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We study a coupled Schrodinger-elliptic evolution system that describes the propagation of a laser
beam in nematic liquid crystals. The elliptic equation describes the effects of the beam electric field
on the local orientation (director field) of the nematic liquid crystal and has an important regularizing
effect, seen experimentally and understood theoretically in related models. In the present work we
propose a new nonlinear elliptic equation for the director field that makes no assumption on the size
of the director field angle. The analysis of this elliptic equation leads to an upper bound for the size of
the director angle that we believe is optimal and physically relevant, and that implies that the elastic
response of the medium prevents a complete alignment between the electric field and the orientation
of the liquid crystal. The results on the elliptic problem are combined with arguments from dispersive
wave theory to show the local and global well-posedness of the evolution problem and the decay of
small initial conditions. We also show the existence of constrained minimizers of the Hamiltonian,
assuming sufficiently large optical power (L>—norm of the laser field). These minimizers are solitons

with radial, monotonically decreasing profiles.

© 2020 Elsevier B.V. All rights reserved.

1. Introduction

We present results on well-posedness, decay and soliton solu-
tions of the coupled nonlinear Schrodinger (NLS) equation

1
du = Eivzu + iy (sin®(y + 6y) — sin®(6))u, (1.1a)

VWi = %Eg sin(260) — = (E2 + |ul?) sin(2(y + 6o)), (1.1b)

1

2
where u and i depend on the “optical axis” coordinate z € R,
and the “transverse coordinates” (x,y) € R*. V? = 87 + 97 is the
Laplacian in the transverse directions. Ey, v and y are positive
constants, and 6, is a constant satisfying 6y € (7 /4, 7 /2).

The model arises in the study of optical beam propagation
in nematic liquid crystals and models a set of experiments by
Assanto and collaborators [1-3]. The complex quantity u repre-
sents the electric field amplitude of a laser beam that propagates
through a nematic liquid crystal along the optical axis z. The laser
electric field has only one component, along the vertical axis x of
the plane normal to the optical axis z. The quantity 6 := 6y + ¢
(the “director field”) describes the macroscopic orientation of
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the nematic liquid crystal molecules. The macroscopic molecular
orientation vector field is assumed to lie on the plane defined by
the optical axis z and the vertical direction x, and 0 is the angle
between the macroscopic molecular orientation vector and the
Z-axis.

System (1.1) is derived heuristically in the Appendix, where
we also discuss further the physical meaning of the variables, the
assumptions on the constants, and the experimental geometry.

The model (1.1) is a generalization of two related systems
studied earlier, (1.2), (1.3), that were derived under the assump-
tion that v is small [4]. In contrast, the derivation of (1.1) does
not make any explicit assumptions on the size of /.

The first related model, see [3,4], is

1 1
du = Eivzu + Siyusin(y), (1.2a)

V24 = qsin(2y) — 2 |ul? cos(2y), (1.2b)
with g > 0. A simpler model, obtained using sin ¥ ~ ¥, cos Y ~
1,1is

. 1_,

182u+5V u+yyu=0, (1.3a)

vy — 2qy = =2 |ul?, (1.3b)
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with ¢ > 0. The constant q is related to 6 of (1.1) by —2q =
cos 26, up to an error O(y2), see [4], i.e. ¢ > 0 requires 6y > 7 /4
up to this error, see the Appendix for further comments.

Model (1.3) captures the physical effect that a localized electric
field u can produce a deformation of the director angle ¥ at
longer distances and is consistent with the experimental observa-
tion of stable optical solitons [3]. Partial theoretical explanations
were given in [5-7].

Mathematical results on (1.3) include local and global well-
posedness in H!, existence of energy minimizing soliton solu-
tions, and decay for small initial L?> norm, see [8-10]. Similar
results for related NLS-elliptic systems are shown in [11-14].

Recently, results of this type were also shown in [4] for (1.2).
The motivation for the present study comes from a new effect
seen in that work, namely that i takes values in [0, 7 /4). This
is a “saturation” effect due to the nonlinear equation (1.2b) for
Y. The bound on v, together with 6, > /4, allows for (but
does not imply) a bound # = 6y + ¥ < /2 on the total
angle, implying that the molecular orientation cannot be along
the laser electric field. This bound would be interesting because
the interaction between v and u in (1.2b) describes the ten-
dency of the electric field and the molecular orientation to align,
see Appendix. On the other hand, the derivation of (1.2) uses
the assumptions that 6, — 77 /4 is positive and small, and that
is also small compared to 6, — 7 /4 see [3,4]. Thus the physical
relevance of this saturation effect motivates the study of systems
derived without the assumption that v is small.

Our first result is that given u e L*(R?) N L(R?), Eq. (1.1b)
has a unique solution v (|u|?) that belongs to H%(IR?) and satisfies
Y(x) € [0, m/2—6) C [0, w /4), for all x € R?, see Proposition 2.1,
Lemma 2.2, and Corollary 2.1. This is the saturation effect that
the total angle 0 = 6y + v is less that 7 /2. This seems to be a
sharp bound on the saturation of the nonlinearity. In particular
it is more precise than the bound obtained in [4] and follows
from a more general model that has no small size assumptions
for 6p — 7 /4 and . The condition 6, > /4 is technical and
was implicit in the other two models, see Appendix for the
meaning of the assumptions on 6. The solution of (1.1b) uses a
global continuation argument. The equation is rewritten around
each solution as a linear regular elliptic operator plus a nonlinear
term, see Proposition 2.1. The regularity of the linear part uses
the assumptions Ey > 0, 6y € (v /4, 7 /2), and also the property
that the range of v belongs to [0, 7 /4), for all u. The fact that ¢
remains in that interval as we vary u is shown in Lemmas 2.1, 2.2.

The second set of results concerns local and global existence
of the initial value problem for (1.1), assuming initial conditions
uy € H'(R?), see Theorems 3.1, 3.2 respectively for precise
statements in Section 3. We also prove that the solution decays
for initial conditions uy € H' with sufficiently small L>—norm,
see Proposition 3.3. The local existence theory uses the regu-
larity of the map v (u) and the right hand side of (1.1a), fol-
lowing from the results on (1.1b) in Section 2, and Strichartz
estimates. The Strichartz estimates yield additional control u(z) €
[4(R?) N L®(R?) so that (1.1b) can be solved for almost all z
as the system evolves. Global existence uses the conservation
of the Hamiltonian H and the optical power (L>—norm of u) of
the system, see Section 4. The bound of the H'—norm follows
from the conservation of energy and uses the assumption on 6,
and the result that v € [0, 7/4) everywhere from the analysis
of Eq. (1.1b). The decay result for initial conditions with small
[>—norm uses Strichartz estimates to show that the solutions
belong to L*([0, 00), L*(R?)).

We also show existence and nonexistence results for soliton
solutions (1.1). The main result is Proposition 4.3 of Section 3,
showing the existence of minimizers of the Hamiltonian H(u, ¥)
over configurations (u, ¥) € H! x H! with the constraints that

L?>—norm of u is fixed, and v is essentially bounded below by a
suitable negative constant. The result holds under the assumption
that L2 —norm of u is above a certain threshold. Standard argu-
ments then imply that the minimizer is a smooth soliton solution,
see Corollary 4.2. We note that H in (u, ) € H! x H!, with the
L?—norm of u fixed, is not bounded below, see Lemma 4.1. This
problem can be overcome by adding a pointwise restriction on
Y. The trigonometric form of the nonlinearity allows us to seek
minimizers away from this constraint, see Lemma 4.2, and we
also use radial symmetrization and rearrangements to reduce the
problem to the radial case, Proposition 4.1. The existence of the
minimizer also requires the existence of negative energy configu-
rations. The energy estimates are similar to the ones for (1.2) [4],
and lead to the assumption on L?>—norm of u, see Proposition 4.2.
The existence of minimizers then follows from standard direct
method arguments applied to radial configurations.

The minimization proof in Section 4 implies that if the
[?-norm of u is sufficiently small then the infimum of the Hamil-
tonian H is not attained. Proposition 3.3 of Section 3 on the decay
of solutions for ug of sufficiently small L>—norm also implies the
nonexistence of solitons. This result is similar to what we see for
the systems (1.2) [4] and (1.3) [10] obtained under a small angle
Y assumption.

The paper is organized as follows. In Section 2 we show the
existence of unique solutions for the director equation,
Proposition 2.1, and the bound on 8, Corollary 2.1. In Section 3
we show local and global well-posedness for the initial value
problem, Theorems 3.1, 3.2 and decay for small L*—norm initial
conditions, Proposition 3.3. In Section 4 we show the existence
of constrained minimizers for the Hamiltonian, implying the
existence of radially symmetric optical solitons, Proposition 4.3.
In Section 5 we briefly discuss our results.

2. Solution of the director angle equation

The main result of this section is Proposition 2.1 on the exis-
tence of solutions to (1.1b), that can be written as

— V2 = N(u, ¥) (2.1)

where N is given by
1 . 1 .
N(u, ¥) = 5(Eg + [ul?)sin(2(y + 6,)) — 553 sin(26p) (2.2)

with 6y € (r /4, 7 /2) constant.
We see that N(u,.) is decreasing on the interval [7/4 —
6o, 37w /4 — 6y] C [—7 /4, 7 /2]. Also,

1 1
N(u, ¢) = 5’53 (sin(2(y + 6o)) — sin(260)) + 5 |ul? sin(2(y +65))
(2.3)

implies
1
N(u, ) < EZ cos(260)¢ + 3 lul?, (2.4)

forall v € [0,7/2 — 6], and u € C.

Note that from (2.4), we have [N(u, ¥)| < C glwl + [ul?), and
therefore N is a Nemytskii operator for u € L*(R?).

The proof of Proposition 2.1 uses a global continuation argu-
ment, and we will need to show that once a solution 1 exists for a
given u it also satisfies some additional properties that allow us to
find a unique solution for a nearby u. These properties are shown
in the lemmas below. Lemma 2.1 and Corollary 2.1 establish the
range of y, especially an upper bound that is independent of u.
Lemma 2.2 shows how the range of vy implies the monotonicity
of the nonlinearity N of (2.2) as a function of .
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We will use the following facts. Given v € L*(R?), we define
vt = max(v,0) and v~ = max(—v,0). Then ||vi||§2 =
+(v,v¥), (T, v7) = 0and oll% = o] + v |h I v €
H'(R?), then v* € H'(R?). Moreover |Vv* ”52 = +(Vv, Vv¥),
(Vor, Voo) = 0 and [|Vo[)% = | Vo], + | Vo |2

Lemma 2.1. Given u € L*(R?), Eq. (1.1b) has at most one solution
Y e H(R?) satisfying 0 < ¥ (x) < /4 for all x € R?.

Proof. Let v/, ¥, € H?(R?) be solutions of (1.1b) taking values in
the interval [0, 7 /4] C [ /4— 0y, 3w /4 —6p]. These solutions are
also in C°(R?) by the Sobolev inequalities. By (2.1) their difference
satisfies

—vV2 (Y1 — ¥2) = N(x, Y1) — N(x, ¥2),
and since N(x, .) is decreasing in [0, 7r /4], we also have
(N(x, Y1) = N(x, ¥2)) (Y1 — ¥2) " <0,

a.e. in R%. Multiplying (2.5) by (¥1 — )" and integrating we
therefore have

|V (1 — vt <.

(2.5)

Interchanging v and v, we similarly have |V (, — yr)* ||f2 <
0. From the decomposition V (1 — ) = V (¥ — )t —
V (Y2 — )T, it follows that V (Y1 — y) = 0 a.e. in R?. Since
Y1, Y, are continuous and decay at infinity, Co(R?), we obtain

Y1=1v2 O

Lemma 2.2. Consider u € L*R?) and let v € H*(R?) be a
corresponding solution of (1.1b) that also satisfies 7 /2 — 26y <
Y(x) < m — 6y, for all x € R% Then 0 < (x) < m/4, for all
x € R%

Proof. By (2.3), 7 /2—20y < ¢ < 0implies N(x, ¥) > 0, therefore
N(x, ¥)¢¥~ > 0 a.e. in R?. Multiplying (2.1) by v, integrating
and using V¢ - VY~ = — |V1ﬁ‘}2 we have

—v/ vy~ [ dx:[ N(x, ¥ )~ dx > 0.
R2 R2

It follows that ¥~ = 0.

For v € [n/4, 7 — 6], from (2.2) we have N(u,¥) < 0
and therefore N(x, ¥)( — /4T < 0 ae. in R?. Multiply-
ing (2.1) by (¢ —m/4)", integrating and using V (¢ — m /4) -
V(- 7/4)" = |V (¥ — 7/4)*|*, we similarly obtain that (v —
7 /4)" is a constant and therefore ( — 7/4)" =0. O

Corollary 2.1. Let v be as in Lemma 2.2, with u € L*(R?)NL>®(R?).
Then 0 < Y(X) < Yrmax < /2 — 60y < 7 /4, for all x € R?, where

(Eé sin(200)>
Eg + llullZ, /-
Proof. Consider u € L*R?) N L(R?) and define V. as in
(2.6). We observe that 0 < EZsin(26p) < E2 + |u(x)|%, therefore
Ymax € (m/4—6p, w/2 —6y) C (—m /4, w/4). Let ¢ be a solution

of (2.1) as in the hypothesis. We need to show that (x) < ¥max,
for all x € R2. By (2.2), N(u(x), ¥(x)) < 0 is equivalent to

T 1 . ( EZ sin(26o)

— — @y — —arcsin| ——
2 T2 E2 + [u(x)?

T 1
Vmax = — — 0o — = arcsin

3 5 (2.6)

> < ¥ ().

Since arcsin is increasing,

1 E? sin(26
T 6y — — arcsin (07(0))

2 2 EZ + u(x)?
T 1 . ( E2sin(26)
< — — fp — = arcsin -3 |-
2 2 Ey + llulls,

Thus if ¥max < ¥(x) < m/4, then N(u(x), ¥(x)) < 0 and
therefore we have that N(x, ¥) (¢ — ¥max)™ < 0 ae. in R2
Multiplying (2.1) by (¥ — ¥/max)T and arguing as in Lemma 2.2,
we see that (Y — ¥max) ™ =0. O

Lemma 2.3. There exists a constant Cy, g, > 0 such that if €

H?(R?) is a solution of (1.1b) and satisfies 0 < ¥ (x) < m/2 — 6y,
for all x € R?, then |||z < Coo.i, lullZs

Proof. Multiplying (1.1b) by v, integrating, using the assumption
Y € [0, /2 — 6p) and inequality (2.4) we obtain

1
VIV 2, < Eg cos(260) 1y 117, + 3 /2 lul* ¥ dx.
R

If we define o = —Eg cos(26p) > 0, using the Cauchy-Schwarz
and Young inequalities with 2 = «/2, this implies

o 1
VIVl + 3 iy < Sm llullfs - (2.7)
By (2.1), (2.3), (2.4) we also have
VZ < EZ 1 2 < Eg 1 2 2.8
V20l < BNl + 5 s < (22 + 2 ) uls. (2.8)

The lemma follows from (2.7) and (2.8). O

In order to solve (1.1b) we use the following definition. Let X
be a Banach space, and consider a map F : X x H*(R?) — [*(R?)
that satisfies F(u,0) = 0 and is continuous in a neighborhood
of (u, 0). Then we will consider the property that for any ¢ > 0,
there exists a neighborhood ¥ C X x H2(R?) of (u, 0) for which

IF(w, ¥1) — Fw, ¥2)ll2 < € 1¥1 — ¥2llp2 (2.9)

for all (w, Y1), (w, ¥) € 7.

Property (2.9) combines Lipschitz continuity and superlinear-
ity for the second component of F near (u,0). In Lemma 2.5
we will see that (2.9) implies the existence of a unique solution
Y(w) of =V2y + Vi = F(w, ¥) near (u, 0), V as in Lemma 2.4.
Continuity of F in the first component makes ¥/ continuous in w.
This setup will be then used to solve (1.1b). Lemmas 2.4, 2.5 are
shown in [4].

Lemma 2.4. LetV € [®°(R?), with V > 0 and liminfiy_, » V(x) >
a > 0.Then —V?y+V = f withf e [*(R?) has a unique solution
Y € H2(R?). Moreover, there exists a constant K = K(V) > 0 such
that || lly2 < K Il 2.

Lemma 2.5. Let X be a Banach space and consider a map F :
X x H*(R?) — [*(R?). Assume that V satisfies the conditions of
Lemma 2.4 and that F is continuous in a neighborhood of (u, 0) and
satisfies (2.9) at (u, 0). Then there exists a neighborhood % C X of
u and § > 0 such that for any w € % the equation —V?yr + Vi =
F(w, ¥) has a unique solution ¥ € H? (R?) with |[y/],z < .
Furthermore, the map w +— 1 from X to H*(R?) is continuous
in%.

The existence of solutions (1.1b) is shown in Proposition 2.1,
using a continuation idea and the setup of Lemma 2.5. We will
use technical Lemmas 2.6, 2.7 on property (2.9) for the nonlinear
terms, see [4] for proofs.
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Remark 2.1. Suppose Fi,F, : X x H*(R?) — [%(R?) satisfy
(2.9) at u. Then for A;, A, bounded operators in L?(R?), the map
F = AF1 + AF, © X x H*(R?) — I%(R?) is continuous in a
neighborhood of (u, 0) and satisfies property (2.9) at (u, 0).

Lemma 2.6. Leta € C!(R), u e
H*(R?) — I[*(R?) by F(w, ¥) =
continuous in a neighborhood of (u,
at (u, 0).

4R ) and defne F : [4R?) x
(Ilw|* — [ul*) a(y). Then F is
0) and satisfies property (2.9)

Lemma 2.7. Let u € [*(R?) and define F : L%(R?) x H*(R?) —
L[*(R?) by F(w, ¥) = G(y), and G(y) = (hy + hy|u[*)B(v), where
hi,hy; € L®(R?), and B € CYR) with (0) = 0, /(0) = 0.
Then F(w, ¥) = G(y) is continuous in a neighborhood of (u, 0) and
satisfies (2.9) at (u, 0).

Proposition 2.1. Let u e L[*(R?) N L®°(R?), then there exists a
unique solution ¥ € H2(R?) of (1.1b) satisfying 0 < ¥(x) <
/2 — Bg, for all x € R2. Furthermore ||Yr||y2 < C ||u||f4.

Proof. Let % C L*R?) N L*®(R?) be the set of functions u for
which there exists a solution ¥ € H?(R?) of (1.1b), with the
property that 0 < ¥ < 7 /2—6, everywhere in R?. We will prove
that # is a nonempty open and closed subset of L*(R?) N L®(R?).
Uniqueness and the bound on || ||z would then follow from
Lemmas 2.1, 2.3 respectively.

The set % is nonempty since u = 0 € %, with ¥ =
We will prove that % is closed. Let {u,}y C % be a sequence
that converges to u in L*(R?). By Lemma 2.3 we see that the
corresponding sequence of solutions {y,}y of (1.1b) is bounded
in H2(R?). Then there exist ¢ € H(R?) and a subsequence that
converges weakly to ¥ in H?(R?). Since for any given compact set
2 C R? H%(£2)is compactly embedded in C(£2), using a diagonal
argument for a nested sequence of compact sets, we can conclude
that there exists a subsequence of {1, }y that converges uniformly
to ¥ in any compact set in R%. Thus for any ¢ € CS°(R?) we
have lim,_, oo (V2¥rs, @) = (V2¥, @) and that sin(2y, )¢ converge
uniformly to sin(2y) ¢. It follows that ¢ is a solution of (1.1b)
corresponding to u. Since the v, converge pointwise to iy, we
also have 0 < ¥ < /2 — 6, in R?. From Corollary 2.1 we deduce
that 0 < ¥ < /2 — 6y in R?, which implies % is closed.

To see that % is open, it is enough to consider ug € % and the
corresponding solution ¥y of (1.1b), and prove that there exists
8 > 0 such that if v € LY(R?) N L%°(R?) with ||v||j4qc < 8 then
Ug+v € %. Assume that the solution for ug+wv of (1.1b) is written
as Yo + o. Then o must satisfy

—vV206 = —vV3(o + o) + vV

= 5 (E5 + |uo +v|?) sin(2(o + o + 6p))

(E§ + luol?) sin(2(0 + 6o))

lug + vI? — |uo|*) sin(2(o + Yo + 6p))

+
eyl
oN

+ |uol?) (sin(2(0 + Yo + 60)) — sin(2(Wo + 60))

(
(
(o + vl — luol) sin(2(o" + Yo + 60))

N =N RN =m N =N ==

+

(E§ + luol?) (cos(2(v0 + 6o)) sin(20)
+sin(2(Yo + 6o))(cos(20) — 1)) .
Therefore

— vV20 + (E§ + [uol?) (— cos(2(¥o + 6o)))o

1
=3 (Iug + vI* = [uol?) sin(2(o + Yo + 6o))

+ % (E3 + luol?) (cos(2(yro + 6p))(sin(20) — 20)
+ sin(2(yo + 6o))(cos(20) — 1)),

and then

—vV%0 + Vo = F(ug + v, o),

where V is the potential given by

V = (E5 + luol?®) (= cos(2(vo + o)),

and

F(w, o) = (lwl* — |uo[*) sin(2(o + %o + o))

N | —

+ 5 (B3 + luoP) cos(2(gn + 0))sin(20) — 20)

+ 5 (B3 + o) sin2(yo + p)cos(20) — 1)

We can see that V € L*°(R?) and, since 0 < o < w/2—6,,V > 0.
As v € H*(R?), we also have limyy -, 0 Yo(x) = 0, hence

1
liminfV(x) > 3 |Eo|? (— cos(26,)) > 0.

|x]—00

Therefore V verifies the conditions of Lemma 2.4. By Lemmas 2.6,
2.7 and Remark 2.1, we see that F is continuous from L*(R?) N
L®(R?) x H*(R?) to L[*(R?) and verifies (2.9) at (u, 0). Using
Lemma 2.5, there exists r > 0 such that if ||v]« < r then
—V26 + Vo = F(up + v, o) has a unique solution o € H?*(R?)
with |lo||yz < 6. Taking r > 0 small enough, we can assume
l|o| < /4 and then —7 /4 < Yo+ 0 < 37 /4 — 6, for all x € R2.
Then Corollary 2.1 implies that 0 < Y¥y+0o < 7w /2—6y everywhere
R?. Thus % is open. Since % is closed, open and nonempty, we
conclude 7 = LYR?)NL®(R?). O

3. Well-posedness of the evolution problem

We now consider the initial value problem for system (1.1),
written as

(z2) =W(2)ug + iy / W(z — 2" )u(Z')(sin(y(z') + 65)
0
— sin?(6y))dz’,

— vV =N(u, ¥),

where {W(z) : z € R} is the unitary group in [*(R?) generated by
%VZ, and N(u, ¥) is given by (2.2) with 8y € (7 /4, w /2) constant.

The main results of this section are local existence of solutions
of (3.1) given in Theorem 3.1, global existence of solutions, shown
in Theorem 3.2, and decay for small initial conditions proved in
Proposition 3.3.

To show local existence we use the Banach space Y;, ¢ > 0,
defined by

Y, = {u e C([0,¢], H'(R?) : Vu e L*([0, ¢], LY(R?))} (3.2)

(3.1a)
(3.1b)

with the norm

lully, = llullcqo,cr,nicry + I1VUlliaqo,c1.4m2)- (33)

Also we will make repeated use of the Gagliardo-Nirenberg in-
equalities

ol < Cllol > IVl (34)
lolls < Cllvll 2 IVl (3.5)

We note that for u € Y,, for some z > 0, (3.4) and (3.5)
imply that u satisfies the conditions for solving the director
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equation a.e. in [0, z], following Proposition 2.1. The analysis of
the previous section is also used to prove suitable boundedness
and Lipschitz properties of the right hand side of (3.1a), shown in
Proposition 3.1, Lemmas 3.3 and 3.4.

We also recall the Strichartz estimates (see [9]). Let v be the
integral solution of the inhomogeneous problem id,v + %Vzv +
f =0, v(0) = vo. Then v = h + g with

z
h(z) = W(2)vy, g(z)= i/ W(z — 2')f(z')dzZ . (3.6)
0
letl<r<2<p<ooq=2p/(p—2)and y = 2r/(3r — 2).
Then there exist C,, G, > 0 such that

||h||Lq(1,uJ) <G lluoll2,
lgllaq,ry < Cor Ifllv iy s

for any interval I C R.

The local existence theorem uses the Strichartz estimates in
Lemmas 3.1, 3.2, where we see that ||u||Y§ can be controlled by
u(0)lI 1.

Global existence uses the fact that the conservation of the
energy (Hamiltonian H) and the L[> —norm of u imply a bound on
[lu]ly1. The local solution can be therefore always extended to a
larger interval, see Theorem 3.2. Decay follows from Strichartz
estimates for z on the half-line, see Proposition 3.2.

Proposition 3.1. The map ¥ : H(R?)NL®(R?) — H?(R?) defined
by w(u) = , where  is the solution of (3.1b) satisfies
1 (u1) — ¥ (u2)llg2 < Cogg.ky (Ilualln - l1uzllyn)

x (14 [[ugllfe + lluzlf~)

X [lur — uallyr,

(3.9)

and is therefore locally Lipschitz continuous.

Proof. Let u;, u, € H'(R?) N L*°(R?), with R = max{||uq ||yt »
Itz ]l 1o}, and let g, ¥, € H?(R?) be their respective solutions
of (3.1b), as in Proposition 2.1. By Corollary 2.1, we see that
0 < ¥1(x), Ya(x) < /2 — 6y, for all x € R%, We then have
(sin(2(1 + 6o)) — sin(2(Y2 + 601 — ¥2)

< 2c0s(200)(¥1 — ¥2)’,

by the mean value theorem. Also, the difference between two
solutions of (3.1a) satisfies

(3.10)

0V (= ) = B SN2 + 60)) — Sin2(v + 6o))
42 I Sin2A + 60) — sin2(y + 60))
45 (1l 1) sin(2(p: — )
(3.11)
so that multiplying by 1/ —yr, and integrating by parts, we obtain

vaz IV~ y)P e = 5B /R (Sin2(y1 + o))
—sin(2(y2) 4 6o)) (Y1 — ¥2) dx
+s /R Il sin2(yy + )
—sin(2(Y2 + 6p))) (Y1 — V¥2) dx
+3 /R (1trf? — 1) sin(2( + o)

X (Y1 — ¥r2) dx.
(3.12)

To estimate the right-hand side of (3.12), we use (3.10) and
that 1, ¥, € [0, /2 — 6y) where sin(2(y 4+ 6y)) is decreasing, to
see that

/ (SIn(2(¥ + 60)) — Sin(2() + o)) (W1 — V) dx
RZ

< 2c0s(260) 11 — Y2, - (3.13)

Also, since sin(2(1+6p)) is decreasing in the interval [0, 7 /2—6],
we see that

/ s SIn(2A1 +60)) = SN2 + 60)) (1 — ) dx < 0.
R

(3.14)

To estimate the third integral in (3.12) we use Holder’s inequality
to see that

f (1t = 12 ?) sin(2(¥ + 60)) (Y1 — ¥ dx
R2

< (lurllps + lluzlla) lus = ua s
X Y1 = Va2l

Letting o = —Eg cos(26p) > 0 and using (3.12)-(3.15) and the
Gagliardo-Nirenberg inequality (3.5) we have

v IV — )ll% + % 1w — ¥2)I1%

(3.15)

1 2
< @C (lurllgn + luzllg)” g — uallZ
and therefore
1 2
IV — ¥l <=—C (llugllg + luallgn)” Nur — ually
2 v I
(3.16)
1 2
W1 — ¥ I2 <—C (lurllp + luallyn)” lur — uall?y . (3.17)
L* =442 L
Therefore we obtain

11 = Vallyr < Codoy (Iunllyr + luzllyr) ur —alla . (3.18)

To obtain a Lipschitz estimate for ||y — ¥2lly2 we will use
Eq. (3.1b) for the v, to get

v [V = ¥)| SEG Y1 — Yl + [ugl® (91 — vl

1 (3.19)
+ E(Iuﬂ + [uz]) lug — ual.
Using (3.17) it then follows that
V21 — ¥2)| 2 < Cogo.to (lullyn + lluszllpgn)
x (1+ lurlle + lluzllf) (3.20)

X lug —uppa.

Combining the above inequality, (3.18) and Gagliardo-Nirenberg
(3.5), we obtain the estimate (3.9). O

The following two lemmas follow from the Strichartz esti-
mates.

Lemma 3.1. Let f € L'([0, ¢], H'(R?)), and define g by
z
g2 =i [ Wi -2y,
0
Then g € Y, and satisfies ||glly, < Cy.2 [lf ll10,¢1.11y-

Proof. Since W(z) is a unitary operator, we have [Ig|lc(o.r)n1) <
If 11 0.¢1,11(r2y)- Using

Vg(z) = i/ZW(z —Z)Vf(z)dz,
0
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and the second Strichartz inequality (3.7) with p = q = 4,
y = 1,r = 2, we have ||Vg||L4([0,;],L4) <Gy ||Vf||L1([o,;],L2)- The
statement then follows immediately from the definition of Y,. O

Lemma 3.2. Let ug € H'(R?), and h(z) = W(z)ug. Then Ihlly, <
Ca lluollp g2y

Proof. The statement follows from the first Strichartz estimate
(3.7) with p = q = 4, and the fact that z — h(z) €
C([0,¢l;HY. O

To show the existence of local solutions we will use the Picard
iteration on (u, ¥(u)) in Y, x L*([0, ¢], H*(R?)). We first show
boundedness and Lipschitz continuity of the nonlinear part of
(3.1a) in Y;, Lemmas 3.3, 3.4 respectively.

Lemma 3.3. Let B be the map defined by
B(u) = u (sin*(2(y(u) 4 6o)) — sin®(26p)) ,

where Y(u) is a solution of (3.1b). Then B is bounded from Y, to
LY([0, z], H'(R?)). Moreover for any R > 0 there exists C > 0 such
that u € Y, and ||u||y{ < Rimply |BW)llpqo.cm@ey < C¢ ||u||y{.

Proof. By Proposition 2.1, and the Gagliardo-Nirenberg inequali-
ties (3.4), (3.5), if u € Y, then the solution v(u(z)) of the director
equation (3.1b) exists and is in H?, a.e. in [0, ¢]. The map B is
therefore well defined in Y,. The following observations apply to
u = u(z), Y(u) = ¥(u(z)) for almost all z € [0, ¢]. First, by
|sin®(2(y + 6o)) — sin®(26p)| < 2 we have [|Bu)ll,> < 2]ull.
Also, by
VB(u) = Vu (sin®(2(y(u) + 6o)) — sin®(26,))
+ 4u sin(2(y(u) + 6o)) cos(2(y (u) + 60)) Vi (u),

Lemma 2.3, and Gagliardo-Nirenberg (3.5), we have
VBl <2 IVullz +4llulla IVl

<2|Vullz + C llulla 1Yl 42

<CIVulle + lul?) < CClully + Null?y).

(3.21)

The result follows by integration over [0, ]. O

Lemma 34. The map B : Y, — LY([0, ¢], H'(R?)) defined in
Lemma 3.3 is locally Lipschitz, i.e. for any R > 0 there exists C > 0
such that uy, u € Y, and ””‘”Yz , ||L12||Yr < R imply

1B(u1) — B(u2)ll 1 g0,c1.m1®2) < C(& + ¢ Juy — U llcqo,c1.H1) -
(3.22)

Proof. Let uj,u, e Y, with [lu, ||y[ , lually,. < R. We use
the notation of the previous lemma to establisﬁ some pointwise
estimates, for almost all z in [0, ¢].

IB(u1) — B(uo)| < 2 |uy — ua] + 4 |uz| [¥1 — ¥l ,
with y; = ¥(u;). Therefore

I1B(u1) — B(uz)ll 2 = C(lluy — uzllpz + luzlia 11 — Y2lipa)

< C(lluy — uallyr + lluzllg I — Yalign).
(3.23)

On the other hand, it is easy to see that

[VB(u1) — VB(u2)l <2 [V(u1 — u2)l +4[Vuy| [¢1 — ¥
+4lur —uz| VYl + 4 |uzal [V, — V|
+ 16 |uz| (Y2 — Y1l [Vl

=h+h+L+I+Is.
(3.24)
From the embeddings H'(R?) — [*R?) and H*(R?) —
L°(R?), we estimate each term as
Mll2 < V(w1 —u)ll2 < llug — tallp,
202 < ClIVuzllz Y1 — Y2llee < Clluallg 11 — Y2lly2,
Iz3ll2 <C UVl llur — uallia < C Y lly2 lug — vzl ,
Mallz <Clluzllpa VY2 — Viilie < Cllualigs 12 — ¥rally2
Msllz <Clluzlla IVl Iz — ¥l
< Clluzllg I2llpz 12 — Yrally2 -
(3.25)

From Lemma 2.3 we also have ||1//j||H2 < C Huj”:l. Thus,

Proposition 3.1, the Gagliardo-Nirenberg inequality (3.4), and
(3.23)-(3.25) imply that

1B(u1) — Bl < CRYT+ VUl + IV 75) lluy — wallyr -

Integrating over [0, ¢], we obtain

1B(u1) — B(”Z)”U([o,g],m <CR) flur — U2||c([o,;],1-11)

¢
x f 1+ 19152 + 1V dz.
0

and using Holder’s inequality we finally have

1B(u1) — B(u)llp1jo,cpm1) < € (f + 52/3) lur — uz”c([o,;]ﬁl) .
for some constant C that depends on R, as stated. O

We now show the existence of local solutions of the evolution
equation (3.1).

Theorem 3.1. Given ug € H'(R?), there exist { = ¢ (|lugll;n) > 0
and a unique (u, ¥) € Y, x [%([0, ¢], HX(R?)) that satisfies (3.1)
and € [0, 7 /4]. Furthermore, the map ug — u is continuous from
HY(R?) to Y,.

Proof. From Lemmas 3.1, 3.2 and 3.3, the map I” defined in Y,
by

'u) 2) =W (2) up + i/ W(z—2)B(u(Z))d, zel0,¢],
0
(3.26)

satisfies I'u e Y,. (The dependence of I" on ug is not made
explicit in this notation.) By Lemma 2.3, we also have that u € Y,
implies ¥ = ¥(u) e L([0, ], H*(R?)). Define h Y, by h(z) =
W (2) ug, z € [0, ¢], and consider the closed ball Bx(R) C Y, that
is centered at h and has radius R > 0. Using Lemmas 3.1, 3.3 we
see that if ¢ is sufficiently small then

'y — hlly, < C(llhlly, +R)¢ <R (3.27)

Thus I maps the closed ball to its interior. To complete the
argument we will prove that I" is a contraction in By(R). Then
it will have a unique fixed point in Bx(R).
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Letuj, up € Y,. Thenfor0 <z <¢

(ruo(z)—<rua(z>=:{/ W(z —2) (B (u1 ()
0

—B(uz (2))) dz, (3.28)
and by Lemmas 3.1, 3.4 we have
1 (ur) — F(”Z)”y{ <CIBu1) — BW2)llpgo.cq.u1) (329)

<C®) (€ +) ur —wally, -

Thus taking ¢ such that C (R) (¢ + ¢%/3) < 1 we see that I" is a
contraction in By(R).

To see the continuity on the initial conditions, we consider
solutions u;, with respective initial conditions vj, j = 1, 2. We
use the notation F}(u}) for the map I" of (3.26). By u; = F,,j(u])
we can immediately combine (3.29) and Lemma 3.2 to see that
for ¢ sufficiently small we have ||u; — u2||y: < Cllvy — vally, as
required. O

The global existence uses the conservation of the L>—norm of
u, and of the Hamiltonian H of the coupled system, given by

H(u, ¢) = %/Rz (I1Vul® + vIVy > + yE§ (sin*(6o)
—sin*(6p + ¥) + sin(260)¥)
— v (sin*(6o + ¥) — sin’*(6p)) |ul* ) dx
Define the function

h(yr) = sin®(6p) — sin®(6p + ) + sin(260)y,

with 7 /4 < 6y < /2. We check that if ¥ > 0, then

(3.30)

(3.31)

h(y) > sin®(6) — sin(fp + V) + 1sm(26’0)51r1(21//)

= 2sin (9 — Z) sin (90 + 4) sin?(y) > 0.
Then by (3.30) we have

1 1
f/ |[Vu|?dx < H + fy/ (sin®(8 + ¥) — sin®(6p)) ul*dx
4 Jp2 4" Jg2

(3.32)

1 2
< Ht vl

and therefore ||u||y1 should remain bounded for all time.
The above result of local existence, and the conservation of
energy (3.30), leads to the following global existence statement.

Theorem 3.2 (Global Existence). Given uy € H'(R?), there exists
a unique (u, ) € C(R HY(R?)) x [*®(R, H*(R?)) such that ¢ €
[0, 7 /4] and Vu € L} (R, L*(R?)) solution of (1.1).

Proof. To obtain global existence we use smoother solutions
(u, %) and the continuous dependence. Given u € H?(R?), we
use the fact that H*(R?) is a Banach algebra, and the argument of
Proposition 3.1, to prove that ¥(u) € H4(R?). Moreover, we use
the argument of Theorem 3.1 to see that for uy € H%(R?) we have
the local solution (u, 1) € C([0, ¢], H*(R?)) x L®([0, ¢], H4R)),
with u e C'([0, ¢], [*(R?)). Considering such (u, ¥), we use the
explicit form of the energy in (3.30), to see that

1 2 Y 2
Huw, 9) = o IVl — 7 lluls
and therefore

lullfy < 4H(, ¥)+ (1 + ) llullf (3.33)

where the right side is a constant depending on |ug||1. From
continuous dependence on initial data, we obtain an a priori
bound for ||u||I211. Now, by an usual prolongation argument we can
assert that u is defined on R. O

We conclude this section showing that if ||ugl|;2 is sufficiently
small, then the solution of (3.1) satisfies u € L*(R, L*(R?)). As a
consequence the soliton solutions considered in the next section
cannot have arbitrarily small L>—norm.

Proposition 3.2. There exists C > 0 such that if (u, ¢) € Y, x
L>([0, ¢1, H?) is the solution of (3.1), then

llliaqgo.c1.04) < C Ntolliz + C llutllfagrg ) - (3.34)

Proof. The solution u of (3.1a) satisfies

u(z) = W(z)u + iy / W(z — 2')u(z')(sin*(6o + ¥(2))
0
—sin(8y))dz’ = h(z) + g(2).

We have sin?(6y + ¥) — sin?(6y) = sin2(6y + x)¥ < v, where
x € [0, ], since ¥ € [0, w/4). Using the Strichartz estimates
(3.7) we then obtain

||h||L4 ([0,¢1,14) = <G ”uO”LZ s

(3.35)
g llia0.c1.04) < ¥ Caapz U ll 430 c1,14/3) -

Then Hélder’s inequality, and ||/ ||,z < C ||u||f4 from Lemma 2.3

yield
4/3 43 4/3 4/3
uwmm“W_4%/n @I 1w @) dz

<Ccys /0 (@)l dz < Cllutlifagq ) -
(3.36)

The statement follows immediately from (3.35), (3.36), with C
depending on Cy 5, C44/3, and C. O

Bound (3.34) for arbitrary ¢ implies the decay statement, see
also [4]:

Proposition 3.3. There exists ag > 0 such that if uy € H'(R?)
satisfies |[ugll2 < ao, then the solution of (1.1) satisfies ||ul| 4 ;)
< oo.

4. Existence of ground states

In this section we show the existence of solutions (u, ) of
the stationary problem associated to the system (1.1). Using the
soliton ansatz u(x, z) = e'°?v(x) with o € R and ¥(x, z) = $(x),
Egs. (1.1) become

0 =V2v —20v + 2y(sin?(6y + ¢) — sin?(6y)),

1
0=V + 5Eg(sin(z(eo + ¢)) — sin(26y)) (4.1)

+ L 1P sin(2(66 + #)).
2v

The idea is to look for solutions of (4.1) by minimizing the
Hamiltonian H(v, ¢) of (3.30) over configurations (v, ¢) € H!
(R?) x H'(R?) with ||v||f2 fixed. These lowest energy configura-
tions may be termed ground state solitons.

Before stating the main result, we show however that H is not
bounded below. This fact motivates a modification of the mini-
mization problem. We formulate this precisely after the lemma.

In what follows we will use the fact that for 6y € (7 /4, 7 /2),
the function h(yr) defined in (3.31) is decreasing on the interval
(r /4 — 6y, 0], and we can therefore extend the inequality (3.32)
to (/4 — 6y, +00).
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Lemma 4.1. Let H be the Hamiltonian defined in (3.30) and let
u € HY(R?). Then

inf H(u, ) = —o0.
YeH!

Proof. Consider u € H'(R?) fixed, and the following function in

H(R?)
0, if [Ix] > 2,

ox)= 32— |xl, if1<|x| <2, (4.2)
1, if [|lx]] < 1.

We define the sequence of functions y,(x) = —y*¢(rx), where

¥* will be chosen large enough and so that h(—¥*) < 0, and
{rn}nen such that r, — 0. Using that y,(x) = 0 for ||x|| > 2/ry,
and h(0) = 0, we deduce that

1 1% v
H(u, yra) < —IVull?, + = llull%, + — / IVYm(x)|*dx  (4.3)
4 2 4 JB0,2/m)

E2
PO o
4 Jo.2/m)
We compute the third term of the right hand side as

/ IVy(x)l2dx = / V()12
B(O,Z/rn) B(O,Z/Tn)—B(O,l/Tn)
— (Y

Let —§ be such that if x < —§, then h(x) < 0, and let M =
Mmaxye[—s,0) h(x). Then we estimate the fourth term on the right
hand side of (4.9) as

/ H(ya(x))dx = f h(— gy
B(0,2/ry) B(0,1/ry)

+ f H(— v pr)dx
B(0,2/rn)\B(0,1/rp)
h _ *
_7 ( 21ﬁ ) dx
rn

+

+ f H(—y* p(rw))dx
B(0,(2—8/v*)/m)\B(0,1/rn)

4 f h(— g p(rux))dx
B(0,2/rn)\B(0,(2—8/¥*)/rn)
_wh—yt) 4= (2= 8/p")
oo 2
h(—y*) + 3M
r2 ’

+ Mnm

<7

Then choosing v* large enough, we have that h(—y*) +3M < 0
and therefore H(u, ¥,) > —oo. O

We see that the lack of a lower bound for H is due to the fact
that function h of (3.31) is unbounded below. On the other hand,
we observe that h can be bounded below by suitably restricting
the range of .

Motivated by the above we define

Sa = {(v.¢) € H'(R?) x H'(R?) : v
=a, ¢>m/4—0 ael}, (4.4)
where H(v, ¢) is given in (3.30), and the variational problem

= inf H(v, ¢).
Jo= inf H(v. $)

The main result of this section, Proposition 4.3, is the existence
of an element (v, ¢) of S, attaining the infimum J,, provided a > b
for some b > 0. We also show that the minimizers can be chosen

to be radially symmetric, decreasing and to satisfy v > 0 and
¢ € [0, w /2 — 6] everywhere. By Corollary 4.2, an element (v, ¢)
of S, attaining J,, a > b, is a smooth solution of (4.1) for some
real o.

We first observe that for (v, ¢) € S; H(v, ¢) > —%a using
(3.32), and therefore J, > —oo. Note that by 6y € (7 /4, 7/2),
/4 — 0 is strictly negative. Also, we have H(O0, ¢), H(v, 0) > 0.

Let P be the function defined as follows:

0, if¢p <0,
b4
_ , if 0 — — 6,
P(¢) = (Z 1 <¢75T<2 o
— — 6y, ifep>——06.
5 o l¢_2 o

Lemma 4.2. Let (v, ¢) € S,. Then (|v|, P(¢)) € S, and
H(lvl, P(¢)) < H(v, ¢).

Proof. First, [VP(¢)| = IP'(¢)lIVé| < [V¢| implies [VP(¢)ll,2 <
V@l 2. Also, [V [v]| < [Vl implies [V [v]ll2 < Vvl 2.

For ¢ € (/4 — 6y, 0], the inequality H(v, ¢) > H(v, 0) follows
from the fact that sin(6y + ¢) < sin(6y) and using that h(¢) > 0,
where h is the function defined in (3.31). For ¢ € [0, 7 /2—6;] the
inequality is immediate. Finally, for ¢ > 7 /2 — 6y, the inequality
H(u, 7 /2 — 6y) < H(u, ¢) follows from

sin?(6p) — 1 < sin®(6y) — sin*(6y + ),
sin?(6y) + sin(260)(7w /2 — 6y) — 1 < sin*(fy) + sin(26p )¢
—sin?(6p + ¢). O

By Lemma 4.2 we can restrict our attention to functions (v, ¢)
such that v > 0 and 0 < ¢ < 7 /2 — 6, almost everywhere in R2,

Let ¢ : R" — R, be a measurable function such that
[{x e R" : ¢(x) > t}|] < oo for any t > O, and let ¢* denote
the symmetric decreasing rearrangement of ¢. We recall the
following lemma, see [15].

Lemma 4.3. Llet f : Ry — R, be an increasing continuous
function such that f(0) = 0, then for all ¢ : R" — R, measurable,

(fop)=fop"

Proposition 4.1. Let (v, ¢) € H'(R?) x H!(R?) with v > 0 and
0 < ¢ < m/2 — 6y, ae. in R% Then H(v*, ¢*) < H(v, ¢), where
v* and ¢* are the symmetric decreasing rearrangements of v and ¢
respectively.

Proof. Applying the Pélya-Szego inequality, we have that

1 v 1 v

2 v I% + 2 Ive’ 1% < 2 IVl + 2 1Vl (45)
The functions h(¢), defined in (3.31), and sin?(6y + ¢) — sin?(8,)
are increasing and continuous on [0, 7 /2 — 6], and vanish at the
origin. Lemma 4.3 then implies (h(¢))* = h(¢*) and (sin®(6y +
@) — sin®(6y))* = sin*(fy + ¢*) — sin®(6). The first equality
yields

/ sin?(8p) — sin®(8y + ¢) + sin(26y )pdx
RZ

= f sin?(6p) — sin®(6y + ¢*) + sin(26;)¢* dx, (4.6)
R2

while the second equality, and the product rearrangement in-

equality of [15], ch.3.4, imply

/ V(sin(f + @) — sin®(6o))dx < f (W) (sin®(6 + ¢)
RZ

R2

— sin?(6,))*dx
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_ f (o P(sin® (B + 6)
RZ

— sin?(6p))dx. (4.7)

The conclusion follows immediately from (4.5)-(4.7). O

Proposition 4.2. There exists a > 0 such that if 0 < a < a, then
Ja = 0. Also, there exists b > a > 0 such that J, < 0 for all a > b.

Proof. We look for a lower bound of the Hamiltonian (3.30). By
/4 <6y <m/2and 0 < ¢ <m/2 — 6y < /4 we have that

h(¢) = sin?(6y) — sin®(6y + ¢) + sin(26)p > — cos(26p)p> > 0,
(4.8)

therefore

/ yf" (sin®(6o) — sin®(6 + ¢) — sin(260)¢) dx
R2

|cos(26p)|y EZ )
= -4 ol
From inequality (3.32), and 0 < ¢ < m/2 — 6y, we have
sin?(8y + ¢) — sin?(6p) < 2sin(26,)¢, therefore

/ v?(sin®(6p + @) — sin®(Hp))dx < / v? sin(26 )pdx
R2 R2

< vl

< —|v
ol < %% || 1%

€ 2
+ 5 el -

Thus, taking & = 2EZ|cos(26,)|,

v 14
I Vel — (

1
H(v, ¢)> - [|IVv|% + ——— ) V|74,
(v, ¢) 2 IVull7, 165§|cos(290)|> vl

so that by the Gagliardo-Nirenberg inequality (3.5), [lv]|?

Ca ||Vv||L2, we have J, >0ifa<a= W.

Consider now some v € H!(R?) with ||v||2 = a, and let
u(x) = Av(Ax). We have [, ]|?, = a and ”VUAHZ =22 Vol
therefore H(u,, 0) = A*H(v, O) —0as A — 0. We conclude that
Ja =0 for a < a, proving the first statement.

To show the second statement, we use the fact that if ¢ €
[0.77/2 — 6] then h(¢) < 2¢2, and sin?(6y + ¢) — sin®(6p) >

4 S

5,0/52(9(3 ¢. Letting v = a¢, @ € R, we then have
o +v vE;s ya? cos?(6y)
H(ag, ¢) < IVl + =% 191 - 260 12,

a2+v
=— (||V¢||§2+a2+v %
3
5 ||¢||L3) :
(4.9)

Consider some ¢; € H'(R?) satisfying ¢; # 0, and 0 < ¢,
71/2 6o everywhere, and let ¢, (x) = ¢1(Ax). We have ||<m||f2

“2lprllZ, N4l = 272 ligall}s and [V, lIZ, = IV I, Then,
for all @ € R, (4.9) implies

a’+v
<||V¢1||fz + o117,
ya? cos?(6g)A 2

3
s =) ||¢1||L3) :

ya? cos?(6y)
(@2 +v)(m/2 —

1A

2yE20 72
H(ad, ) < 0

(4.10)

1/2

2E2 (7 /2-60) b1 112
Zot /Nl , we see from (4.10) that there

Fixing o > ( EYTON PATEN
exists Ao > 0 (depending on «, ||V¢1]l;2) such that 0 < A< X
implies H(a@;, ¢,) < 0. On the other hand, ||v]|* = 3 ||¢1||L2,

therefore a > b = i—j”qb] ||i2 implies J, < 0. O
0

We now use Proposition 4.2 to prove the existence of min-
imizers of the Hamiltonian (3.30) in S,, assuming a is such that
Ja < 0.By Proposition 4.1 it is enough to look for these minimizers
in H.4(R?) x H} (R?).
Proposition 4.3. Leta > b > 0 with b as in 4.2. Then there exists
(v, @) € HY(R?) x HY(R?) that satisfies (v, ¢) € S, and H(v, ¢) =
Jo- In addition, we may assume that (v, ¢) € HL,(R?) x HL ,(R?),
are decreasing, and satisfy v > 0 and ¢ € [0, 7w /2 —6,] everywhere.

Proof. Let A = {(vn, $n)lnez+ C Sq be a minimizing sequence for
H. By Lemma 4.2, and Proposition 4.1 we may assume that the
minimizing sequence .4 also belongs to Hrad(Rz) X Hrad(Rz), and
that its elements (v, ¢n) satisfy v, > 0, ¢, € [0, 7 /2 — 6] a.e. in
R?, for all n € Z+.

From (3.33), we obtain the following upper bound of the norm
H! of v, :

(1+y)a (4.11)

lvall?, < sup4H(v, ¢n) +
n

Also, using the lower bound for h(¢) in (4.8), and sin?(6y + ¢n) —

sin(6p) < 1 for ¢ € [0, w/2 — 6], we have that

v 14 (—cos(260))y Eg
*IIV¢n||22 - *llvnllzz + I}z

H(vn, ¢n) = 2

> ——a + - mm{v — cos(200)y E3} Ihnll%:.
therefore, we obtain the following upper bound for the norm H'
of ¢y, :
||¢n||1211 < Gy 500 <5up4H(vnv n) + Va> . (4.12)
n

Then there exists a subsequence of A that is weakly conver-
gent to (v, ¢) in H! ,(R?) x H! ;(R?). We denote this subsequence
also by A = {(un, ¢n)}nez+- Smce Hmd(]Rz) is compactly embedded
in [P(R?), for any 2 < p < oo, see [9], the subsequence converges
strongly to (v, ¢) € L3(R?) x L3(R?). This implies that v, — v and
¢n — ¢ a.e., therefore we may assume v > 0,0 < ¢ <7/2 — 6
a.e. in R2.

To see that the limit is the minimizer, we use the weak
semi-continuity of the L> norm to obtain

||U||fz < limniﬂfllvnllfz =aq, (4.13)

Lol + 2 Iveld < timinf (L Vol + 2 1V,

2 1V0l% + 21991 < timinf (4 1Yol + 2 1900l ).
(4.14)

Since the function h(¢) given in (3.31) is non-negative for ¢, €
[0, /2 — 6y] we can apply Fatou’s lemma to the sequence h(¢,)
to obtain

/ h(¢)dx < liminf/ h(¢n)dx
R2 n R2

Also, v, — v in [3(R?) implies v2 — v? in [**(R?) and
|sin®(6 + ¢n) — sin®(6o + @)| < |y — ¢| implies sin®(6p + ¢n)

(4.15)
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— sin?(8y + ¢) in L3(R?). Therefore

lim / vz (sin*(6o + ¢n) — sin®(6o)) dx
n R2

= / v? (sin®(6p + ¢) — sin®(6o)) dx. (4.16)
R2
Collecting (4.14)-(4.16), we therefore have
H(v, ¢) < liminfH(uy, ¢n) = Jo < O. (4.17)
n

Using the fact that H(v, 0), H(O0, ¢) > 0, we conclude that v # 0
and ¢ # 0, and moreover by (4.13) we have 0 < ||v||f2 < a. Let
A =4/a/|lvl2 > 1, we check that (A v, ¢) € S,, and that

Jo <H(v,¢) < X°H(v,¢) < 1*s <Ja < 0. (4.18)
It follows that A = 1. Therefore (v, ¢) € S5, and H(v, ¢) = J,. O

The following statement is shown as in [4].

Corollary 4.1. There exists ag > 0 such that J, = 0 for 0 < a < ay,
and J, < 0 for a > ay. Moreover, the map a — J, is decreasing in
(ao, 00).

We finally show that the minimizers of the proposition above
are smooth solutions of (4.1). The arguments are standard and we
only sketch the proof.

Corollary 4.2. Let (v*, ¢*) € HL,(R?) x HL,(R?), v* > 0 and
¢* € [0, /2 — 6y] everywhere, be minimizer of H in S,, a as in
Proposition 4.3. Then there exists c € R such that v*, ¢* satisfy
(4.1) in H_,}(R?) x H_,}(R?). Moreover, v*, ¢* are C.

Proof. We easily see that H is differentiable in H'(R?) x H'(R?).
Let a as in Proposition 4.3. Considering variations in S, of the
first component around (v*, ¢*) we have the first equation (4.1)
in the dual space H™'(R?) for some real o. We also consider
variations in S, of the second component around (v*, ¢*), for
instance ¢* + ¢. Since the condition for (v*, ¢* +¢) € S, requires
that ¢* + ¢ > 7 /4 — 6 a.e, we consider ¢ € H*(R?) C L®(R?)
with ||¢||y2 sufficiently small. The derivative along the second
component then vanishes for any 55 € H?(R?) and we obtain the
second equation (4.1) in the dual space H~'(IR?) by density and
the existence of the derivative.

To show that (v*, ¢*) is smooth we write (4.1) as (—V? +
MW* = fi(v*, ¢*), (=V2 + 1)p* = fr(v*, ¢*), and check that
(v*, ¢*) e S, implies that fi(v*, ¢*), fL(v*, ¢*) € L*(R?) using
again Gagliardo-Nirenberg. System (4.1) then implies that v*,
¢* € H?(R?) and we can iterate the argument to increase
the regularity: from v*, ¢* € H2(R?) we check that fi(v*, ¢*),
H(v*, ¢*) € H*(R?), therefore v*, ¢* € H4R?) C C?*(R?) using
(4.1) and Sobolev. O

5. Discussion

In this paper we have extended the theory of optical solitons in
liquid crystals to a model that allows large angle deviations of the
liquid crystal orientation. Our results give new information on the
saturation of the nonlinear effects in the system. The saturation
effect we show appears to be optimal and is quite intuitive given
the geometry of the electric field-director angle interaction, but
has received less attention in the literature as most studies have
considered small angle models. Saturation provides an additional
regularizing mechanism, seen in the way the conservation of the
Hamiltonian was used to show long-time existence.

We expect that our results can be extended to cover models
that take into account two more recent experimental methods to
adjust the pre-tilt angle 6y that do not use an external electric

field Ey, either by suitably “anchoring” the angle 6, at the bound-
ary, see [16], or by using external magnetic fields [17]. Also, while
the condition 6y > /4 appears naturally in the derivation of
models considered in this paper and in the literature, see [4], it
does not seem to be necessary in the experimental set-up, and
appears to be a technical condition that facilitates the analysis of
the small scale models on the plane. This point, and the more
general question of justifying the NLS models should motivate
further study of finite domain effects.
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Appendix

We present a heuristic derivation of system (1.1). We start by
describing the physics and geometry of the experiment modeled
by the system.

The experimental setup is a rectangular box containing a ne-
matic liquid crystal. Following the notation in the experimental
literature, the horizontal axes are y and z, while x denotes the
vertical axis. We are interested in the propagation of a laser beam
along the z-axis (the “optical axis”) in this box. We assume that
the electric field of the laser beam has only one component, along
the x-axis. The complex scalar u(x, y, z) represents the amplitude
of this electric field. (The laser electric field has the form of a
slowly modulated plane wave, see [4].) Furthermore, there is a
constant electric field of magnitude Ey applied to the sample, also
along the x-axis. (This field can be produced by placing the liquid
crystal sample between two capacitor plates that are parallel to
the y, z plane.)

The nematic liquid crystal we consider can be thought of
as consisting of cylindrically symmetric molecules. We describe
the macroscopic state of the material by a field of unit vectors
(the “director field”) that represent the macroscopic molecu-
lar orientation at each point and model the material using the
Oseen-Frank equations for the director field [18,19]. In the exper-
iment considered we assume that this unit vector is everywhere
on the x—z plane and can be thus described by the angle 6(x, y, z)
between the molecular axis unit vector and the z-axis.

The experimental system is described by a coupled Maxwell-
Oseen-Frank system of equations for the external and laser elec-
tric fields and director field respectively, see [4]. The interaction
between electric fields and the director field has a simple ge-
ometrical interpretation, namely electric fields create dipoles in
the nematic liquid crystal molecules and the electric and director
fields tend to align. We can then see that the assumptions that
all electric fields are along the x-axis, and that the molecular
orientation vector is on the z, x—plane are consistent with the
Maxwell-Oseen-Frank description.

If the laser beam is absent, the total electric field is Egx, with
E, a real constant, X the unit vector along the x-axis. The director
field produced by this constant electric field is denoted by 6. This
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angle field is referred to as “pretilt angle”. The Maxwell-Oseen-
Frank equations for the pretilt angle 6, produced by a constant
electric field are complicated by the boundary conditions for the
director field at the boundaries of the domain occupied by the
liquid crystal. A simplification can be obtained if we ignore lateral
boundaries along the optical axis, i.e. assume that the domain is
only bounded by parallel planes at x = +d/2, y = £c/2 for some
d, c > 0. We may also assume that 6 is independent of z. The
Maxwell-Oseen-Frank equations then reduce to
vV20, = —%53 sin 26, (A1)
with Dirichlet boundary conditions for 6y at x = +d/2,y = +c/2.
Here V> = 97 + 8 the Laplacian in the transverse directions.

The director field in the presence of both the laser electric
field (described by u) and the constant field Egx is
written as 6(x,y,z) = 6o(x,y,2z) + ¥(x,y,z), ie. ¢ is the
“additional angle” produced by the laser beam. Note that the
time-dependence of the laser field is assumed known and is
averaged, i.e. the Maxwell-Oseen-Frank system is approximated
by a time-independent Helmholtz-Oseen-Frank equation. The
system is further simplified assuming slow variation of u and 0
in along the optical axis, see [4], and we obtain the intermediate
model of [1,3]

1
du = Eivzu +iy(sin? @ — sin? 6)u, (A.2a)

1
V20 = —E(Eg + [u|?)sin 26,

with 6 = 6y + . Using the relation (A.1) between Ey and 6y we
then obtain

(A2b)

1
du = 5iVZu + iy(sin® 6 — sin? Gp)u, (A3a)

vy = %Eé sin 26y — %(Eg + |ul?)sin2(6p + V). (A.3b)

Note that 6y in (A.3) is still not determined since we have
not solved (A.1) with its boundary conditions. Instead we use a
function that is a reasonable approximation for 6y given Ey. The
simplest choice is a constant that is close to the experimental
value of 6y in the region where the laser beam varies rapidly. We
thus obtain (1.1), with 6y a constant. The constant 6, approxi-
mation is justified by the observation that the beam has a width
measured in micrometers (10~® m) while the box has dimensions
of centimeters (1072 m) and 6, varies over the longer scale of
the box [3]. Related experiments consider non-constant external
field Eo, e.g. the case Eg = Eo(y), 60 = 6o(x, ¥), both periodic in y,
see [20,21].

The main physical advantage of the new model over system
(1.2) is that we have not made any assumptions on the size of .
We also see that the coupling between the laser field u and 6 in
both (A.2) and (A.3) vanishes at 6§ = 7 /2, i.e. precisely when the
director angle is aligned with the laser electric field.

Note that the physical assumptions behind (A.2), and (1.1) are
the same. In both cases we may use a reasonable approximation
of By as a parameter of the system. The system we consider here
is closer to the systems (1.2), (1.3). Their derivation from (A.2)
goes through (A.3), and where E, appears explicitly.

The description of the molecular orientation by the director
field and the geometry of the interaction between electric fields
and the molecular orientation imply certain symmetries that

may be broken by specifying the director field in some parts
of the problem, e.g. the boundaries. Thus we start by assuming
that in the absence of the laser electric field, 6, takes values
in [—7 /2,7 /2), and that the experimentally observed 6, takes
values in [0, 7 /2). Adding the laser field produces an additional
angle . The range of v is deduced from Eqs. (A.3b) in Section 2.

Note that the assumption 6 > /4 in (1.1) is a technical
condition that was also used in the studies of (1.2), (1.3). Its role
becomes clear in the proofs of Sections 2-4. Also the existence of
a nontrivial solution 6y of (A.1) requires Eq > & for some & > 0
that depends on the boundary conditions, see [4]. Our results on
(1.1) are valid for any Ey > 0, i.e. this threshold does not affect
the analysis of (1.1), it is rather related to choosing Eg, 6y that are
consistent with (A.1) and boundary conditions.
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