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The evolution of lump solutions for the Zakharov-Kuznetsov equation and the surface electromigration equation, which describes mass transport along the surface of nanoconductors, is studied.
Approximate equations are developed for these equations, these approximate equations including
the important effect of the dispersive radiation shed by the lumps as they evolve. The approximate
equations show that lumplike initial conditions evolve into lump soliton solutions for both the
Zakharov-Kuznetsov equation and the surface electromigration equations. Solutions of the approximate equations, within their range of applicability, are found to be in good agreement with full
numerical solutions of the governing equations. The asymptotic and numerical results predict that
localized disturbances will always evolve into nanosolitons. Finally, it is found that dispersive
radiation plays a more dominant role in the evolution of lumps for the electromigration equations
than for the Zakharov-Kuznetsov equation. © 2005 American Institute of Physics.
关DOI: 10.1063/1.1877892兴
The phenomenon of electromigration plays a major role
in nanocircuits in electronics as it leads to undesirable
surface instabilities. In order to suppress or delay the
onset of these instabilities it is necessary to have a quantitative understanding of them. A step in this direction is
to model the surface of a conductor as a free surface with
appropriate boundary conditions. Under the assumption
of unidirectional waves which have small lateral dispersion, it is shown that the instabilities are governed by a
Zakharov-Kuznetsov (ZK) type equation for the surface
waves, coupled to an elliptic equation for the electrostatic
potential. This coupled system of equations is nonintegrable and numerical solutions show that disturbances
propagate as lump solitons in two spatial dimensions.
Moreover, as a lump propagates, it sheds radiation and it
is found that this radiation plays a dominant role in the
evolution of the lump. In the present work the evolution
of lump disturbances is studied asymptotically and numerically. It is shown by using a combination of an approximate theory (collective coordinates) for the lump
evolution, coupled to a geometric optics solution for the
shed radiation, how an initial lump evolves by shedding
radiation into a traveling, stable, coherent lump structure. It is shown that all initial conditions ultimately
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evolve into such lumps. This evolution is also studied for
higher order nonlinearity and it is shown that, despite the
shed radiation, an initial lump collapses in finite time if it
has a large enough initial amplitude. Finally, due to the
simplicity of the equations and the shed radiation pattern, we are able to extend the theory to the full three
space dimensional case. In this full three-dimensional
case, similar behavior as in two spatial dimensions is
found. The present work therefore suggests that instabilities always form and keep their coherence over long distances. Thus in order to eliminate instabilities in nanocircuits, it is necessary that the surface of the conductor is
coupled to a mechanism capable of producing a threshold
for the instability, such as a surface coating.
I. INTRODUCTION

In the present work the evolution of coherent structures
for the Zakharov-Kuznetsov 共ZK兲 equation will be considered. The ZK equation describes small amplitude, nonlinear
waves propagating in two spatial dimensions.1 The derivation of this equation assumes that the propagation of the
waves is fundamentally unidirectional, as for the one space
dimensional Korteweg–de Vries 共KdV兲 equation, and that the
waves have a relatively weak lateral dispersion. The ZK
equation, like the KP equation, is a generalization of the
KdV equation to two space dimensions which takes account
of weak lateral dispersion.
In previous work the linear stability of the planar KdV
soliton, which is a solution of the ZK equation, with respect
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to long wave transverse perturbations was studied. It was
shown in Refs. 2–4 that for long transverse wave perturbations the KdV soliton is unstable. This instability was followed numerically in Ref. 5 and it was observed that an
initially transversely uniform soliton breaks up into several
lumplike structures. These structures were identified as cylindrical solitarylike waves.
More recently the ZK equation coupled to a nonlinear
Laplace-type equation has been obtained in the study of surface electromigration in nanoconductors subject to strong,
unidirectional electric fields.6,7 In this situation the surface
electromigration of electrons deforms the conductor. In the
early stages, this deformation can be identified with a ZK
lump solitary wave. In many other applications, a ZK-type
equation arises, but with a different order nonlinearity,8 so
that the resulting equation is a possible two-dimensional
counterpart of the mKdV equation.9
In the present work the evolution of an initial condition
close to a lump soliton for the ZK equation will be studied.
As in previous work for the KP equation,10 this evolution is
studied using an approximate theory, which couples the lump
soliton to the dispersive radiation shed as it evolves. The
present work considers the general cases of a ZK equation
with an arbitrary order nonlinearity and the ZK equation
coupled to a potential equation, as arising in electromigration
in nanoconductors. It is found that lumplike initial conditions
evolve into steadily propagating Gaussian soliton solutions
by shedding mass in the form of dispersive radiation. It is
further found that, as expected, this shed dispersive radiation
plays a critical role in the stabilization of the soliton. A major
difference between the ZK equation and the electromigration
equations is that the shed radiation has a greater effect on the
evolution of the pulse in the case of the electromigration
equations, with the radiation carrying a significant amount of
momentum. When the nonlinearity in the ZK equation is
higher than a quadratic, the approximate equations show that
initial conditions with mass below a certain threshold decay,
while those with mass above the threshold blow up in finite
time. Finally, it is found that there is very good agreement
between full numerical solutions of the ZK equation and
solutions of the approximate equations, which include the
effects of shed radiation.
The paper is organized as follows. In the second section
the basic ZK equations in two and three space dimensions
are formulated. In the third section, approximate equations
for a lump solution of the single ZK equation are derived,
these equations also taking account of the dispersive radiation shed as the lump evolves. The fourth section extends the
approximate equations for the ZK equation to three space
dimensions. In the fifth section, corresponding approximate
equations for the ZK system governing electromigration are
derived with the sixth section presenting comparisons between full numerical solutions of the governing equations
and solutions of the approximate equations. Finally, the last
section presents the conclusions.
II. FORMULATION

The ZK equation1 in nondimensional variables is

 u  3u
u
 3u
+ 6u + 3 +
= 0.
x x
t
x y 2

共1兲

This equation is subject to a general initial condition
u共x , y , 0兲 = f共x , y兲. Here x is the coordinate in the direction of
propagation of the soliton and y is the direction transverse to
this. The amplitude of the disturbance is u and t is the time
variable. The last term in the ZK equation 共1兲 accounts for
weak lateral dispersion. The modified ZK equation with a
general nonlinearity is obtained from the ZK equation by
replacing u in the convective term by u p.
The coupled system of the ZK equation and a potential
equation governing electromigration in nanoconductors7 is

冉

冊

1 u ⌿ u ⌿
 u  3u
u
 3u
+
+ 6u + 3 +
+
= 0,
x x
t
x y 2 2 x x  y  y
共2兲

 2⌿  2⌿  u
+ 2 = ,
x2
y
x

共3兲

together with the initial conditions u共x , y , 0兲 = f共x , y兲 and
⌿共x , y , 0兲 = 共ⵜ2兲−1 f x共x , y兲. In this application the variable u is
the surface displacement and ⌿ is the electrostatic potential
on the surface of the conductor. The ZK equation is then
modified by the convective term ⵜu · ⵜ ⌿. The electrostatic
potential ⌿ is in turn determined by the motion of the free
surface.6,7
The ZK equation 共1兲 with a general nonlinearity8 has a
straightforward counterpart in three spatial dimensions

冉

冊

 u   2u  2u  2u
u
+ 6u p +
+
+
= 0,
x x x2  y 2 z2
t

共4兲

together with the initial condition u共x , y , z , 0兲 = f共x , y , z兲. The
nonlinear power p must be a positive integer since u can be
negative.
In the present work the evolution of u for the ZK equations 共1兲 and 共4兲 and the ZK system 共2兲 and 共3兲 will be
analyzed for the specific initial conditions
f共x,y兲 = Ae−共x

2+y 2兲

and

f共x,y,z兲 = Ae−共x

2+y 2+z2兲

.

共5兲

Finally, it should be noted that the ZK equations 共1兲, 共2兲,
and 共4兲 satisfy the mass conservation equation
d
dt

冕

⬁

u dV = 0

共6兲

−⬁

and the momentum conservation equation
d
dt

冕

⬁

u2 dV = 0,

共7兲

−⬁

where dV is appropriately interpreted as dxdy in two dimensions and dxdydz in three dimensions. These conservation
equations follow from the ZK equations for u on integrating
by parts.
Numerical solutions of the ZK equation 共1兲 for the parameter values A = 0.4 and  = 0.05 for the initial condition
共5兲 and the electromigration equations 共2兲 and 共3兲 for the
parameter values A = 0.3 and  = 0.05 for the same initial con-
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FIG. 2. Numerical solution of the electromigration equations 共2兲 and 共3兲 at
t = 30 for the initial condition 共5兲 with A = 0.3 and  = 0.05.

at the later time t = 25. It is clear that the lump initial condition has evolved into a lump soliton followed by a tail of
radiation within a caustic. This radiation propagates to the
left, as expected since the group velocity for waves for the
linearized ZK equation is negative. The lump eventually
settles to a steady traveling wave after radiating away its
excess mass and momentum. In addition it can be seen that
at least one more soliton is developing from the radiation
behind the initial lump. Very similar evolution for the
coupled system of the ZK equation 共2兲 and the potential
equation 共3兲 is observed in Fig. 2. The conclusion is that the
surface displacement u drives the potential ⌿, which in turn
modifies u. However, this modification is just in the velocity
of u, due to the convective term. In the next section we shall
turn to the derivation of the approximate equations for the
ZK equation for the evolution of the initial condition 共5兲.
III. APPROXIMATE EVOLUTION EQUATIONS

Let us first consider the modified ZK equation

 u  3u
u
 3u
= 0,
+ 6u p + 3 +
x x
t
x y 2

共8兲

where again p must be a positive integer, together with the
initial condition
u共x,y,0兲 = Ae−共x
FIG. 1. Numerical solution of the ZK equation 共1兲 for the initial condition
共5兲 with A = 0.4 and  = 0.05. 共a兲 Solution at t = 10. 共b兲 Section of solution
along y = 0 at t = 10. 共c兲 Solution at t = 25.

2+y 2兲

In order to derive the approximate evolution equations for
this initial condition, we proceed as in Refs. 10 and 11 by
setting
u共x,y,t兲 = u0 + u1 = a共t兲e−共t兲关共x − 共t兲兲

dition are displayed in Figs. 1 and 2. In Fig. 1共a兲 the numerical solution of the ZK equation 共1兲 at t = 10 is shown, with a
cross section through y = 0 at this same time shown in Fig.
1共b兲. A shelf of radiation behind the evolving lump can be
clearly seen, although the shelf has a variation in the y direction which will not be accounted for in the present work.
Figure 1共c兲 shows the numerical solution of the ZK equation

共9兲

.

2+y 2兴

+ u1 .

共10兲

The position of the soliton is then 共共t兲 , 0兲, its amplitude is
a共t兲, and its width is −1共t兲. The function u1 represents the
radiation shed by the pulse as it evolves. The approximate
equations governing the evolution of the pulse are now obtained by an appropriate use of the conservation equations
共6兲 and 共7兲, resulting in equations of motion for a, , and .
It is remarked that the procedure of Refs. 10 and 11 for the
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KP and KdV equations, respectively, is a version of the
modulation theory of Whitham12 whereby the spatial modulations of the trial functions, which are not exact solutions,
are neglected, but the relevant degrees of freedom of the
shed radiation are included. Equations for the collective coordinates for both the lump and the shed radiation are then
obtained.
As can be seen from Figs. 1共a兲 and 1共c兲 the lump part u0
of u is separated from the radiation u1 and the radiation is
confined to a region bound by caustics. First the region of the
radiation between the caustics then needs to be determined,
as in Ref. 10. In order to determine this region, we again
observe from Fig. 1 that 兩u1兩 Ⰶ 兩u0兩. The equation governing
the radiation is therefore the linearized ZK equation

 u 1  3u 1  3u 1
+ 3 +
= g共x − 共t兲,y兲,
t
x
x y 2

共11兲

together with the initial condition u1共x , y , 0兲 = 0. The term g
on the right-hand side represents the source of radiation due
to the pulse u0. This source term is assumed to have small
extent relative to the extent of the linear radiation u1.
Assuming that  is slowly varying, the solution of the
radiation equation 共11兲 is
1
u1共x,y,t兲 =
共2兲2

冕冕
⬁

⬁

−⬁

−⬁

U共k,l兲ei共k,l,x,y,t兲 dkdl,

共12兲


= x −  + 共3k2 + l2兲t,
k
共13兲


= y + 2klt.
0=
l

Solving for l using the second of these equations and substituting into the first gives the curves of constant wave number
k as the family of parabolas

冉

x −  + 3k2 +

冊

y2
t = 0.
4k2t2

共14兲

The envelope of this family of parabolas is the curve of
coalescence of stationary points, which is the caustic. To
calculate the envelope, Eq. 共14兲 and its derivative with respect to the parameter k are solved simultaneously for k. This
gives the equation for the caustic as

共15兲

The caustic is therefore straight lines forming a wedge with
apex at the lump located at 共共t兲 , 0兲 and which trails behind
it.
It should be noted that, unlike the situation for the KP
equation,10 the caustics do not change with time. The shed
radiation is confined to the region between the caustics. This
geometric argument then explains the radiation patterns in
Fig. 1共c兲. Exactly the same calculation of the caustic is possible for the three space dimensional ZK equation. In this
three-dimensional case, the caustic is a conical surface. The
three-dimensional case will be taken up further in Sec. V.
With this information about the location of the radiation, we
can now determine the approximate equations for the parameters of the approximate lump solution 共10兲.
Let us begin by determining an approximate lump solution of permanent form for the ZK equation. To this end we
seek solutions of the form
u = v共x − ct,y兲.

共16兲

Substituting this form into the modified ZK equation 共8兲, it
can be found, after an integration in x, that v satisfies the
elliptic partial differential equation
− cv +

where the phase  is  = k共x − 兲 + ly − 共k , l兲t and the linear
dispersion relation is  = −k3 − kl2. The kernel U共k , l兲 is related to the source of radiation g. The actual form of U plays
no role in the determination of the region of confinement of
the radiation.
As for general linear dispersive wave theory,12 the radiation is confined inside the caustics of 共12兲. These caustics are
determined by finding the evolution of u1 for large time using the method of stationary phase. The points of stationary
phase for the integral 共12兲 are given by the solutions of

0=

x − 共t兲 ± 冑3y = 0.

6 p+1 2v 2v
v + 2 + 2 = 0,
p+1

y

共17兲

where  = x − ct. Now this elliptic equation is the EulerLagrange equation for the functional
F共v兲 =

冕冕冋
⬁

⬁

−⬁

−⬁

册

6
1 2
共v + v2y 兲 −
v p+2
2
共p + 1兲共p + 2兲

c
+ v2 ddy.
2

共18兲

At this stage the stability of the two-dimensional solitons
could be analyzed following Refs. 13–15. To this end, one
could use a trial function in the functional 共18兲 which is the
exact, but analytically unknown, soliton solution scaled to
conserve momentum. The variation of the functional 共18兲
evaluated along this scaled soliton will then give the stability
region in parameter space, as in Refs. 13–15. However, in
the present work, we are interested in not just the stability,
but the dynamics of the approach to equilibrium, or departure from it. Hence we shall not proceed as in Refs. 13–15,
but assume a trial function as in Ref. 11. However, a brief
outline of the main ideas will now be given.
The functional in 共18兲 is just the Hamiltonian with the
momentum constrained with the velocity c as the Lagrange
multiplier.14,15 Therefore, to obtain a rigorous assessment of
the stability of the two-dimensional soliton, we proceed as in
Refs. 13–15. Let us共x , y兲 be the exact extremum of the functional 共18兲 constrained to the value P0 of the momentum.
Then consider the curve, in function space,
1
f a共x,y兲 = us共x/a,y/a兲.
a

共19兲

This curve is the soliton solution when a = 1 and satisfies the
momentum constraint since
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冕冕
⬁

⬁

−⬁

−⬁

冕冕
⬁

f 2a dxdy =

−⬁

⬁

共20兲

us2 dxdy = P0 .

c=

−⬁

12
a p − 2
共p + 1兲共p + 2兲

ap =

and

共p + 1兲共p + 2兲2
.
6p
共27兲

Evaluation of the functional 共18兲 along the curve f a gives
T U
F共f a兲 = 2 − p + cP0 = H共a兲 + cP0 ,
a
a

共21兲

where H共a兲 is the Hamiltonian evaluated along the curve and
1
T=
2

U=

冕冕
⬁

−⬁

⬁

兩 ⵜ us兩 dxdy
2

c=
and

−⬁

6
共p + 1兲共p + 2兲

冕冕
⬁

−⬁

共22兲

⬁

usp+2 dxdy.

−⬁

Clearly, by construction, H共1兲 is an extremum of the
Hamiltonian. The study of the nature of the Hamiltonian
along the curve f a amounts to a study of the stability of the
critical point at a = 1. To this end
H⬘共a兲 = −

2T pU
+
,
a3 a p+1

共23兲

which gives H⬘共1兲 = 0 as 2T = pU at a = 1. This also shows
that the potential energy U is positive. The nature of the
critical point is then determined by
H⬙共1兲 = T关6 − 2共p + 1兲兴.

共24兲

From the second derivative 共24兲 it is clear that along the
curve f a the soliton solution is a minimum for p ⬍ 2 and a
maximum for p ⬎ 2. The behavior at the critical value p = 2 is
not determined by this simple analysis and appears as a
threshold in a similar way to other soliton equations treated
in Refs. 14 and 15.
This analysis following Refs. 14 and 15 provides a rigorous result for the instability of the two-dimensional soliton.
In the stable case it is not conclusive as all directions must be
included to determine stability. However, the analysis provides a rigorous result in a restricted class of deformations in
the stable case. Since in the present work we are interested in
the study of the dynamics of the evolution of lump-type initial conditions, we shall now focus on determining approximate equations for the collective coordinates for both an approximate lump solution and the shed radiation which plays
the essential role in stabilizing the lump solution of this infinite dimensional Hamiltonian system.
Let us now assume that the trial function v for the traveling wave solution 共16兲 is the Gaussian
v = ae

−共2+y 2兲

These equations give the velocity and amplitude of the fixed
point, which is an approximate steady solitary wave solution
of the modified ZK equation. It can be found that the
velocity-amplitude relation for the solitary wave is

共25兲

.

Substituting this trial function into the Lagrangian 共18兲, the
average Lagrangian can be found to be
6

a
c a
+
.
F共a, ,c兲 = a2 −
2
2
共p + 1兲共p + 2兲 
4 
p+2

24
ap .
共p + 1兲共p + 2兲2

This relation shows that there is a one-parameter family of
approximate steady solitary wave solutions.
Using these results, the approximate equations for the
solitary wave can now be determined. The first approximate
equation is just the solitary wave velocity

˙ = V = c共a兲,

共29兲

where c is given by 共28兲. The remaining approximate equations for a and  are found by using the conservation equations 共6兲 and 共7兲. The momentum conservation equation 共7兲
gives
0=

d
dt
+

冕冕
⬁

−⬁

u21兲

⬁

u2 dxdy =

−⬁

共26兲

The variational equations Fa and F for this averaged Lagrangian then have a stationary point given by

d
dt

冕冕
⬁

−⬁

⬁

共u20 + 2u0u1

−⬁

共30兲

dxdy.

Now, as can be seen from the numerical solutions of Fig. 1
and has been determined from the caustic derivation above,
the radiation u1 does not overlap the soliton u0. Furthermore,
as the radiation has small amplitude relative to the pulse, u21
is negligible. Then, using the trial function 共10兲 and the velocity expression 共29兲, we have
d
dt

冕冕
⬁

−⬁

⬁

u20 dxdy =

−⬁

=

d
dt

冕冕
⬁

⬁

−⬁

−⬁

a2e−2关共x − 兲

2+y 2兴

dxdy

d a2
= 0.
dt 2

共31兲

The equation for conservation of mass will then close the
system of approximate equations 共29兲 and 共31兲.
Let us consider mass balance in the shaded region R共t兲
shown in Fig. 3, which is the region outside the caustic. That
is we calculate
d
dt

冕

共32兲

u dxdy.

R共t兲

Differentiating we obtain
d
dt

冕

R共t兲

冏 冕冏
⬁

u dxdy = − 2V

u

0

−

2

共28兲

冕 冋

dy
x=−冑3y

册

6 p+1

u + uxx + uyy dxdy.
R共t兲 x p + 1
共33兲

Since the region R共t兲 does not include, by construction, the
radiation, u can be replaced in this equation by the Gaussian

Downloaded 24 Feb 2006 to 132.248.51.32. Redistribution subject to AIP license or copyright, see http://chaos.aip.org/chaos/copyright.jsp

037104-6

Chaos 15, 037104 共2005兲

Jorge et al.

cal result, the velocity is now calculated by considering the
evolution of the moment of momentum. This calculation is
performed using the same approximations as were made in
the derivation of the conservation equations, such as the
mass equation 共35兲.
From the ZK equation 共8兲 it can be shown that the moment of momentum equation is
d
dt

冕冕
⬁

−⬁

⬁

−⬁

1 2
xu dxdy = −
2

冕冕冋 冉
⬁

⬁

x

−⬁

−⬁

6 p+2

u
x p + 2

1
1
+ uuxx − u2x − u2y
2
2
+

lump in 共10兲. The following expressions are then obtained
for the various integrals in 共33兲:
u dxdy =

R共t兲

冏冕 冏

5 a
,
6 

⬁

u

0

dy =
x=−冑3y

冕 冋
=

冏 冕冋
−2

0

= − 2冑

冉

共36兲

冉 冊

24 a p+2
d a2

=
− 4a2 .
dt 
共p + 2兲2 

共37兲

Using the momentum equation 共31兲, this gives to leading
order

冑
4

a

共34兲

冑 ,

24a p
˙ = V =
− 4 ,
共p + 2兲2

共38兲

which specializes in the case p = 1 to

册

6 p+1

u + uxx + uyy dxdy

x
p
+
1
R共t兲
⬁


共uuxy兲 dxdy.
y

Using the trial function 共10兲 and recalling that u0u1 = 0, that
u0 and u1 and their derivatives are zero at infinity, and that
兩u1兩 Ⰶ u0, we obtain

FIG. 3. Region R共t兲 outside caustic.

冕

册

冊

˙ = V = 38 a − 4 .

6 p+1
u + uxx + uyy
p+1

册冏

冊

Therefore the closed system of approximate equations
for the amplitude a, width −1, and velocity ˙ = V is now

dy
x=−冑3y

a2 a20
= ,
 0

共40兲

6a p+1
5 冑 d a
V a
=
−
− a冑 ,
6 dt  2共p + 1兲3/2冑 2 冑

共41兲

24a p
˙ = V =
− 4 .
共p + 2兲2

共42兲

d a2
=0
dt 

6a p+1
a1/2
−
.
2
4共p + 1兲3/21/2

Using these expressions, the conservation equation 共33兲 becomes
6a p+1
5 冑 d a
V a
=
−
− a冑 .
6 dt  2共p + 1兲3/2冑 2 冑

共39兲

共35兲

The system of equations 共29兲, 共31兲, and 共35兲 governing
the evolution of the pulse is a closed system of equations for
the pulse amplitude a, the pulse width −1, and the velocity
˙ = V, which together describe its evolution. It is to be noted
that when the velocity V in 共27兲 obtained by the variational
method is substituted into the mass conservation equation
共35兲, the fixed point of this equation is a = 0. This nonphysical situation arises from the fact that the Gaussian trial function 共10兲 is not an exact solution of the ZK equation and thus
the conservation equations and variational approximation
need not give the same solution, as would be the case if the
trial function was based on an exact solution of the governing equations. This difference is shown in Figs. 5共a兲 and
5共b兲. The same situation is encountered in other problems for
which an approximate trial function is used to obtain approximate evolution equations. To overcome this nonphysi-

or

They combine to give the single equation for the amplitude

冋

册

5冑 da 1/2
0
= 0 共p兲a p − 2 a2 a2 ,
6 dt
a0
a0

共43兲

where a共0兲 = a0, 共0兲 = 0, and

共p兲 =

12
3
.
2 −
共p + 2兲
共p + 1兲3/2

共44兲

For p = 1 there is a stable fixed point given by
ae = 共1兲

a20 8冑2 − 9 a20
=
.
0
6 冑2  0

共45兲

It is important to note that the equilibrium amplitude ae will
be attained in different ways according to the relationship
between the initial amplitude and width. If 0 ⬍ 0 ⬍ 共1兲a0,
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the initial Gaussian u0 will absorb mass until it reaches a
lump with amplitude ae; if 0 ⬎ 共1兲a0, the initial Gaussian
will lose mass until it stabilizes to a Gaussian of amplitude
ae. The special case 0 = 共1兲a0 for the initial Gaussian will
show very small changes with time.
For other values of p, it is convenient to write the amplitude equation 共43兲 in the form

册
册

冋
冋

5冑 da 1/2
0
= 0 共p兲 − 2 a2−p a p+2,
6 dt
a0
a0
5冑 da 1/2
0
= 0 共p兲a p−2 − 2 a4,
6 dt
a0
a0

0 ⬍ p ⬍ 2,

2 艋 p.

共46兲

共47兲

The physical fixed point for the amplitude equation 共46兲 is
ae =

冉

a20
0共p兲

冊

1/共2−p兲

共48兲

and a similar time evolution behavior as the one described
above for p = 1 occurs. Nevertheless, for the amplitude equation 共47兲 for p 艌 2 a more careful analysis must be made.
Since 共p兲 ⬍ 0 for p ⬎ 10.44, the amplitude equation 共47兲
predicts a final lump solution with amplitude
ae =

冋 册
0
2
a0共p兲

1/共p−2兲

共49兲

for 2 ⬍ p ⬍ 10.44, but when p ⬎ 10.44 the steady lump ceases
to exist. Also for 0 ⬍ p ⬍ 2 the fixed point is stable, while for
2 ⬍ p ⬍ 10.44 it is unstable.
For the case p = 2, the only fixed point is a = 0 and the
exact solution of the approximate equation 共47兲 for the pulse
amplitude is
a共t兲 =

a0
2 1/2
兲a00 共共2兲

关1 − 共18/5冑

− 0/a20兲t兴1/3

.

共50兲

If the initial conditions for the width and amplitude satisfy
0 ⬍ 共2兲a20, then the initial Gaussian reaches infinite amplitude at time
t* =

5冑
18a201/2
0 关共2兲

− 0/a20兴

.

共51兲

On the other hand, if 0 ⬎ 共2兲a20, then the initial Gaussian
decays into radiation. This unstable behavior for p 艌 2 will
also be studied numerically in Sec. VI. Similar behavior for
the mKdV equation was observed in Ref. 8 and studied using
the present approximate method in Ref. 9. In the threshold
case 0 = 共2兲a20, the approximate equations predict that this
particular initial Gaussian 共10兲 will change by a small
amount. These results are of particular interest since in Ref. 8
the collision of two solitary waves traveling in the same
direction for the case p = 2 was studied. It was found that one
of the waves blows up in finite time after interaction. In the
present model we have finite time blow up for a family of
initial Gaussians, independent of any interaction. The results
of Ref. 8 can then be qualitatively explained by noting that
the interaction increases the mass of the leading soliton
above the threshold described above.

The solution of the amplitude approximate equation 共43兲
for p = 1 was compared with a full numerical solution of the
ZK equation 共1兲 for the same initial conditions as in Fig. 1.
The agreement was found to be only qualitative, as expected
from previous studies of the KdV equation11 and the mKdV
equation9 where similar behavior was found. To overcome
this a more accurate mass and momentum balance will now
be analyzed in order to obtain approximate equations which
include the effect of the shed dispersive radiation.
However, before considering a more detailed balance of
mass and momentum, let us examine the expression 共42兲 for
the velocity. Previous work on the KdV,11 mKdV,9 KP,10 and
BO16 equations shows that the velocity expression arising
from the moment of momentum equation is the same as that
of the variational formulation. However, it was further found
that this velocity expression needed to be slightly modified in
order to obtain the correct, numerical rate of decay to the
fixed point. In this previous work it was argued that the
correct velocity had the same functional form and fixed point
as the one obtained by the approximate theory, but the coefficients had to be modified in order to give the correct timescale. For the cases of the BO and KP equations, the range of
the coefficients was restricted so that the velocity was nonsingular. For the KdV and mKdV equations, the single free
parameter in the velocity expression was obtained by matching to a specific numerical solution and excellent agreement
with full numerical solutions was then obtained for a very
wide range of initial values. This procedure was suggested
by analogy with other mechanical problems. We note that the
velocity is an angle variable. We recall from the theory of
mechanical systems that an angle variable evolving in a system with a mean level, such as an oscillator with a quadratic
nonlinearity, will have its evolution coupled to the mean
level. The final form for the velocity will then have the functional form appropriate for the self-interaction, but with coefficients modified by the mean level. What is not clear is
how to compute the localized mean level which couples to
the velocity. However, we shall assume the same result valid
for simple systems and verify its validity by comparison with
full numerical solutions. It is in our view a very interesting
problem of how to develop the appropriate perturbation
theory to account for this effect. It is noted that in the present
case the velocity expression 共42兲, which gives the nontrivial
fixed point, is the one modified.
In order to preserve the fixed point of the approximate
equation 共41兲, expression 共42兲 for the velocity V is modified
as

V = a p − 4 +

冋

册

24

−
,
共p + 2兲2
共p兲

共52兲

where 共p兲 was defined above as

共p兲 =

12
3
.
2 −
共p + 2兲
共p + 1兲3/2

共53兲

This specializes in the case p = 1 to
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V = a − 4 +

冉 冊

8

.
−
3
共1兲

共54兲

A vital point is that the fixed point of the approximate equations does not depend on the value of . These velocity
expressions reduce to the fixed point value 共39兲 when a and
 satisfy the fixed point relation  = 共p兲a p, independent of
the value of .
To obtain a more detailed momentum balance we see
that the radiation shed by the evolving lump transports momentum away from it. The momentum conservation equation
共31兲 does not account for this loss. To include this loss of
momentum by the lump, let us consider momentum balance
in the region ⌫共t兲 which lies to the right of the curve C of
Fig. 3 关including the region R共t兲兴. Then from the modified
ZK equation 共8兲 it can be found that
d
dt

冕

⌫共t兲

1 2
u dxdy =
2

冕 冉
C共t兲

冊

冕

C共t兲

1 2
u dS.
2
共55兲

Here n is the outward unit normal to C共t兲. To derive this
momentum balance equation it has been assumed that the
curve C共t兲 moves rigidly with the velocity V of the lump.
It can be seen from Fig. 1 that as the lump evolves, a flat
shelf, of small amplitude relative to the lump, forms, which
is attached behind the lump. Let the amplitude of this flat
shelf be u⬁. Since the shelf is flat and the derivative terms in
the momentum balance equation 共55兲 are quadratic, they can
be neglected. Evaluating the integral on the left-hand side of
共55兲 using the trial function of 共10兲, we then have
d  a2
=−
dt 4 

冕 冉
C共t兲

冊

u⬁p+2 1 2
+ Vu dS.
p+2 2 ⬁

共56兲

This momentum equation gives the momentum lost from the
lump to the shed dispersive radiation. Finally, if it is assumed
that the length of the curve C for which the shelf is flat is ᐉ
and that p is larger than 1, the momentum balance equation
for the lump is
d a2
= − 2Vᐉu⬁2 .
dt 

共57兲

To conclude the momentum balance equation, we need
to determine the amplitude u⬁ of the shelf by relating it to
the mass lost by the lump. To this end, we reconsider mass
balance, including the trailing flat shelf. Now the shelf is
bounded by a caustic. Therefore, as for momentum balance,
it can be shown from the modified ZK equation 共8兲 that the
mass balance equation is
d
dt

冕

⌫共t兲

u dxdy = −

冕 冉
冕
C共t兲

−V

冊

u p+1
+ uxx + uyy dS
p+1
u dy.

d a
=−
dt 

冕冉
C

冊

u⬁p+1
+ Vu⬁ dS.
p+1

冉

冊

共58兲

To derive this mass balance expression it has again been

共60兲

This equation determines the mass of the lump, incorporating
the mass lost from the lump to the shed dispersive radiation.
Since we are interested in the case for which p 艌 1 and u⬁
Ⰶ 1, we have
u⬁ = −

1 d a
,
ᐉV dt 

共61兲

which is the same expression for the shelf amplitude as for
the KP equation.10 Using this expression for u⬁ in the momentum balance equation 共57兲 gives the final momentum
equation for the lump as

冉 冊

d a2 2 d a
+
dt 
ᐉV dt 

2

= 0.

共62兲

This momentum equation, together with the mass equation
共35兲, is the system of approximate equations for the evolution of the lump.
The system of approximate equations 共35兲 for mass, 共52兲
for the velocity, and 共62兲 for momentum form a closed system of equations for the lump amplitude a and width −1,
which are the collective coordinates. It is noted that the family of fixed points is independent of ᐉ and . Solutions of
this system of approximate equations will be compared with
full numerical solutions of the modified ZK equation in Sec.
VI. Before these numerical and approximate results are compared, the approximate equations for the three-dimensional
case will be derived in the next section.
IV. EXTENSION TO THREE SPACE DIMENSIONS

Due to the simplicity of the caustic and the trial function
for the ZK equation, it is possible to extend the calculation of
the approximate equations to the three space dimensional
version of the ZK equation. To this end, the threedimensional trial function
u0 = a共t兲e−关共x − 共t兲兲

C共t兲

共59兲

The integral on the right-hand side of this mass balance
equation is again approximated by taking the length of the
curve C for which the shelf is flat to be ᐉ, so that the final
mass balance equation for the evolution of the lump is
up
d a
+ ᐉu⬁ V + ⬁ = 0.
dt 
p+1

1
u p+2
+ uuxx − u2x
2
p+2

1
− u2y ,uuxy · n dS − V
2

assumed that the shelf is rigidly attached to the lump and
moves with velocity V.
As above, we now take the shelf to be flat and to have
small amplitude relative to the lump, as is illustrated in Fig.
1共b兲, and take u⬁ to be the amplitude of the shelf at C.
Therefore, as for momentum conservation, the derivatives in
共58兲 can be neglected. Then calculating the mass of the lump
from the trial function in 共10兲, we have

2+y 2+z2兴

共63兲

is used for the three-dimensional ZK equation 共4兲. Exactly
the same procedure as for the two-dimensional ZK equation
can be carried out, based on equations for conservation of
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mass and momentum. The caustic is now a surface, but since
this caustic surface is conical and the trial function is Gaussian, the integrals involved in averaging the conservation
equations can be carried out in detail.
With these extensions to three space dimensions, the approximate equations for the evolution of a lump for the
three-dimensional ZK equation 共4兲 are, as before, obtained
from the equations for conservation of mass and momentum
and the equation for moment of momentum in the form

冑

冉 冑冊
1+

3 d a
1
a1+p Va
=
−
− a,
2 dt 3/2 2共1 + p兲2 
2

共64兲

d a2
= 0,
dt 3/2

V=

共65兲

4 冑2

a − 5 ,

共66兲

p

共2 + p兲5/2

3/2

冉

冊

0
da 冑0
= 3/2 ␥共p兲 − ␤ 4/3 a4/3−p a p+5/3,
dt a0
a0

冉

冊

0
da
= 3/2 ␥共p兲a p−4/3 − ␤ 4/3 a3,
dt a0
a0
where the function ␥ is

冉 冑冊 冋

␥共p兲 = −1/2 1 +

−1

3
2

4
0 艋 p ⬍ , 共67兲
3

4
艋 p,
3

共68兲

册

2冑2
1
,
5/2 −
共2 + p兲
2共1 + p兲2

共69兲

冑
冊
冑 冉
3

2 

1+

3
2

6A p+1
dM 1
=
u + VAu⬁ .
dt
p+1 ⬁

冉

␤ 0
␥共p兲 a4/3
0

共73兲

3/2

冊

6A p+1
d a
u + VAu⬁ = 0.
3/2 +
dt 
p+1 ⬁

共74兲

The conservation of momentum equation, including momentum loss to radiation, is obtained in a similar manner as for
the two-dimensional case of the previous section, with A and
u⬁ as for mass conservation,
6A p+2 1
3/2 d a2
u + AVu⬁2 = 0.
3/2 +
2
p+2 ⬁
4冑2 dt 

共75兲

The same velocity expression 共66兲 obtained on neglect
of momentum loss to radiation is now used for the velocity
V, since momentum loss to radiation is small.11 The resulting
equations for the evolution of the three-dimensional pulse
are then
6A p+1
d a
u + VAu⬁ = 0,
+
dt 3/2 p + 1 ⬁

共76兲

−1

.

共70兲

A straightforward analysis of these equations shows that
for p ⬍ 34 the lump soliton fixed point is stable and is approached asymptotically. On the other hand, for 34 艋 p
艋 25.61 the soliton fixed point
ae =

共72兲

As in the two-dimensional case of the previous section, it is
assumed that a shelf of cross-sectional area A and of approximately constant amplitude u = u⬁ is formed inside the caustic
surface which travels at the same velocity V of the lump.
Assuming 兩u⬁兩 Ⰶ 1, then the approximate equations for the
three-dimensional pulse can be derived in the same manner
as for the two-dimensional equations 共33兲–共35兲. In particular,
as for the two-dimensional mass equation 共59兲, the derivative
of the radiation mass M 1 can be approximated by

3/2

and

␤=

d a
dM 1
= 0.
3/2 +
dt 
dt

We thus obtain

when the loss of momentum to the shed radiation is neglected. As before, V denotes the velocity. It is possible to
reduce these approximate equations to a single equation for
the pulse amplitude a in terms of the initial values a0 for a
and 0 for . This equation is

冑0

Let us consider the mass conservation equation for the
total of the mass of the lump and the mass M 1 of the radiation

1/共p−4/3兲

共71兲

acts as a threshold. Lumps with initial amplitudes below this
threshold decay into radiation and lumps with initial amplitudes above the threshold narrow and collapse in finite time.
Finally, for p ⬎ 25.61, the soliton fixed point ceases to exist
and all initial conditions decay into radiation. This behavior
has not been verified numerically due to the amount of calculation required in three space dimensions and is beyond
the scope of the present work. Finally in this section, the
argument used to include the effects of shed dispersive radiation in the momentum equation will now be outlined.

6A p+2 1
3/2 d a2
u + AVu⬁2 = 0,
3/2 +
冑
2
p+2 ⬁
4 2 dt 
V=

4 冑2
a p − 5 .
共p + 2兲5/2

共77兲

共78兲

V. APPROXIMATE EQUATIONS FOR SURFACE
ELECTROMIGRATION

The derivation of the approximate equations for surface
electromigration, governed by the ZK equation 共2兲 and Poisson’s equation 共3兲, is very similar to that for the modified ZK
equation of the previous section. Therefore, only the main
changes from the derivation of the previous section will be
discussed in detail. As was remarked at the end of Sec. II,
comparing Figs. 1 and 2 shows that lump evolution for the
ZK equation 共1兲 is very similar to that for the coupled system
共2兲 and 共3兲 for electromigration. The only change is due to
the convective term ⵜu · ⵜ ⌿. The system 共2兲 and 共3兲 again
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conserves mass and momentum, so that these conservation
equations will be used to derive the approximate equations.
The trial function to be used for u is the same as that for
the ZK equation
u0 = a共t兲e

−共t兲关共x − 共t兲兲2+y 2兴

共79兲

,

and the trial function for ⌿ is the decaying solution of
ⵜ 2⌿ 0 =

u0
.
x

共80兲

The solution of this Poisson equation for ⌿0 is readily obtained by separation of variables as
⌿0 =

−r2

a共t兲共1 − e 兲 cos 
2r共t兲

共81兲

in polar coordinates centred at 共共t兲 , 0兲. We now proceed as
for the modified ZK equation of the previous section and use
the trial functions 共79兲 and 共81兲 plus the equations for mass
and momentum conservation to derive approximate equations for the evolution of the lump solution for electromigration.
Multiplying the ZK equation 共2兲 by u and averaging by
integrating the result over the region R共t兲 of Fig. 3, we obtain
the same momentum conservation equation as for the single
ZK equation
d  a2
= 0.
dt 4 

共82兲

Integrating the ZK equation 共2兲 over the region R共t兲, the
mass conservation equation, modified by the convective term
ⵜu · ⵜ ⌿,
d
dt

冕

冏 冕冏
⬁

u dxdy = − 2V

R共t兲

u

0

冕
冕

⬁

−2

dy
x=−冑3y

关3u2 + uxx + uyy兴x=−冑3y dy

0

+

1
2

ⵜ u · ⵜ ⌿ dxdy

共83兲

R共t兲

is obtained. To evaluate the integrals in 共83兲 the trial functions 共79兲 and 共81兲 are used to obtain a mass equation similar
to 共35兲 for the single ZK equation, but modified by the convective term. The result is
5冑 d a 15 − 2冑2 a2
Va
=
−
− a冑 .
冑
冑
6 dt 
8 2
 2 冑

共84兲

To complete the approximate equations, an expression
for the velocity V is needed. Calculating this expression from
the moment of momentum equation for the electromigration
ZK equation 共2兲 gives the same expression 共39兲 in a and  as
for the ZK equation 共1兲, but with modified coefficients
V=

49
18 a

− 4 .

共85兲

With this velocity expression the mass conservation equation
共84兲 has the fixed point

 = a

=

with

482冑2 − 540
288冑2

.

共86兲

Again, as in Refs. 9–11, to obtain good agreement with full
numerical solutions for the rate of decay of the solution of
the approximate equations onto the fixed point, this velocity
expression is modified with a free parameter . Modifying
the velocity expression as for the modified ZK equation results in
V = a − 4 +

冉

冊

49

− .
18


共87兲

To include the momentum shed in the dispersive radiation behind the lump in the momentum equation 共82兲, we
proceed as in the previous section for the single ZK equation.
It will be found in Sec. VI that the momentum shed in dispersive radiation is now larger than for the ZK equation. This
is due to the algebraic decay of the solutions of Poisson’s
equation 共3兲, which in turn produces a larger amount of dispersive radiation. Hence the momentum conservation equation 共62兲 will be used to close the system of approximate
equations 共84兲 and 共87兲.
VI. RESULTS

In the present section solutions of the approximate equations 共35兲, 共52兲, and 共62兲 for the modified ZK equation 共8兲
and the approximate equations 共62兲, 共84兲, and 共87兲 for electromigration will be compared with full numerical solutions
of the relevant governing equations. The modified ZK equation 共8兲 and the ZK equation 共2兲 for electromigration were
solved numerically using a pseudo-spectral method based on
that of Ref. 17, while the Poisson equation 共3兲 for electromigration was solved using the spectral method of Ref. 18
based on fast Fourier transforms 共FFTs兲. The approximate
equations were solved numerically using the standard fourthorder Runge-Kutta scheme.
Figure 4 shows comparisons of the lump amplitude as
given by solutions of the approximate equations 共35兲, 共52兲,
and 共62兲 for the ZK equation 共for p = 1兲 and by full numerical
solutions of the ZK equation 共1兲. The parameters  and ᐉ
were chosen by matching the approximate solution to the
numerical solution for the case shown in Fig. 4共a兲, for which
the initial amplitude and width are A = 0.4 and  = 0.05. The
velocity parameter  is a time constant for the approximate
solution and just changes the rate of approach to the steady
state and not the actual steady state value. The momentum
loss parameter ᐉ slightly modifies the steady state of the
approximate equations as it is a small loss term. However, ᐉ
was taken to be 300, which shows that momentum loss to
radiation is negligible for the ZK equation, and ᐉ could be
taken to be ⬁, so that momentum is conserved by the pulse.
The final, steady pulse amplitude increases quadratically
with the initial amplitude, as can be seen from the momentum equation 共62兲 with ᐉ = ⬁. An amplitude comparison for
the higher initial amplitude A = 0.5 is shown in Fig. 4共b兲 and
it can be seen that the final numerical amplitude has increased from 0.5 to approximately 1.2, so that the lump has
increased in amplitude by approximately 2.5, while in Fig.
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FIG. 4. Amplitude comparison between the numerical solution of the ZK
equation 共1兲 and the approximate equations 共35兲, 共62兲, and 共52兲. The free
parameters are  = 5.6 and ᐉ = 300. Numerical solution:———. Approximate
solution:– – –. 共a兲 Initial conditions A = 0.4,  = 0.05. 共b兲 Amplitude a for
initial conditions A = 0.5,  = 0.05.

4共a兲 the lump increased in amplitude by approximately 2.
The approximate solution was calculated with the same values of  and ᐉ as for Fig. 4共a兲. It can be seen that even with
this larger increase in amplitude, the agreement between the
approximate and numerical solutions is still good, considering the approximations made in obtaining the approximate
equations. Similar agreement between the numerical and approximate solutions is also obtained for initial amplitudes
below A = 0.4, so detailed comparisons for such lower amplitudes will not be shown here. It is noted that changing the
value of the momentum loss parameter ᐉ will not improve
the agreement as decreasing ᐉ from the large value taken will
only decrease the amplitude due to increased loss.
The trial function for u0 in 共10兲 was taken to be Gaussian, mainly because the integrals involved in calculating the
approximate equations could then be evaluated and because
there is no exact soliton solution of the ZK equation on
which to base a trial function. Figure 5共a兲 shows a section
y = 0 through the numerical solution at t = 25 for the initial
conditions A = 0.5 and  = 0.05. Also shown are Gaussians u0
from 共10兲 with both an amplitude from the approximate so-

Chaos 15, 037104 共2005兲

FIG. 5. Cross sections through the numerical solution of the ZK equation
共1兲 at t = 25 for the initial conditions a = 0.5 and  = 0.05. Numerical
solution:———. Gaussian u0 in 共10兲 with amplitude a = 1.36335 from approximate solution:– – –. Gaussian u0 in 共10兲 with amplitude a = 1.2366
from numerical solution:---. 共a兲 Cross section through y = 0. 共b兲 Cross section through x = 40.0 共at lump maximum兲.

lution at t = 25 and from the numerical solution at t = 25. The
widths  in these Gaussians are determined from the fixed
point relation  = 共p兲a. It can be seen that to a good approximation the lump is Gaussian, even for an initial condition for which the amplitude agreement is not so good. The
corresponding cross section in the y direction through the
lump maximum is shown in Fig. 5共b兲, with the agreement
with the assumed Gaussian profile being similar to that for
the x cross section. It can be seen that the difference in the
profiles of the approximate and numerical solutions 共for example, in the pulse width兲 is of the same order as the difference between the amplitude of the pulse as given by the
these two solutions, as shown in Fig. 4共b兲. The use of the
approximate pulse profile 共10兲 is then a major cause of the
differences between the approximate and numerical solutions.
The approximate equations for the modified ZK equation
共35兲, 共52兲, and 共62兲 predict that the ZK soliton is unstable for
p 艌 2. This is illustrated in Fig. 6共a兲 where the amplitude of
the lump as given by the full numerical solution and the
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FIG. 7. Comparison between amplitude a of the lump as given by the
numerical solution of the electromigration equations 共2兲 and 共3兲 and the
approximate equations 共82兲, 共84兲, and 共87兲. The free parameters are  = 5.6
and ᐉ = 25. Initial conditions are A = 0.4,  = 0.05. Numerical
solution:———. Approximate solution with momentum loss to
radiation:– – –. Approximate without momentum loss to radiation: ---.

FIG. 6. Comparison between amplitude a of the lump as given by the
numerical solution of the modified ZK equation 共8兲 and the approximate
equations 共35兲, 共62兲, and 共52兲. Numerical solution:———. Approximate
solution:– – –. 共a兲 p = 3,  = 6 for initial values A = 0.9 and  = 0.05. 共b兲 p
= 2,  = 5.07 for initial values A = 0.7 and  = 0.05.

solution of the approximate equations for p = 3 and for the
initial values A = 0.9 and  = 0.05 is shown. This initial value
is above a ZK soliton as given by the approximate equations,
so these approximate equations predict that the lump’s amplitude will blow up as its width decreases to zero. It can be
seen that the amplitude as given by the full numerical solution is blowing up, as predicted. Furthermore, there is excellent, even remarkable, agreement between the amplitude as
given by the approximate equations and the numerical solution, with the blow-up time well predicted by the approximate equations. An amplitude comparison for the borderline
case p = 2 between stability and instability is shown in Fig.
6共b兲. The soliton for this borderline case is seen to be unstable. Again the comparison between the numerical and approximate solutions is excellent, even for a case for which
the amplitude of the pulse rapidly blows up.
The final comparisons to be made are between full numerical solutions of the electromigration equations 共2兲 and
共3兲 and the approximate equations 共62兲, 共64兲, and 共87兲 for
these equations. Figure 7 shows an amplitude comparison

between the full numerical and approximate solutions for the
initial amplitude A = 0.4 and the initial width  = 0.05. In the
present case of the electromigration equations the loss of
momentum to dispersive radiation is significant, as can be
seen by comparing Figs. 1共c兲 and 2, which shows that the
radiation behind the lump for the electromigration equations
has larger amplitude than for the ZK equation. The time constant  and the momentum loss coefficient ᐉ were chosen by
matching with the full numerical solution for the initial amplitude A = 0.3 and initial width  = 0.05, giving  = 5.6, as for
the ZK equation, and ᐉ = 25. Since the comparison in this
reference case is similar to that for the reference case for the
ZK equation shown in Fig. 4共a兲, it is not shown here. The
lower value of ᐉ shows that momentum loss to the shed
radiation must be included in order to obtain good agreement
with the full numerical solution. In Fig. 7 the initial amplitude is increased to A = 0.4 and it is again seen that momentum loss to radiation must be included to obtain agreement
with the numerical solution. The disagreement between the
approximate and numerical solutions in this higher amplitude
case is similar to that shown in Fig. 4共b兲 for the ZK equation.
It is noted that the approximate equations were derived
using mass conservation in the region R共t兲 of Fig. 3. A major
assumption was that the caustic opens immediately. However, this is not the case, as can be seen from examining Fig.
1共a兲, which shows a full numerical solution of the ZK equation 共1兲 at t = 10. This assumption of the immediate formation
of the caustic is another reason for the discrepancy in the
amplitude comparisons of Figs. 4, 6, and 7. Figures 1 and 2
show numerical solutions for cases where the fixed point
amplitude is above the initial amplitude, in which case positive mass is shed behind the lump. For the KdV equation,
such positive mass would evolve into a soliton.12 It can be
seen that a similar process is occurring in Figs. 1共c兲 and 2,
where two smaller lumps are forming behind the main lump.
It is not clear how to develop an asymptotic theory to describe the formation and evolution of these generated lumps.
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Evolution of 2D lump nanosolitons

VII. CONCLUSIONS

The asymptotic evolution of lump initial conditions into
solitons has been studied for the two space dimensional ZK
equation and for the system of a ZK equation and a Poisson
equation governing electromigration. This work is complementary to that of Ref. 11 for the KdV equation, Ref. 9 for
the mKdV equation, and Refs. 8 and 10 for the KP equation,
where stability and threshold phenomena, if any, were studied asymptotically and numerically. It is again found that a
geometric optics approach to the calculation of the effect of
shed dispersive radiation on the evolution of the lump gives
radiation damping in the approximate equations which results in good agreement between their solutions and full numerical solutions. As in previous work,9–11,16 this is the consistency test for the choice of the conservation laws used to
derive the approximate equations. In principle, one could use
the equation for moment of mass and the energy conservation equation to derive the approximate equations. However,
as in previous work,9–11,16 the effect of the shed dispersive
radiation is amplified on using the moment of mass equation,
while the effect of the shed dispersive radiation is of lower
order for the moment of momentum equation. Furthermore,
the equation for conservation of energy is not sensitive
enough to capture the deceleration of the pulse due to radiation loss. Finally, it was decided not to use the local conservation law for

冕

⬁

u共x,y,t兲 dx,

共88兲

−⬁

since it is assumed that the trial function satisfies the governing equation on average. The use of such a local conservation law, coupled with a different trial function, should be the
subject of further work. While the damping terms contained
free parameters, it was found that, as in previous studies,9–11
once these parameters were fixed for one initial condition,
good agreement was found for other initial conditions using
these parameter values.
The approximate equations for the three space dimensional ZK equation predict broadly similar behavior to that
for two dimensions. However, these three-dimensional approximate equations predict that for large nonlinearity p an
initial condition will always decay into radiation.
The analysis of the present work predicts that for quadratic nonlinearity uux, i.e., p = 1, which is the case relevant
to the electromigration of small lumps on the surface of materials, small lumps will always evolve into solitons. This
behavior is similar to that for the 共one space dimensional兲
KdV equation.12

We end by remarking that the present work shows that
complicated lump evolution can be captured accurately by
systems of ordinary differential equations with few degrees
of freedom.
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