle of radius ||.A|| in £ 4, centered at the origin. Therefore, choosing
ko > 0 with ky < min{p — ||A]|,||.A4]|}, the sets P% corresponding to different p € S, are
disjoint. Moreover, by Proposition 3.2, we have that ||A|| — A as Q — oco. Since A is
a fixed parameter, i.e. it is independent of 2, K, can be chosen independently of 2 for
Q> Q,. Let ¥, be the set of points (w(p), ¢, J) with w(p) € Pﬁo, ¢, €S, JeR. By
the definition of X, there exists some p > 0 independent of €2, and m with the property
that the intersection of ¥, and B;(m) is nonempty, for every Q > €, i.e. for 2 sufficiently

large the size of X, is independent of m and €.

Remark 4.7.1 Since the averaged equation, and the breather A depend only on g,

the size of X, is also independent of g for g sufficiently small.

Given the defintion of X, above the Poincare map construction can be outlined as
follows. We observe that the time—1 map of ¢; X{, € € R, maps X x {¢,} x R C M,
¢y € S1, to itself, i.e. the angle is advanced by n,2m. Since the flow of X§ does not
change the ¢—component, the set X x {¢,} x R is also invariant under the time—1 map
of ¢, X{ + ¢, X5, e € R. Since for e = 0, m € A is also mapped to itself, we expect that for
€ # 0, |e| sufficiently small the time—1 map of ¢; X{ + ¢, X§ maps a neighborhood of m in
3, to points near P4 x ¢, x R. These points can be further identified with points on ¥,

via the flow of X§; this will define the Poincare map from a subset of ¥; to ;.

To define coordinates 89, y° on X, let f)m =3,-mx>~T_3 . Alsolet Y0 =
>, Nker(V;P(A)) and let Z° be the real span of V,P(A), and [0,0,1]. By VHO(A) =
AVHS(A) the YO, Z0 here coincide with the ones in the proof of Theorem 2.2. Also Z9 is
the orthogonal complement of Y0 in f]m. Let x = (u,¢,J) € X,,. Then we let yO(u, ¢, J)
be the orthogonal projection of x —m to Y0. Also let 59 (u, ¢, J) = H(z) — HJ(m), j = 1,
2.

To define the domain of the restricted Poincare map, let

(4.24) K ={(u,6,]):u=c"a,x € P,¥,,[0] < 2.6 = (m), ] € P;%,,}
Lemma 4.8 Let m € A, ¥, K as above. There exist 3, > 0, ¢; > 0, and a
neighborhood X3 of m in ¥ for which ®_(X3) C K, for all € € (—e5,€3), Q2 > Q.

Note that for 2 > €, the set X3

3, and €5 do not depend on 2. Lemma 4.8 follows

from:
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Lemma 4.9 Let m € A. There exists an ), > 0 such that for every neighborhood
Um of m in M we can choose a neighborhood U,, of m in M, U,, C Um, and €5 > 0, both
independent of Q for Q > Q, with the property that ®_(U,,) C ﬁm, for all € € (—eg, €3),
Q> Q. (U,, independent of Q2 means that it contains a ball that is independent of 2.)

Proof: We show that there exist e; > 0 and a subset U,, C 32 x I,, both independent
of Q, and £ o such that for any e, |¢] < €3, any trajectory v(t) of c- X¢ = ¢, X{ + ¢, X§
with 1n1t1a1 condition v(0) € U,, satisfies v(1) € 32, x I,. Let u(t) be trajectory of ¢ - X0
on A, i.e. u(0) =u(l) =m. Let v(t) be a trajectory of ¢- X¢, v(t) € B(p) x ST x R. Let
P,, P,, P; denote the projections onto X, ST (the angle coordinate), and R (the action
coordinate) respectively. Let (;(t) = |[Pyv(t) — Pyu(t)]|, ¢;(t) = |Pju(t) — Pu(t)], j = 2,3.
Note that by u(1) = u(m), (;(1) = |[[Pv(t) — Pym|[, we have (;(1) = |[P;ju(1) — P;m|,
j = 2,3. From the definition of v(t), u(t) we have

(1429 G0 GO+ [ 1P X0(uls)) ~ P Xutslds + 1l [ 1P K(s)ds

From the discussion of section 3 (see also Lemma 5.4), |¢,|, |¢5| are bounded independently
of Q for 2 sufficiently large. By Lemma 5.3 the Lipschitz constant for P, X0 in B , can be
chosen to be independent of €2 for (2 sufficiently large. Also, by Proposition 3.1, P, X is
bounded by a constant independent of €2 (and ). Thus, for ¢ € R, we have

(4.26) G () < G (0)+ /O Cycy(s)ds + €| Cy

with C,, C5 constants that are independent of Q (and ). The functions cH¢ = ¢, Hf +
c,HS, HS = P are constant along the trajectories of cX¢. Comparing the values of Hf at

t =0, 1 we have

(@21) G = 1T0) —JO)] = g (1w, (1)) — HY(m)| + €l A (0,(1)) — Fy(m)])
By Proposition 3.1, and Lemma 5.2 we then have

(4.28) (3(1) < C5¢3(0) + Cglel,

with Cy, Cy independent of m, 2, and g for Q) sufficiently large. Therefore

(429) (1) < (C(0) + [e]Cy) (1 + Coe™), (1) = G(0),  (5(1) < G5(0) + [l Cy

with C,, C5, C; independent of €2, and %, therefore, given any ¢ > 0, there exist d;, d,,
ds, €5 > 0 independent of 2, and % such that (;(0) < d;, j = 1,2,3, |¢] < & imply that
¢;(1) <4, j=1,2,3, as required.
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In 323 we further let ¥(3°,9°) = (u, ¢, J), i.e. ¥ takes us from the 39, y0 to the u, ¢,

J coordinates in ¥3 . Also let Ej, j =1, 2, 3 denote the respective u, ¢, J components of

Y.

In addition, let p = (u, ¢(m),J) € K. Then there exists a unique pair of 7 € R, and
p = (u,¢p(m),J) € X3 such that the time—7 map of VP = —iV P takes p’ to p. We
then let ¥ (u, p(m),J) = (B, p(m), J),y(w’, ¢(m), J)). Let 9, be the yO—component
of 1.

Remark 4.9.1 Note that 7 corresponds to 7, in (the general setup of) Lemma 4.4.

We then define the restricted Poincare map F' by

(4.30) F(e, 8% 1°) = (@ (4 (5% 4°))).

By Lemma 4.8, and the definition of 1, 1, the map F can be defined for all € € (—€q,€3)
and all 59, y0 corresponding to points in ¥3 . By the definition of 3°, y°, and the fact that
Y3 contains a ball that is independent of Q for Q > Q, the range of §°(z), and y°(x),
with € X3 is independent of 2 for Q > €,. Thus the domain of F' is independent of
for 2 > Q.

Remark 4.9.2 By the 59, y°, and the fact that X3 contains a ball that is indepen-
dent of g for 2 > Q, and g sufficiently small we similarly see that the domain of F' is
independent of g for 2 > Q, and g sufficiently small.

Letting x = (¢, 4°), y = 39, and defining the norm || - ||; as in (4.5), we complete the
proof of Lemma 3.9 by showing that p5, Ay, A, of (4.6)-(4.8), and hence ¢, in Lemma 4.5
can be chosen independently of €2 for 2 sufficiently large. The estimates below are also

seen to be also independent of g for 2 > Q) and g sufficiently small.

By (4.6), the definition of g—gﬁ in the proof of Lemma 4.5, and Lemmas 3.7-3.8 we have
—1 99° -1
(4.31) ps = |[D2F(0,0)] " [|o = H[a—yo(O,U)] llo <o

with 7, independent of € for 2 > Q, > Q.. By Remark 3.9.1 r, is independent of g for
Q> Q, and g sufficiently small. We further have:
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Lemma 4.10 Let m € A, |¢| < €5. Then there exists an ©, > 0 such that for Q > Q,
the constants A;, A, can be chosen independently of (2, and m € A.

Proof: Let m € A and 1, ¥ as above. Let ®_ be the time—1 map of the vector field
c-X¢=c X{+cy,X5. We first estimate A,. Since

(432) F(G, 6070) = 7#1(@6(@(5070)))7

to show (4.8) with A, independent of 2, m it is enough to find K, K, ..., K, independent

of ©, m, such that for |e| < e; we have

(4.33) 19(6%,0)[| g < K518°||R2 + Kglel,  ¥(8°,0) € 27;
(4.34) 1@ (v —m)|[p < K\[lv —m[g + Kyle|, VoeU,;
(4.35) by (v = m)[lyo < Kyllv —ml|g + Kyle[, VveK.

To prove (4.33), write m = Ae?, i.e. as in the breather equation, and let z € X3 .
Then 3 = H? — H;(m). Also, let @ = P;(z —m) € X, J = Py(z —m) € R. Then

(4.36) By = 2Re(Ae’, u), + ||l

with (u,v), = > 7 u,v; the standard Hermitian inner product in [5(Z, C). Since y° = 0,
z € ¥3 | the variable u can only have components along V pH,(m), V zH,(m). Moreover,
by the breather equation with A € R, VH,(m), VH,(m) are colinear. Therefore 4,

and u are colinear and (4.36) becomes
(4.37) By = 2| Alll[al] + [ |ull?

with the +, — signs corresponding to 49 > 0, 59 < 0 respectively. In the + case we have

8 18]

4.38 ul| < — < .
(4.38) el < ST < 274l

Recall that by the discussion of the tubular neighborhood around A we have ||u|| < [|A]|.

Then, in the — case we have

81881
AN = Al

(4.39) lall <
2]l
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By the discussion on the tubular neighborhood around A, [|.A]| is bounded away from the
origin as € — oo and therefore (4.38), (4.39) imply that

(4.40) lall < ClIB3 11,

with C' independent of () for Q2 sufficiently large. Furthermore,

(4.41) Bl = _Qj+ﬁ4(z) — hy(m),
hence
(1.42) J= & (-8~ F(2) + Fym).

By Lemma 5.2 we then have that, for () sufficiently large, there exist C;, C, independent
of ) such that

(4.43) [J] < Cy1BY| + Collall.
In addition, |¢| = |P;(z —m)| = 0. Combining this with (4.40), (4.43), we obtain (4.33).

To show (4.34) observe that v = v (1) —m, i.e. with v as in (4.34), v, as in of Lemma
4.9. Then, (4.34) follows from the arguments of Lemma 4.9.

To show (4.35) we write
(4.44) Py(v —m) = Pyo(g3(v) =m) = Pyonx Pr(95(v) —m), 7=1(v,5,),
where Py, is the orthogonal projection onto Y?, and ¢ = 95..- We have
(4.45) 1Pyonxllo < 1+ 1Pzonxllo < 1+ [[[JAITHAA o < 1+ Al < 1+ p,

with p independent of 2. To estimate P, (g3 (v) —m) in (4.44), let v, = P,v, my = P;m,
and 6 = 7(v,%,,). We have
(4.46)

0
[Py (93 (v) —m)|| = Hezevl —my|] < lvg —my] —H/o Py X5(vy(s))ds| < [Jvg —my|| + pld].

To estimate 6 consider X, i.e. l,(Z,C) with the complex Hermitian structure (,-)., and
apply Gram-Schmidt to obtain a new basis {b,}, cz in which —iVP(A) = ||A]|b;. Let
U be the corresponding unitary operator. The action of pointwise mutiplication by e

in the standard basis of X, commutes with U, UT and therefore has the same diagonal
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representation in the new basis. Note also that f)m is the direct sum of the Hermitian
complement of —iV P(A), viewed as a (real) subspace of X, and the (real) span of VP(A).
Then 6 is the angle between ¢, and p = VP(A), where 9, = (v, b;).. Since both VP(A),
v, belong to the same real 2—plane, and |§] < {5 by v € K, we have

™ |fi— p
2 ful

(4.47) 6] < gsm\e\ <

where i is the point along ¥; which makes the segment fi,  normal to ©;. Therefore,
(4.47) implies

(4.48) o] < ZH—H

(4.35) is obtained by combining (4.44)- (4.46), (4.48).

To estimate A, write

%m(@e@wo,y)» -

(4.49) D, F(e, 8% 4°) =
00,081 0,082 00,000
~ Ou Oy° o 0y°  9J 0yY°

where I is the identity in Y© and ®!, ®2, ®3 are the u, ¢, and J components of P,

respectively. We observe that 88122, %’? vanish identically. Moreover

I

odL 9L oY,  OPL Y, n 0P 9y,

(4.50) Oy0  Ou 9y ¢ 9y° 9T OO

where g—fg, g—% also vanish identically. Therefore (4.49) reduces to

(4.51) DyF(e,8°,y) = AB.C — I

with

(4.52) A=Dpy at @ (4(8y), B.=DP; at ¢(3,y),

C':l)2E1 at (ﬁovy)'
Then

(453) DQF(‘E?ﬁOa y) - D2F(07 0, O) = A(Be - BO)O
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Note that A € B(X,Y9), B, € B(X,X), C € B(Y?,X), D,F € B(Y9,Y0).

To show that A; can be chosen independently of €2 for Q sufficiently large it is then
enough to show that for |e| < €3, (89,9y°) € X2, and 2 sufficiently large we can choose Ly,
M,, M, independent of 2, and m € A for which

(4.54) 1B = Byllo < Lgll(e. 8%yl
(4.55) 1Allg < My, [[C]ly < M,
where || - ||, denotes the operator norm in the respective spaces.

To bound ||A||,, we have that by (4.52), (4.44)

0

0
(1.56) A= tby(u,6,0) = Prony 5P (). 7=7(0,5,,)

since Pyonx s constant. By (4.45), (4.56) implies

0
(4.57) 14]lo < Cll7-Prgs (u)llo,

with C' independent of € for Q large. Letting 0 = 7(u, X,,) we also have

(4.58)) [%Plgg(u))]v = (V0,v)ieu + ev.

Employing the change of basis we used in showing (4.35), and letting u, = (u, b;)., we
observe that 6 is the angle between u,, u = VP(A) and therefore depends on u, alone.

Then, letting u; = [z, y] € R2, i.e. the complex span of b, we have
(4.59) 1(V0,v)]| < (65 + 0))]|v]].

From (4.58) we therefore have that

0
(4.60) I Pgs )l < 1+ p.

By (4.57), (4.60) we can choose M, = ¢(1+ p) in (4.55), i.e. is idependent of €.

To bound ||C||, in (4.55), we note that u, the first coordinate of point in 3, is given
by u = P,(z +y), with z € Z°, y € Y0. Thus we can choose M; = 1.
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To show (4.54), let s € [0,1], u;(s) € M a trajectory of cX/, with [e;| < 3, j =1, 2.
Then D®, (u;(0)) = V(1) where V(1) satisfies

(4.61) V,(t) =V,(0) +/O D(c- X% (u;(s)))V;(s)ds, V,;(0)=1,

with I the identity in X. Letting ¢, =€, |¢| < €5, and ¢, = 0 we have

(4.62) |B. = Byllo = |[V2(1) = Vi (1)]lg
with
(4.63) [V () = Vi (@)l]o < /O 1Dy Pre - XP(uy(9))]1o][ Vo (s) = Vi(s)]lods+

+ / 1Dy Pre - XO(us(s)) — Dy Pre - XO(uy () [ol [V (5)]lods +

t
lle / 11D, P, (uy(5)) 1ol [V 5(5) Jods,

with || - |[o the operator norm in B(X, X), t € [0,1]. Recall that u,(s) € B(p) x S* x R,
Vs € ]0,1], j = 1, 2, and that by the argument of Lemma 4.9 we have

(4.64) |Prug(s) — Prug (s)l 3 < K" ([|uz(0) — uy (0)]]x + le]), Vs €0,1],
with K,” independent of Q for Q2 sufficiently large.

Choosing 2 sufficiently large we have the following. First, by D, P,c-X¢1 = D, P,c- X0,

expression (4.61) for V,(¢), Lemma 5.5, and Gronwall we obtain
(4.65) Vi)l < Ky, Ve €0, 1],

with K, independent of Q. Also, by D,P,¢- X2 = D, P,c- (X0 + eX), expression (4.61)

for V,(t), Lemmas 5.1, 5.5, and Gronwall we have

(4.66) [[Vo(@)llg < K7, VE€0,1],

with K independent of €). By Lemma 5.5 we also have

(4.67) ||Dy Pre;y X7 (ug(5))l]g < K3, Vs €[0,1],

with K independent of €. Also, by Lemma 5.1, and (4.64) we have

(4.68) [|[DyPc- XO(U2(S)) — D, Pc- Xo(u1(5))”o < K/ K" ([[ug(0) — uy (0)|| 5 + lel),
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Vs € [0, 1]. Furthermore by (4.64) we have
(4.69) IVi(s)llo < K5, Vs €][0,1],
with K, independent of €.

Combining (4.65)-(4.69), and (4.63) we then have

(4.70) IVa) = Vil < [ K3lIVals) = V(o) lyds+

+/0t K, K" K(||[Pyuy(0) — Pyug (0)] x + [e])ds + |¢] /Ot KgK7ds.
By (4.70), and Gronwall we therefore have
(4.71) 1B = Bollo = [IV5(t) = Vi (#)[lg < Kg([[ug(0) = uy (0)|| g + [€]),
with Kg independent of Q. By u,(0) = m, and setting u = u,(0) —m, (4.71) then yields
(4.72) 1B, — Bylly < Kg(|[ullg + lel) < K'[|(e, 8%, )l

with K" independent of Q. Setting Ly = Kg' we obtain (4.54).

5. Some auxiliary lemmas

Lemma 5.1 Let uw € B(p) x ST xR, || - ||, the operator norm in B(X, X ). Then
HD1P1X(U)||0 < K,
with K independent of 2, and g for Q sufficiently large and g sufficiently small.

Proof: Let z € M. We will use the following expression for the remainder:

(5.1) X(2) = R;(2) + Ry (2) + Ryy;(2),  with

2l =

(5.2) Ri(z) = Vh4oT(z) - VM(Z),
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(5.3) RII(Z) = f/hgoT(Z) - VhQ(Z)a

(5.4) Ri(2) = VhooT—hof[S,ho](Z)'

We want to bound QR;, ..., QR;;; by quantities that are independent of 2 for {2 sufficiently

large.

First we recall that for h : M — R, and G a symplectic transformation in M,
(5.5) Viog(2) = ([DG)(2)) 1V, (G(2)),

by the chain rule. Moreover, by the definition of S, h, we have

(5:6)  Rpp(2) =/O {([DT*)(2)""V;,(T%(2)) =V, (2)}dar,  with by =hy — hy.

Also, [DT*(z)]=! = DT ~*(T%(z)), Yo € [0,1]. We further observe that D, 7>, D, 7y,
D37 vanish identically, Vo € [0,1], and that ([DT(2)]7!),; = DT~ “(7%(2)), Va €

[0, 1], where (), ; denotes the X, X block. These simplifications follow from the fact that
S depends only on the first two components (see [P1], p. 233).

To estimate R;(2), let f(z) = Vh4(z). From (5.2), (5.5)
(5.7) Ry(2) = [DTHT (2)(f(T(2)) = f(2)) + ([DT T (2))] — 1) f(2).

Using the simplifications above we have

(58)  PiRi(2) = Dy (T ()(A(T(2) = fi(2) + ([Dy LT (2)] = Dfr(2)

(in (5.8) I is the identity in X). Differentiating, using the vanishing of D,7,, D, 75, and

taking norms we have
(5.9)  [ID1PR(2)llg < IDYT (T (2)llo,olID1 T ()l £ (T (2)) = fu(2)] |+

HIDL T (T ()lID1 (F1(T (2)) = Fu(2)llo + DT (T (D)o ol Py Ty ()lo £ (2)] ]+
HIDy T (T (2)) = IllolI D1 f1 ()]s

where ]|, o is the operator norm in B(X, B(X, X)), |||, is the operator norm in B(X, X),

and || - || is the norm in X.
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Similarly, differentiating (5.6) and noting that P, R;;; is C! in X, we have

1
(5.10) HD1P1R111(Z)H0 S/o HAIII(Zva)HOda
with
(5.11) 1Az (2 )l < DT (T (2o, o IDV T (ol /1 (T(2)) = f1 () +

HIDLV T (Tl Dy (F1(T(2)) = Fi(2)lo+
HIDYT (T () lo ol IDy T (2) ol | 2 () 1+
HIDVT(T(2)) = Lol Dy f1 (T (2)) o

with f(2) = 17,34, and the notation of (5.9) for the norms.

We estimate the various terms in (5.9), (5.11). To avoid repetition we assume that €2
is large enough, and g small enough for the {2—, and %— independent bounds of Lemmas
5.2-5.9 to hold.

First, in (5.9), and (5.11),
(5.12) 1P < Ty, [IDL P (2)]g < T,

with T}, Ty independent of €2, g by Lemma 5.6. Similarly, by Lemma 5.6, and 7%(z) €
B(p) x ST x R,

(5.13) 1PLf(T(2) = P f(2)l| < T7y Va €0, 1],
with T+ independent of 2, g
Also, D,7,(z) = V(1) where V(t) satisfies

(5.14) V(t):V(O)+/O [D,VE(2(r)]V(r)dr, V(0)=1,

with z(7) the image of z = 2(0) under the time—7 map of the flow of V. By Lemma 5.7

and Gronwall we then have
(5.15) D174 (2)[lg < T,

with 7%, independent of (2, g
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Similarly, D,7; (7 (z)) = V(1), where V() satisfies

(5.16) V(t):V(0)+/O [D,VsGNV(r)dr, V(0) =1,

with Z(7) the image of 7(z) = 2(0) under the time—7 map of the flow of V_g. By Lemma

5.7, and Gronwall we then obtain

T.
(5.17) ID\TH(T () = Illo <
(5.18) 1D, N (T ()] < T,
with Tg, T, independent of (2, g
Also,
(5.19) 1Dy (f1(T (2)) = fL (Do < [1D1f1(T(2))lo]1D1 Ty (2) = Ilo+

1Dy (T (2)) = Dy fi(2)lo-
Using the variational equation for D7 (z), Gronwall, and Lemma 5.7 we have

Tl 0

(5.20) 1D\ T3 () = Tl < =2,

with T}, independent of €2, %, moreover, by Lemma 5.8, the variational equation for
D,7,(z), and Gronwall

(521) DA (T() = Dyl < 2

with 7', independent of (2, g By (5.19)-(5.21), and (5.12) we therefore obtain

(522 DL (AT ()~ FiDlly < 2.

with Ty independent of €2, g

To estimate D27, (7 (z)) we look at the equation for the second variation and obtain
that D37, (7 (z)) = W(1) where W (t) satisfies

(5.23)  W(t)h = W(0)h + /0 {D,V1s(u(s)W(s)h + [D2V s (u(s))V(s)h]V(s)}ds,
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W(0) =0, where h € X and V (t) satisfies (5.14). Furthermore
(5.24) 1D, V25 (u(s))W (s)llo,0 < 11Dy V2 (u(3))l1ol W ($)]lo,01

IIDIV25(u(s)) V()R V (s)llg < [IDFV2g(ul(s))V (s)RllolV (s)llg <

(5.25) < |IDFVE s (u(s)) ool [V ()R V ()],
hence
(5.26) 1DV (u(s))V(s)(V(5)llo,0 < 1DTVEs(u(s))]0,0(11V (9)]]0)*

Then, by Lemmas 5.7, 5.9, (5.23)-(5.26), and Gronwall we have

T

(5.27) ||D%7/171(T(2))H0,0 < Q

with T} independent of 2, g

Collecting the bounds (5.12), (5.13), (5.15), (5.17), (5.18), (5.22), (5.27) for the terms
of (5.9) we have
¢y
(5.28) 1Dy P R (2)]]g < Rl
with C; independent of 2, g for € sufficiently large, g sufficiently small. To estimate
D,P,R;; we use (5.9) with f(z) = f/hQ(z). Since h, is independent of 3, w we similarly
have

C.
(5.29) 1D PR ()l < 2
with C, independent of (2, g for ) sufficiently large, g sufficiently small.

In (5.11) we also have the terms of (5.9) with 7, 71, replaced by 7%, 7~ respec-
tively. We argue as above, using Gronwall up to a time «. The bounds are similar, and
uniform in « € [0, 1], so that (5.10), (5.11) yield

Gy

(5.30) [[D1 P Ry (2)]lg < 0

with C5 independent of €2, % for € sufficiently large,g sufficiently small.

39



We sketch the proofs of the Lemmas 5-2-5.9 usd above.

Lemma 5.2 Let u, v € B(p) C X. Then |h,(u) — hy(v)] < k||lu — v|| with &
independent of 2, ¢ € S, and g

Proof: Let a, b€ X, hy(a) =), . la,|*. We easily obtain
(5.31) [hy(a) = hy(0)] < (llal* + 11611*)(lall + [[6])]a — b]]-

Recall that L,, is norm continuous in 9, and an isometry in X, Vi € [0,27]. Then by
(5.31) we have that for u, v € B(p)

27
. . gl
5:32) [fyf@) =By < 2 [ Uyl + 12,0l Pl + Lol DIy~ Lol <

< Il + ol (Gl + [JolDll = l] < 4ly]p[[u = v]].

Lemma 5.3 Let u, v € B(p). Then
(5.33) 1PV, (w) = P Vg (0)]] < Cllu— o,
with C independent of 2, ¢ € S, and g
Proof: Let a, b€ X, (9(a)),, = |a,|?a,. We estimate
(5.34) llg(a) = g®)II < (llall* + b]* + |al [*[5]|*)#]|a — b]|.

Using the continuity and isometry properties of L, as in Lemma 5.2, (5.34) implies that,
for u, v € B(p),

(5.35) 1PV (u) = P Vs (0)]] <

R 1
<o ), (IZgull* + L yoll* + L yul P Lyoll?) 2 (| Lyu — Lyolldy < 2v3]y]p?|[u — v
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Lemma 5.4 Let u, v € B(p) x ST xR, || - ||, the operator norm in B(X, X). Then
(5.36) 1Dy Pre- X°(u) = Dy Pre- X°()]|g < K,/ |lu—vl],
with K," independent of Q, ¢ € S1, and g for () sufficiently large, and g sufficiently small.

Proof: We have ¢ - X0 = ¢; X0 + ¢, X3, with ¢;, ¢y as in (3.18). By Lemma 2.5

(5.37) ey (Q)] < g VO > Q,,
and since n; = —1, |¢,| is bounded independently of €2, and 5 provided that Q > Q..
1 2 Q 3
Similarly,
(5.38) ey = [n,2TA < - v s 0
. C _ — R -
e =y 3

with A fixed, i.e. independent of {2, and g Also, for u € X, the derivative of X is
(5.39) D, P, XS(u) = Dju=1,

i.e. independent of u. It therefore remains to estimate the Lipschitz constant for D, P, X?.
For u, v € X, we have (see also (3.21), (3.22))

_ Lo .
(5.40) Dy (w)]o = 5 /O L}, [Dg(L,u)|Lyvdy,  with
(5.41) ([Dg(w)]v),, = 2|u,|*v, +uivi, n€Z.
For a, b, v € X, we then estimate that
(5.42) I[Dg(a) = Dg(b)lvl| < v20(]|al[* +[[b]*)l|a — bl]|v]].

Using (5.39)-(5.42) and the properties of L,, we have that for u, v € B(p), w € X,

(5.43) 11Dy Py X7 () — Dy P XY (0)]wl]| <

Ivl
< \/_ |L¢U||2 + ||L¢UH ) [ Lyu — Lyvl|dy <

< v20\7\(lluH2+ [[011)2Jw = ol[[[w]] < VA0 pl[u = v]|[]w].
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Lemma 5.5 Let u € B(p) x ST xR, || - ||, the operator norm in B(X, X). Then
(5.44) |Dy Pre- XP(u)l]y < K,
with K5 independent of Q, ¢ € S, and g for 2 sufficiently large, and g sufficiently small.

Proof: Applying Lemma 5.4 with v = 0 we have that for u € B(p)
el
(5.45) ||D1P10'XO(U)||0 < |01|||D1X?(U)||0 + ey < \/72‘)\‘ p* + 3,
where the bound on |c,| used (3.18), (5.37).
|

Lemma 5.6 Let h be one of hy, hy, hy, z € B(p) x St x R. Let || - ||, be the
operator norm in B(X, X). Then ||[V;}(2)]], ||D,V;}(2)]|, are bounded by constants that
are independent of 2, ¢ € S, and g for ) sufficiently large, and g sufficiently small.

Proof: For h = h,, iL4 we estimate the Lipschitz constant for f/hl, D, f/hl as in Lemmas

5.3, 5.4 respectively and bound the norms as in Lemma 5.5.

Lemma 5.7 Let z € B(p) x St x R. Let || - ||, be the operator norm in B(X, X).
Then

ty

(5.46) Vs ()l < 1D, Vs (2l < &

with tg, ¢, independent of €2, ¢ € ST, and g

Proof: From the expression for S in (3.9) we have that for u, v € X, ¢ € S1,

(5.47) Va(u,6) = —is) / La(Lyu) —g(u)) v,

1 2y ¢ t — _
(5.48) D1V (w90 =—iy | (LLIDg(Lyu) - gw)]L v — Dgluyw) dy.
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Using the properties of L, (5.47), and arguing as in Lemma 5.3 we have that for u € B(p),
¢ €St

2|y 87ly|p?
a0 IRl < [ (ol + ) as <

Similarly, using (5.48), and arguing as in Lemma 5.4, we have that for v € X, u € B(p),
¢ €St
(5.50)

- ¢ o
11D, 72 o)) < 210 | (IEL Doz ) Lol + 11Dg ) o < VR0l

The proof of Lemma 5.8 below uses the arguments of Lemma 5.4 and is omitted.

Lemma 5.8 Let f be one of f/hQ, th f/;u above, u, v € B(p) x ST x R. Let || -],
be the operator norm in B(X, X). Then

(5.51) 1Dy Py f(u) — Dy Py f(v)llg < Lf|u—vl],
with L = L(f) independent of Q, ¢ € S, and g

Lemma 5.9 Let z € B(p) xSt xR. Let [|-|[y o be the operator norm in B(X, B(X, X)
Then

- t
(5.52) HD%VS}(Z)HO,O < 517
with ¢, independent of 2, ¢ € S1, and %

Proof: Let a, w, v € X. We compute

(5.53) ([D?*g(a)](w,v)), = 2(a, +a’)w,v, + 2a,w,v:, nciZ,

n-n-'n’

(550 (DL g)(Lya)](w.v) = L} [D9(L )] (Lyw. Lyv).
Using the properties of L,,, and (5.53) we estimate
(5.55) 1[D?g(Lya))(Lyw, Lyo)l|* < 12||a*[Jw][?|[v].
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Using (5.53)-(5.55) we have that for u € B(p), ¢ € S1, w, v € X

(5.56) 1[D2V (u, §))(w, v)|| <
¢ ¢ o
= %{/0 ||LL[DQQ(L¢U)](w,v>IIdw+/O (%/0 ||L2[D2g(L9u)](w,v>||d9)} <

lnl 8v12m|y|p
< 87T\/126Hu||||w||||v|| < —q il
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8. Figure Captions

Fig. 1: Conjectured range of validity of the one-peak breather continuation argument.

Fig. 2(a): Spectrum of (nontrivial modified) Floquet map for single peak breather. The
unit eigenvalue is double. D = 0, % = %

Fig. 2(b): Single peak breather, averaged system. D = 0, g = %

N

Fig. 3(a): Spectrum of (nontrivial modified) Floquet map for single peak breather. The

unit eigenvalue is double. D = 0, % = %8

oo

Fig. 3(b): Single peak breather, averaged system. D = 0, g = %

Fig. 4(a): Spectrum of (nontrivial modified) Floquet map for single peak breather. The

unit eigenvalue is double. D = 0, % =2

Fig. 4(b): Single peak breather, averaged system. D = 0, g = 1—23

Fig. 5(a): Spectrum of (nontrivial modified) Floquet map for 2—peak breather. The unit

eigenvalue is double. D = 0, % = %
Fig. 5(b): 2—peak breather, averaged system. D = 0, g = %1

Fig. 6(a): Spectrum of (nontrivial modified) Floquet map for 3—peak breather. The unit

eigenvalue is double. D = 0, g — %

0.1

Fig. 6(b): 3—peak breather, averaged system. D = 0, g =13
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