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The full quantum mechanical collapse of a small relativistic dust shell is studied analytically, asymptotically
and numerically starting from the exact finite dimensional classical reduced Hamiltonian recently derived by
Hájı́ček and Kucharˇ. The formulation of the quantum mechanics encounters two problems. The first is the
multivalued nature of the Hamiltonian and the second is the construction of an appropriate self-adjoint mo-
mentum operator in the space of the shell motion which is confined to a half-line. The first problem is solved
by identifying and neglecting orbits of small action in order to obtain a single valued Hamiltonian. The second
problem is solved by introducing an appropriate lapse function. The resulting quantum mechanics is then
studied by means of analytical and numerical techniques. We find that the region of total collapse has a very
small probability. We also find that the solution concentrates around the classical Schwarzschild radius. The
present work obtains from first principles a quantum mechanics for the shell and provides numerical solutions,
whose behavior is explained by a detailed WKB analysis for a wide class of collapsing shells.
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I. INTRODUCTION

It is sometimes believed that the study of symmetry-
reduced models, or minisuperspace models are of some im-
portance in the understanding of the physics in the strong
curvature limit. This would be true, for instance, in the big
bang or at the singularity formed by the collapse of matter.
There are a number of reasons why one would like to study
the problem of the quantum collapse of a localized accumu-
lation of matter. For large accumulations one might wish to
understand the complete evolution of a collapsing system. A
star, for example, might be expected to collapse through its
horizon to form a black hole. The usual argument is that this
ends all possibility of knowing what happened to the original
star. However, the process of Hawking radiation will even-
tually bleed energy from the black hole, and, if quantum
gravity is not taken into account, the original hole will dis-
appear, with the consequent loss of coherence of the original
system.

One suggestion that avoids this problem is to assume that
any curvature singularities inside the horizon are artifacts of
assuming that gravity is a purely classical system, and that
quantum gravity could replace these by some quantum state
that shows no such singularity. When Hawking radiation has
reduced the black hole to the point where quantum gravity
comes into play, one might expect to find some sort of quan-
tum remnant that might solve the problem of evaporation.
This problem, even if we simplify the system drastically be-
fore quantization, is of daunting complexity, involving suc-

cessively, classical collapse, quantum field theory on a
curved background, and finally full quantum gravity coupled
to quantum matter.

A simpler problem is to consider the pure quantum col-
lapse of phenomenological matter uncoupled to any field that
allows radiation. While in general this involves turning off
natural couplings, there is one reduced system that allows us
to avoid radiative modes, at least classically. This is the clas-
sical collapse of a spherically symmetric accumulation of
dust. Birkhoff’s theorem shows that there is no gravitational
radiation, and the dust matter has no radiative component
~even though one might expect the expulsion of shells of
matter!. An even more drastically reduced case is the col-
lapse of a spherical shell of dust, where the matter is con-
strained to lie on a~dynamical! spherical shell, thus avoiding
blow off problems. This system provides perhaps the sim-
plest quantum collapse scenario, where the effects of quan-
tum gravity are uncontaminated by possible radiative effects.
In principle one could use this model to study the collapse of
a large shell that would pass through its horizon while still
classical and evolve into some sort of quantum object near
the classical curvature singularity. Without Hawking radia-
tion this quantum object would always be hidden from out-
side observers, but it might give us some insight into the
avoidance of singularities due to quantum effects.

Note, however, that if one treats~as we will below! the
Schwarzschild mass of the shell as ac-number~recall that a
c-number is a number independent of the phase space point,
a phase space dependent number~constant of the motion! is
called aq-number!, the mass will probably have a limit be-
yond which there is no valid solution to the quantum prob-
lem. This phenomenon would be the analogue of the limit of
the charge of the nucleus in the relativistic hydrogen atom
problem @1#. It is possible to make rough estimates of this
limit. Thus, if we consider a particle of massm orbiting in
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the gravitational field of a shell of massM, the particle will
be quantum mechanical if the radius of the shell is less that
the gravitational Bohr radius of the particle,a0

G

5\2/GMm2. It also seems reasonable to demand thata0
G be

larger than the Schwarzschild radius of the shell for the par-
ticle to be observable~note that this excludes the large-mass
collapse scenario defined above!, i.e. a0

G>GM /c2 ~we ig-
nore factors of order one!. It is usual to argue that single-
particle quantum mechanics is no longer valid ifa0

G is less
that the Compton wavelength of the particle,\/mc. The sec-
ond and third of these conditions both giveAMm/M P<1,
where M P is the Planck mass. For stellar mass shells and
elementary particles this bound is strongly violated, and el-
ementary particles are produced well inside the horizon. For
shell of roughly asteroid size (1017 gm), the bound is satu-
rated when the shell radius is roughly the Compton wave-
length of the electron. We would expect production of light
particles well outside the Planck length, and our single-
particle quantum mechanics would break down. However,
since we exclude all fields, we might hope that our formal-
ism would hold until the mass of the particles produced was
equal to that of the shell. In that case, the bound would be
saturated when the shell mass was equal to the Planck mass
~and the Schwarzschild radius equal to the Planck length!.
Thus we expect, in order for quantum mechanics to make
sense, a limit on the mass of the shell of roughly the Planck
mass, similar to a sufficient condition for self adjointness of
the quantum operators given by Ha´jı́ček @2# for one of the
models we will discuss below.

Keeping in mind these caveats, we will investigate the
quantum mechanical collapse of a roughly Planck mass shell
of dust, from a rather novel point of view of assymptotics.
This problem has been considered by several authors
@2–5,7#. In all of these articles the Israel junction conditions
@6# were used to obtain a classical equation of motion for the
curvature radius of the collapsing shell relative to the proper
time of an observer on the shell. Once the equations were
obtained, several possible Hamiltonians leading to these
equations of motion were proposed and used to study the
corresponding quantum mechanics. These Hamiltonians are
both local and nonlocal. A fairly complete study of a local
Hamiltonian is reported in@4#. The main conclusion of the
above cited works is the existence of a discrete spectrum of
bound states and a set of continuum eigenstates. It was also
shown that the ground state hovers away from the classical
Schwarzschild radius@4#, as might be expected from our
qualitative arguments. For the nonlocal formulation similar
results have been obtained, but they are less complete@2,8#.
In this case the spectrum again turns out to be mixed but
there is no detailed analysis given of the eigenfunctions. All
these quantizations have qualitatively similar spectral prop-
erties.

It is also important to remark, however, that all the above
work, excepting@3#, is not based on the Hamiltonian arising
from the spherical reduction of the action of general relativ-
ity. Thus the question of how to perform and study the ca-
nonical quantization remains open. An important step in this
direction is provided by the work of Kucharˇ and Hájı́ček

@3,7#. In this paper the authors obtain the classical equations
of motion of the shell as the exact finite dimensional reduc-
tion of the full relativistic Hamiltonian.

The purpose of the present work is to continue the pro-
gram outlined in@3# and investigate the quantum mechanics
of the Hamiltonian of Ha´jı́ček, Bičák and Kucharˇ. ~A varia-
tional procedure for deriving such a Hamiltonian has also
been considered recently in@9#!. The first difficulty one must
overcome arises from the multivalued nature of the canonical
Hamiltonian. This leads us to adopt a procedure of quantiza-
tion which takes into account the relative size of the action
on the different sheets of the Hamiltonian. When only the
dominant action is taken into account, the problem can be
formulated in terms of a nonlocal Hamiltonian. In this for-
mulation the factor ordering of operators imposed by the
requirement of dilational symmetry of the half line~which is
the space of values of the shell radius! forces a definite
choice of time, which is related to but not the same as the
proper time on the shell.

Our procedure results in a nonlocal Schro¨dinger equation
with vanishing coefficients at the classical ‘‘Schwarzschild
radius’’ of the shell. Since our quantum mechanics relates to
the internal parameters of the shell, with no reference to the
external geometry, we will use the term ‘‘Schwarzschild ra-
dius’’ to mean the point where the curvature radius of the
shell is equal to a constant of motion that is the Schwarzs-
child mass of the classical exterior geometry. The wave func-
tion that solves our nonlocal Schro¨dinger equation can be
interpreted as the probability density of finding the shell with
a given curvature radius. It is interesting to observe that non-
local operators often appear in wave problems@10#, while the
vanishing of the main operator at the ‘‘Schwarzschild ra-
dius’’ is analogous to critical layer absorption in fluid me-
chanics@14#, so the equations considered here combine two
features which in classical fluid problems are separate. For
these reasons, modern ideas of asymptotics@10,11# can be
used successfully to obtain accurate information about the
dynamics generated by our new nonlocal Schro¨dinger equa-
tion.

The analysis of the solutions of the above mentioned
quantum equation for the shell radius is performed using a
generalization to nonlocal problems of WKB ideas@11#. The
use of WKB ideas in a similar context in general relativity
has been explored in@13,15–17#. In @15# expected values of
interesting physical parameters are calculated using the
WKB ground state. While in@13,16,17# tunelling amplitudes
are computed for simple nonlocal operators. In the present
work we perform a uniform WKB analysis of the continuum
and discrete spectrum in order to study the full initial value
problem for a collapsing shell. We find that there is indeed a
phenomenon analogous to critical layer absorption, which
decreases the amplitude of the eigenfunctions and the scat-
tering states beyond the classical Schwarzschild radius.
Moreover, we give a complete qualitative description of the
dynamics. The analysis is complemented by a detailed nu-
merical study~based on classical ideas in wave propagation
@12# adapted to the present situation! for a representative
range of parameters. The numerics give solutions that closely
match the dynamics that was predicted qualitatively by the
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asymptotic analysis, and the results show a decomposition of
the initial condition into bound states~which concentrate
outside the ‘‘Schwarzschild radius’’! and a small probability
current leaking to infinity. We also show how the present
model explains, due to the presence of a critical-layer like
behavior, the concentration of the solution of an initial value
problem, with initial values outside the ‘‘Schwarzschild ra-
dius,’’ in the region outside this radius.

To complete our analysis, we compare our numerical so-
lutions with those obtained for a simpler nonlocalad hoc
model @2,5# and contrast their differences. Finally we give
arguments for how the present formulation could be used to
obtain local information~around the space-time trajectory of
the shell! about the space-time geometry.

The paper is organized as follows: In the second section
we review the variational formulation of the classical relativ-
istic problem. The third section studies the classical motion
and solves the problem of canonically quantizing the multi-
valued Hamiltonian. This section ends with a canonical
quantum formulation in terms of a nonlocal equation for the
shell problem. In the fourth section the Hamiltonian operator
is analyzed both asymptotically and numerically. The fifth
section is devoted to the detailed numerical study of the dy-
namics for representative values of the parameters and initial
conditions. The last section is dedicated to conclusions and
suggestions for further work. The non-standard details of
matching for the WKB solution are sketched in the Appen-
dix.

II. FORMULATION OF THE PROBLEM

In order to make our presentation as self contained as
possible, as well as to fix notation and conventions, we recall
briefly some of the details of the Kucharˇ-Hájı́ček @3,7# con-
struction of the canonical dynamics of gravitational shells.
The geometry of the shell is described by

ds2
52L2dt2

1R2~ t !dV2, ~1!

where the functionR(t) is the ~area! radius of the shell and
dt/dt5L with t denoting the proper time on the shell.

The Lagrangian for the dust matter is taken to be of the
form

L S
M

5E 1

2
M~L21Ṫ2

2L !dt, ~2!

whereM54pR2r(t) is the total mass of the shell andṪ
52U t is the temporal component of the dust velocity@3#.

The gravitational field Lagrangian is expressed in terms of
the variablesV5Ṙ/L—the proper velocity—andF651
22M 6 /R, where the Schwarzschild massM 6 can be dif-
ferent on each side of the shell. For the special case of a
collapsing shellM 250, so the space inside the shell is flat.
Thus

L S
G

5E ~M 1Ṫ11@L# !dt. ~3!

Here Ṫ1 is the Schwarzschild time which determines the
embedding of the shell in the space to the right of the shell.
The functionL is obtained from Eq.~40! in the first paper
referred in@3#, after the appropriate signs for the static and
dynamical quadrants are considered~the details are docu-
mented in the enlarged version contained in the second paper
cited in @3#!, and is given by

L5LR@~F1V2!1/2
2VA~ uFu21/2V !#, ~4!

where

A~h !5sinh21h, for F.0 ~5!

5sgn~h !ucosh21uhuu for F,0. ~6!

The jump @L# is obtained by usingF15122M /R on the
right of the shell andF251 on the left.

The total action is given by

L5L S
G

1L S
M . ~7!

It is now possible to obtain the equations of motion.
Variation with respect toM gives L5Ṫ. Variation with re-
spect toT gives Ṁ50. Variation with respect toT1 gives
M 15 constant. Finally, variation with respect toM 1 gives
Ṫ15LF21AF2

1V2. The equation of motion is obtained by
varying with respect toṘ. The energy condition which de-
termines the trajectories for a given proper massM of the
shell is

A12

2M

R
1V2

2A11V2
52

M

R
. ~8!

The relative signs of the square roots are obtained from the
requirement that the shell motion generate a cup space-time
@3#.

This equation is taken as the starting point in the treat-
ments in Refs.@4,5#. In these works there are several possible
Hamiltonians that produce the equations of motion~8!. How-
ever, The resulting quantizations, as we have pointed out in
the Introduction, are not obtained from an exact dimensional
reduction of the full general relativistic Hamiltonian of the
theory. This leaves open the question~since the quantizations
are not unitarily equivalent! of which canonical quantization
one should use, and how the properties of these quantizations
differ from those ofad hoc procedures. In the first place, one
must obtain the classical Hamiltonian from the Lagrangian
~4!. This is done in@3# by finding the appropriate canonical
momentum and then constructing, by a finite dimensional
reduction, the Hamiltonian.

The Legendre transformation is given in@3#. Note that
what was done there is equivalent to the full Arnowitt-Deser-
Misner ~ADM ! procedure. The gravitational action leads to a
Hamiltonian constraint instead of a Hamiltonian. By choos-
ing an internal time, we can solve the constraint for the mo-
mentum conjugate to our time, which gives us a straightfor-
ward Hamiltonian~the ADM Hamiltonian!. Classically, of
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course, this procedure is exactly equivalent to solving the
unconstrained system and applying the constraint. Quantum
mechanically there is an enormous difference, one procedure
leading to an ADM Hamiltonian and the other to a Wheeler-
DeWitt equation. In the ADM procedure, there is no guaran-
tee that the evolutions for different times and different
Hamiltonians are unitarily equivalent. The Wheeler-DeWitt
route leads to the well-known ‘‘problem of time’’ in the so-
lutions and difficulties in defining probabilities. Since we
will use the ADM procedure and two different times in this
article, we will briefly discuss problems associated with our
approach. For the moment we will just give the results from
@3# necessary for our purposes.

First, the expression for the canonical momentumP̃

5]L/]V must be inverted to obtainV as a function ofP̃. It
turns out, from Eqs.~4!, ~5!, ~6!, that for 0<R<2M the
inverse function is double valued. This poses a question of
interpretation when usingP̃ instead ofV. In Eq. ~51! of the
first paper cited in Ref.@3# the total Hamiltonian constraint
for the shell plus gravity takes the form

HG
1M50, ~9!

where the gravitational super-HamiltonianHG is written in
terms ofP̃ andR for the case of the static quadrant. SinceM

is the conjugate variable tot, the proper~or curvature! time
on the shell, the natural time choice ist, which gives a
HamiltonianM5HG. The values in the other quadrants are
obtained by changing signs and replacing cosh by sinh. Since
V is double valued as a function ofP̃ we can readily obtain
the appropriate classical mechanics by using a two sheeted
surface joined across the branch cut 0<R<2M at P̃50.

The patching condition across the cut~analytic continua-
tion! is obtained from the fact thatV does not change sign
across the cut Thus we have forR>2M that the Hamiltonian
is given by

H1
G

52A2RS 12

M

R
2A12

2M

R
cosh

P̃

R
D 1/2

. ~10!

For 0<R<2M and P̃.0 the Hamiltonian is given by

H2
(1)G

52A2RS 12

M

R
2AU12

2M

R UUsinh
P̃

R
U D 1/2

,

~11!

where the argument is positive. This is joined smoothly at
P50 with

H2
(2)G

52A2RS 12

M

R
1AU12

2M

R UUsinh
P̃

R
U D 1/2

,

~12!

where the corresponding argument is positive andP̃,0.
Likewise, the other connection goes fromP̃,0 to P̃.0
through the other sheet. The points on the different sheets are

then projected onto theR2 P̃ plane to obtain the classical
orbit. This is illustrated in Fig. 1.

It is to be noted that the double valuedness does not stem
from the square root but from theP̃→V transformation. Also
note that in the Legendre transformation the signs ofV andP̃
are not necessarily the same. The velocityV does not neces-
sarily change sign on a given orbit whenP̃ does~although in
some cases it does!, due to the transformation. Thus the Leg-
endre transformation is only possible in terms of the double
valued Hamiltonian just described. As we shall see in the
following section, this will have non-standard implications
for the quantum theory based on this Hamiltonian.

Notice that it is not necessary to interpret the geometrical
variablet as time. The constraint~9! is simply a linear com-
bination of the geometrical variablesHG andM.

III. CLASSICAL ORBITS, ACTION AND QUANTIZATION

In order to quantize we must first study the classical me-
chanics of the problem and provide a suitable formulation for
the multiple valued Hamiltonian. For the classical mechanics
we have to solve for the level linesH5E. We anticipate
these level lines to lie on two sheets. More specifically, we
takeR>2M . ThusHG

5E gives for the level lines the equa-
tion

cosh
P̃

R
5 f ~E,R !, ~13!

where

f ~E,R !5

~2E2/21R2
2MR !

R3/2AR22M
. ~14!

Provided f (E,R)>1, Eq. ~14! can be solved forP̃ real.
There are two solutions, one withP̃.0 and the other with
P̃,0. AsR→` there is a real solution only forE2<M 2. For
M 2<E2<2M 2 the orbits do not extend to infinity; they have
a turning point atR* (E) given by f (E,R* )51, with

FIG. 1. R-P plane with cut in 0<R<2M .
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R* ~E !5

ME2
1AM 2E4

1E4~E2
2M 2!

2~E2
2M 2!

5

E2~M1E !

2~E2
2M 2!

.0

~15!

for E2>M 2. On the other hand, forE2>2M 2 there are no
orbits which represent classical trajectories. For these orbits,
P̃→` asR→2M . This part of the orbit is labeledO1 in Fig.
2.

Let us now consider the situation whenR<2M . WhenR
approaches 2M from below, we have that the orbits are so-
lutions of

Usinh
P̃

R
U5 f ~E,R !. ~16!

The solutions match asu P̃u→` since in that limit
usinh(P̃/R)u;cosh(P̃/R). Thus the orbits can be continued,
and if we pick the collapsing orbits, i.e.P̃,0 they are con-
tinued as solutions of Eq.~16! up to P̃50. We find thatP̃
50 at

R5R̃~E !5

M1AM 2
12E2

2
, ~17!

obtained by solvingf @E,R̃(E)#50. This orbit is labeledO2
in Fig. 2. Now, at this point the solution passes to the other
sheet and continues as a solution of

Usinh
P̃

R
U52 f ~E,R !. ~18!

with P̃.0. This is labeled asO3 in Fig. 2. The mirror image
of the above description applies to the situation for expand-
ing orbits. Finally for the caseE2<M 2 the situation is the
same as before but now the orbits extend as incoming or

outgoing orbits asR→`. These orbits are labeled in Fig. 2
as O4. This description reproduces the classical collapse as
well as expanding motion with turning points. This is to be
contrasted with the phase plane obtained in@17# where the
local coordinate system used gives only theH1

G portion of
the Hamiltonian. There the unbounded orbits represent col-
lapse up to a point and the bounded ones represent expansion
and ultimate collapse. There is a separatrix dividing the
phase of these two types of motion. Also, in the quantum
mechanics developed in the above cited paper there is an
exponentially small probability of total collapse. In our
analysis, in contrast, the orbits do not have a separatrix and
they all show ultimate collapse. We will show later that the
collapse turns out to be localized aroundR52M via a phe-
nomenon of critical layer, the nature of which is unraveled
by the Hamiltonian that we use. This phenomenon is not
captured by the local expansion used in@13,17#. With this
picture we turn now to the problem of quantization.

We will choose our internal time to be the proper time on
the shell,t, and E is its conjugate variable. We must now
take HG to be an operator on an appropriate Hilbert space,
andR to be a multiplication operator while coshP̃/R and its
functions are to be realized as a pseudo differential operator
on the Hilbert space@2#. However, in order to carry out this
canonical quantization we require a single-valued Hamil-
tonian, while, as already noted, the true Hamiltonian of the
shell given in Eqs.~11! and~12! is multi-valued. This situa-
tion is new on both counts, and because of this we need to
introduce a proposal, which we believe to be new, to quan-
tize the system. First we will consider possible definitions of
the operator coshP̃/R. Hájı́ček @2# proposes quantizing the
shell radius, which is restricted to the half lineR>0, by
considering the Hilbert space of functionsC in L2@0,̀ ) with
respect to the measureR21dR. The observables are taken to
be R and P52iR(d/dR). The factor ordering is taken to
make the operator coshP̃/R formally self-adjoint with P̃

FIG. 2. (R,P) phase plane given by Eqs.~13!,
~14!, ~16! and ~18!.
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5P/R with respect to the measureR21dR. Since the hyper-
bolic cosine contains only even powers of its argument, it is
sufficient to take a factor ordering that makes (P/R)2 for-
mally self-adjoint@2#. In our case, due to the 1/R factor, it is
easy to check that this ordering is not possible. This forces
us, in order to preserve symmetries due to the dilational sym-
metry of the half line, to redefine the coshP̃/R operator as
simply coshP. The operatorusinhPu5Acosh2P21 can be
shown to be self-adjoint by means of spectral methods.

This quantization leads us to a new choice of time~lapse
L) in order to re-scale the momentum. The freedom we have
to chooseL allows us to construct a rescaled Hamiltonian
and a canonical quantization scheme. Thus if we now take
L5m/R in Eq. ~1!, the Lagrangian~4! becomes

L5m$~F1V2!1/2
2VF~ uFu21/2V !%. ~19!

Note that the resulting new canonical momentum obtained
from

P5

]L

]V
~20!

does not contain the factor 1/R. Finally, Eq.~8! is exactly the
same, except that nowV5ṘR/m, which allows us to recover
Ṙ from V. The Hamiltonian with this new choice of lapse is
essentially the same as in Eqs.~10!–~12!, except thatP̃/R is
replaced byP. With our new time, we can obtain~as in Ref.
@2#! coshP as a formally self-adjoint operator.

The second difficulty we must address is the question of
how to handle the multi-valuedness of the Hamiltonian. By
analogy to the path integral formulation@13#, we consider
the classical action

E
0

R

PdR

along an orbit, sayO3 , O2, or O1. Clearly the action along
the dashed,O3, portion of the orbit is small compared to the
action along theO2 and O1 portions in solid line. This oc-
curs becauseR* (E)@R̃(E). An approach similar in spirit
was used in@13# where the action was approximated in the
complex plane and then the path integral was evaluated by a
saddle point approximation. Here we approximate the real
action and obtain an approximate operator equation. Also,
since the classical Hamiltonian involves a square root, it is
necessary to define first the square and then take the square
root using spectral calculus. To this end we begin by defining
H as the square ofHG in the form

H52$~R2
2MR !2R3/2uR22M u1/2coshP%, R>2M ,

~21!

H52$~R2
2MR !2R3/2uR22M u1/2usinhPu%, R<2M ,

~22!

once the small contribution of theO3 portion of the orbit is
neglected This form ofH introduces classical turning points

at R̃(E) which are not present in the original Hamiltonian.
The implications of this fact will be discussed below.

We now turn to the quantization of Eqs.~21!, ~22!. As we
have already remarked, the operator coshP is transformed
into a self-adjoint operator on functionsC relative to the
measuredR/R. A unitary transformationR1/2C→C turns
coshP into a self-adjoint operator inL2@0,̀ ) relative to the
measuredx. The functionsC must have all their even de-
rivatives equal to zero atx50. We thus have

HC~x !52H ~x2
2Mx !C2x3/2ux22M u1/2

1

2p

3E
2`

`

coshke ikxĈ~k,t !dkJ , x>2M ,

~23!

HC~x !52H ~x2
2Mx !C2x3/2ux22M u1/2

1

2p

3E
2`

`

usinhkue ikxĈ~k,t !dkJ , x<2M ,

~24!

where the Fourier transformĈ of C is defined by

Ĉ~k,t !5E
2`

`

e2ikxC~x,t !dx. ~25!

Now, sinceH will be shown to be positive, the spectral cal-
culus gives the final equation in the form

i
]u

]t
5H1/2u, ~26!

andu(x,0)5C(x) is the given initial condition. This proce-
dure gives us a well-defined equation for the quantum evo-
lution of the radius of the shell. If one prefers the Wheeler-
DeWitt approach, one need only reinterpret Eq.~26! as the
equation that result from applying the Hamiltonian constraint
~9! as a quantum equation, and think oft as simply a gravi-
tational variable. The solutions will be the same.

Before we solve the equation we need to make several
remarks. In the first place, note that pseudo-differential equa-
tions like Eq.~26! arise in classical wave propagation@10#,
where the non-locality of the main operator reflects the in-
compressibility of the fluid. The zero coefficient atx52M in
front of the main operator also arises in the study of wave
propagation in stratified fluids in the presence of inviscid
critical layers@14#. However, in the case of critical layers the
main operator is local. For these reasons we will use the
same analytical and numerical methods developed for those
problems, with appropriate modifications to take into ac-
count the presence of the vanishing coefficient multiplying
the main nonlocal operator in order to solve the problem
posed in Eq.~26!.
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One final remark is that we will treatM as ac-number
similar to the charge on the electron in the hydrogen atom
problem. Actually there is no reason for this sinceM is
merely a constant of motion, that is, a phase space function
or q-number. A simple analogue might be a particle of mass
m moving in two dimensions, where in one of the directions,
z, the particle is free, and in the other,y, moves in a harmonic
oscillator potential. The eigenfunctions have the form
e ipzzcn(y ,pz), where thecn are harmonic oscillator eigen-
functions. We may consider an eigenstate ofpz and study the
evolution ofc(y ,t) with pz constant, but there is no reason
to do so. One can just as well study more general functions

of the form* f (pz)e ipzze2i(pz
2/2m)tc(y ,pz)e2iEnt dpz . In our

case, we have taken an eigenfunction ofM, d(M2M 0), but
one should study the more general situation.

Finally, we compare the solution of Eq.~26! with another
model studied in@2,8#:

i
]u

]t
5

1

2p
E

2`

`

coshke ikxû~k,t !dk2

bu

x
. ~27!

Note that further other models considered in the literature@5#
have similar structures with different symbols for the nonlo-
cal operator, or are similar to Eq.~27! but with functions of
local operators. The coshk terms appear in all models, since
a proper time variable is used in their description. The coor-
dinate system chosen to cross the classical horizon produces
the nonlocal terms. The potential term is common to all the
models. However, the exact reduction leading to Eq.~26! has
the new feature of having a vanishing term multiplying the
main operator. We will discuss the implications of the simi-
larities and differences between the models in the following
sections.

IV. WKB SOLUTIONS, SPECTRA AND THE QUALITATIVE
BEHAVIOR OF THE SOLUTIONS

As x→2M the term in front of the nonlocal operator in
~23!, ~24! produces high frequency spatial oscillations. Be-
cause of the nonlocality we look for an approximate solution
in the WKB form of Eq.~26!. We take

u5A~x !e iu(x)e2iEt. ~28!

The phaseu satisfies the eikonal equation~13! whereP̃/R is
replaced byu8 ~since P̃/R is replaced byP in the new for-
mulation!, and the derivatives ofA are assumed to be small
relative tou8. The eikonal equation and amplitude equation
are readily obtained from the average Lagrangian@10,11#

E E @ i~u* ]tu2u ]tu* !1u* Hu#dx dt. ~29!

The eikonal equation takes the form

coshu85

2E2/21x2
2Mx

x3/2ux22M u1/2
5 f ~E,x !, x>2M ~30!

usinhu8u5
2E2/21x2

2Mx

x3/2ux22M u1/2
, x<2M . ~31!

The first equation can be solved for realu8 ~which repre-
sents an oscillatory solution asx→`) provided f (E,x)>1.
This occurs forx.0 providedE2<M 2. On the other hand,
when E2>M 2 real solutions are only possible if 2M<x
<R* (E)5E2(M1E)/2(E2

2M 2). BeyondR* the solution
becomes complex, and this region,M 2<E2<2M 2, provides
candidates for the point spectrum. On the other hand, the
region 0<E2<M 2 provides candidates for scattering states.
Note thatE<0 is not in the spectrum. In the regionR̃(E)
<x<2M where R̃(E)5

1
2 (M1AM 2

12E2), Eq. ~31! has
real solutions. Even thoughu8 goes to infinity asx→2M
from above or below,u8 matches, since coshu8;usinhu8u as
uu8u→`. For 0,x,R̃(E), u8 is again complex. This pro-
duces an exponentially decaying solution asx→0. This is a
consequence of the approximation we have used, which re-
places a small action by zero in the region 0<x<R̃(E). Also
note that whenE2

,0 there are no solutions defined in the
whole interval. This shows thatH is indeed positive.

Given the phases, the amplitudes are determined from the
average Lagrangian by varying with respect tou8. Using

E @H~u8!AA* 2EAA* #dx, ~32!

we find that

]

]x
„uAu2H~u8!…50, ~33!

which givesuAu2
5constant/H(u8), where in each regionu8

is chosen according to Eqs.~30! or ~31!.
We now give the explicit expressions for the scattering

states and for the bound states. We begin by finding the
phases. ForR̃(E)<x<2M we have

u1~x !5E
R̃(E)

x

lnHA~j2
2Mj2E2/2!2

j3~j22M !
11

1

~j2
2Mj2E2/2!

j3/2uj22M u1/2 J dj, ~34!

while for 2M<x we have

u25u1~2M !1E
2M

x

lnHA~j2
2Mj2E2/2!2

j3~j22M !
21

1

~j2
2Mj2E2/2!

j3/2~j22M !1/2 J dj. ~35!

Note that whenE2<M 2, u2(x) is defined for allx.2M . On
the other hand, whenE2>M 2, u2(x) is real only up tox
5R* (E). The amplitude associated withu1 is given by
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A15

1

@~2E2/21x2
2Mx !2

1x3ux22M u#1/4
, R̃<x<2M .

~36!

while that associated withu2 is

A25

1

@~2E2/21x2
2Mx !2

2x3ux22M u#1/4
, 2M<x.

~37!

Note that whenx52M , A15A2. Also, when 0<E2<M 2,
A2 is always well defined forx>2M and asx→` it is given
by A2(x);1/x1/2. On the other hand, whenE2>M 2, as x
→R* (E), A2→`. This indicates, as usual@10,11#, the pres-
ence of a transition region which has to be included in order
to construct the exponentially decaying eigenfunctions of the
point spectrum. Finally, asx→R̃(E), the amplitudeA1 is
finite. Due to the nonanalyticity ofusinhu8u at u850 when
x5R̃(E), the behavior forx,R̃(E) will be shown in the
Appendix to be algebraically small. With these consider-
ations we can now construct the WKB functions which rep-
resent both scattering states and bound states.

We begin with the scattering states. From the Appendix
we have that the solution forx;R̃(E), but less thatR̃(E),
matches to the solution

A1~x !sinu1~x !. ~38!

In turn, this continues into

A2~x !sinu2~x !, ~39!

whereA1 , u1 , A2 , u2 are given by Eqs.~34!–~37!. Thus the
function w(x,E) defined by Eqs.~38! and ~39! is a solution
of the eigenvalue equation that is not square integrable and,
as expected, represents a perfectly reflected probability wave
impinging from infinity.

The bound states occur forE2>M 2. In this case, as al-
ready noted above,A2→` as x→R* (E). This is typical
turning point behavior, and the appropriate transition func-
tion will be shown in the Appendix to be the Airy function.
BeyondR* (E) the phase is complex and the solution decays
exponentially. The matching condition between the oscillat-
ing and the Airy function gives the usual Bohr-Sommerfeld
condition for the eigenvalueE. It takes the form

u2@R* ~E !#5S n1

1

2Dp. ~40!

This provides a transcendental equation forE. It is clear from
Eq. ~40!, sinceu2@R* (E)#→` asE2

→M 2 from above, that
there are infinitely many eigenvalues accumulating atM 2

from above. An illustration of the WKB eigenfunctions is
given in Fig. 3. Notice that the oscillations are concentrated
at the ‘‘critical layer,’’ x;2M . It is also important to notice
that the size of the support of the oscillatory part of the
eigenfunction which extends up toR* (E) increases very
rapidly even for low eigenvalues (n53,4).

The eigenvalues ofH are the solutions to Eq.~40! and the
continuous spectrum extends from zero toM. The analysis
just presented shows also explicitly that the eigenfunctions
are localized aroundR52M because of the critical layer
behavior. Again, the existence of a point spectrum here is to
be contrasted with the results of@17# where the spectrum is
only continuous. This effect was also found in other model
Hamiltonians@4#, but no intrinsic explanation was possible.
Finally, our spectrum and eigenfunctions must be contrasted
with those of other models. In all models, including the
present one, the spectrum is always mixed. However, previ-
ous models have an unbounded continuous spectrum, and
their point spectrum has a ground state@2,4,8#. This situation
just reflects the fact that previous models were based on a
choice of anad hoc Hamiltonian that reproduced the equa-
tion of motion. Note, nonetheless, that in principle the in-
verses of thesead hoc Hamiltonians are equally legitimate
choices, as they also reproduce the classical equations of
motion, but their spectrum will have a bounded continuous
part that is below the point spectrum. Thus even if the quan-
tum problems are not unitarily equivalent, they have the
same spectral properties as the ones obtained from the finite
dimensional reduced relativistic Hamiltonian. On the other
hand, the form of the eigenfunctions in those models was
found to be similar to the ones for the hydrogen atom@4,8#,
while for the Hamiltonian considered here the eigenfunctions
and the scattering states have a large number of oscillations
concentrated aroundx52M .

In the following section we consider the quantum dynam-
ics generated by the Schro¨dinger equation~26! and compare
it with the dynamics of the nonlocal Hamiltonian considered
in @4,5,2# and which leads to

i
]u

]t
5

1

2p
E

2`

`

coshke ikxû~k,t !dk2

bu

x
. ~41!

However, before closing this section we would like to make
some remarks concerning the spectrum problem associated
with Eq. ~41! which show that its eigenvalues and eigenfunc-
tions behave as hydrogen-like. Thus takingu5v exp(2iEt),
the eigenvalue equation becomes

Êv5

1

2p
E

2`

`

coshke ikx
v̂~k,t !dk2

bv

x
. ~42!

The WKB eigenfunctions take the form

v5Ae iu(x) ~43!

and the phaseu satisfies

coshu85E1

b

x
. ~44!

Consequently forE>1 there are always two real solutions
for Eq. ~44!, and the caseE>1 is always part of the con-
tinuous spectrum with eigenfunctions perfectly reflected at
x50. Alternatively, whenE,1 there are turning points for
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E1

b

x
51, ~45!

which givesx(E)5b/(12E). The quantization rule for the
point spectrum is

E
0

x(E)

cosh21S E1

b

x D dx5S n1

1

2Dp. ~46!

This equation shows that sincex(E)→` asE→1, there are
infinitely many eigenvalues accumulating from below atE
51. Also for E50 the integral is smaller thanp/2. This
implies that the spectrum is bounded from below. We thus
see that the eigenvalues and eigenfunctions of Eq.~42! be-
have indeed as hydrogen-like~see also@8#!. With this infor-
mation we shall next consider numerical solutions of Eqs.
~41! and ~26! and provide an interpretation of the results.

V. QUANTUM DYNAMICS AND NUMERICAL
SOLUTIONS

This section has three parts. In the first one, we focus on
the general structure of the solutions of the quantum problem
and show that, in certain regime of interest, the quantum
dynamics can be approximated by a simpler Hamiltonian. In
the second part, we describe the numerical scheme used in
the calculation. In the last part, we describe the numerical
solutions for different initial conditions and compare them
with the WKB solutions previously studied.

A. Spectral properties and analytical results for the dynamics

Let us begin by first remarking on the basic structure of
the solutions of the Schro¨dinger equations for the nonlocal
Hamiltonians~23! and~24!. The solutions of the initial value
problem take the form

u~x,t !5 (
n51

`

cncn~x,En!e2iEnt

1E
0

M

c~E !c~x,E !e2iEt dE. ~47!

The cn andc(E) are just the projections of the initial condi-
tion on the discrete and continuous eigenfunctions respec-
tively. The second term in Eq.~47! decays in time ast21/2. It
is important to notice from Eq.~34! that all the states in the
continuous spectrum have high wave numbers in the vicinity
of the critical layer. It is therefore expected that the radiation
produced will be of short wavelength in the vicinity of 2M
and of long wavelength asx→`. Since the eigenfunctions
are strongly localized betweenR* (En) and R̃(En), the first
term is localized. Sincec'0 as x→0 the dynamics will
show small probability of total collapse.

We have shown that the discrete spectrum is concentrated
aroundE;M , while the continuous spectrum only contrib-
utes to the decaying part of the solution. Thus the solution is
dominated~in particular for large time which is the relevant
behavior for the physics of collapse! for values of the spec-

tral variable close toM. We can take advantage of this fact in
order to simplify considerably the numerical integration of

Eq. ~26!. To achieve this simplification useĤ1/2
5A(Ĥ1/2)2.

Using the spectral representation in terms of the eigenfunc-
tions, we have

Ĥ1/2w~x !5(
n

AEn
2cncn~En ,x !1E

0

M
AE2c~E !c~E,x !dE.

~48!

Now, since the spectrum is concentrated aroundE2;M 2, we
have, using the linear approximation aroundM 2,

AEn
2
5M1

1

2M
~En

2
2M 2!1O~En

2
2M 2!2. ~49!

This gives the approximation forH1/2 in the form

Ĥ1/2'
M

2
1

1

2M
H. ~50!

Thus, due to the nature of the spectrum, the equation

i]tc5Ĥ1/2c ~51!

is well approximated by

i]tc5S M

2
1

1

2M
Ĥ Dc. ~52!

With a change of variablesc5e2iMt/2
v(x,t/2M ) the equa-

tion to be solved numerically is

i] tv5Ĥv, ~53!

wheret5t/2M . This reflects the combination of two facts:
first that classicallyH1/2 and H have the same orbits with
rescaled time, and second that since the discrete spectrum
only runs over a small energy range, the solution to Eq.~51!
is well approximated by the solution to Eq.~53!.

B. Numerical scheme and numerical stability

We now outline the numerical scheme used for the solu-
tions of the equations. The equation to be solved is Eq.~53!.
These equation was solved numerically using a pseudo-
spectral method based on that of@12# for the Korteweg–de
Vries equation. This method involves finite Fourier trans-
forms in thex direction, with the equation propagated for-
ward in thet-direction by fourth-order Runge-Kutta integra-
tion. The finite Fourier transforms are evaluated using fast
Fourier transforms~FFT!.

The partial differential equation~53! is numerically
solved in the interval2L/2<x<L/2. Let us denote the Fou-
rier coefficients ofv by v̂n and let jn52np/L. Then the
Fourier integral operators in Eq.~53! can be evaluated as

1

N (
n52m

n5m

coshjn v̂ne2ijnx, ~54!
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1

N (
n52m

n5m

usinhjnuv̂ne2ijnx, ~55!

respectively, where 2m11 terms are taken in the finite Fou-
rier series.

Once the Fourier integrals have been evaluated, the partial
differential equation~53! is then integrated forward in time
in Fourier space. This integration is carried out in Fourier
space due to its superior stability. Let us denote the right-
hand side of Eq.~53! by Gv. Then if F denotes the finite
Fourier transform, we have

d

dt
F~v !52iF~Gv !. ~56!

The ordinary differential equation~56! is integrated using
fourth-order Runge-Kutta integration to findF(v). The solu-
tion v is then determined by inversion using the FFT. The
pseudo-spectral method applied to the partial differential
equation~53! has an inherent numerical stability problem
which will now be discussed.

The interface atx52M is a boundary layer in which the
solution forv rapidly oscillates. This rapid oscillation results
in the formation of high frequency modes in the finite Fou-
rier series. Then, due to the equivalence between smallx in
physical space and largejn in Fourier space, these high fre-
quency modes generate instabilities forx'0 which then
propagate into the rest of the numerical domain. These high
frequency modes are a major problem for Eq.~53! as the
hyperbolic functions in the Fourier integrals magnify their
influence. To reduce these numerical instabilities, the nu-
merical method as outlined above was changed in two ways.
The first was that the governing equation~53! was changed
to

i] tv52H ~x2
2Mx !v2x3/2@~x22M !2

1e2#1/4
1

2p

3E
2`

`

coshk e ikx
v̂~k,t !dkJ , x>2M , ~57!

i] tv52H ~x2
2Mx !v2x3/2@~x22M !2

1e2#1/4
1

2p

3E
2`

`

usinhkue ikx
v̂~k,t !dkJ , x<2M . ~58!

The modification of the coefficient of the Fourier integral
terms in the equations was done to help resolve the boundary
~critical! layer. The system~57! and ~58! was solved as pre-
viously explained in Eq.~56!. In the numerical solutions,e
was taken to be 0.1. The second modification was that a low
pass filter was applied when evaluating the integrals in Eqs.
~57! and ~58!. This low pass filter is equivalent to setting
coshjn and sinhjn to 0 for largeujnu. It is interesting to note
that the concentration of the spectrum atE;M allowed us to
control the instability by using the very accurate linear ap-
proximation given in Eq.~53!. In other problems it may turn

out that the spectrum is not concentrated in a small region, in
which case one must find the numerical square root of the
matrix FG. This process must be carried out in a manner
consistent with the filtering, and this procedure is currently
being studied. The choice of the number of modes used to
obtain an accurate numerical solution was dictated by com-
parison of the long time numerical solution with the WKB
solution as an initial condition with the same WKB solution.

C. Numerical solutions

We begin by considering the simpler problem of solving
Eq. ~41! with a Gaussian as an initial condition. In Fig. 3 we
present the result for the integration of Eq.~41! with the
Gaussian initial condition

u~x,0!5e2(x2x0)2/l, ~59!

for the parameter valuesl51.0 andx057.0, which was re-
flected as an odd function aboutx50 to satisfy the boundary
conditions atx50. This figure clearly shows the decompo-
sition of the initial condition into smooth normal modes
which are localized away fromx50. Notice that the modes
are smooth and resemble the hydrogen atom eigenfunctions,
as can be seen from Eqs.~44! and~46! and the representation
in terms of Laguerre functions@8#.

To study the problem posed by Eq.~53! we begin by
assessing the validity of the WKB analysis. To this end we
use the WKB eigenfunction of Eqs.~38! and ~39! for n52.
This eigenfunction is shown in Fig. 4. In Fig. 5 we show the
evolution under the Schro¨dinger equations~57! and ~58! of
this WKB solution as an initial condition. It can be seen that
a small amount of radiation leaks to infinity and that the
WKB solution is distorted by high frequency waves. The
high frequency oscillations are due to the non-smooth WKB
initial condition and these high wave numbers then spread

FIG. 3. Numerical solution of model equation~27! for initial
condition ~59! with x057 and l51.0. Hereb50.5. t50: —; t
520: – – –;t550: •••; t5100: - – - – -.
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under the influence of the nonlocal nature of the governing
equations ~57! and ~58!. Ignoring these high frequency
waves, the full numerical solution compares well with the
WKB approximation. This good comparison gives confi-
dence in using WKB solutions to explore general initial
value problems.

Taking into account the above considerations, let us con-
sider the initial value problem for Eqs.~57! and ~58! with a
Gaussian initial condition. We have two cases:x0.2M and
x0,2M . Let us consider first the casex0.2M . In Fig. 5 we
show the evolution of the initial condition att55, at which
time the solution has reached the steady state. ForM55 this
figure shows how the initial value is decomposed into the
eigenfunction and a small amount of probability current that
is propagated towards infinity. This result can be accounted
for by the following WKB analysis.

The discrete eigenfunctions have their oscillatory part
concentrated around 2M . Thus the Gaussian projected onto
these modes decomposes into the oscillations shown in Figs.
6 and 7. The projection onto the continuous spectrum pro-
duces the small current which spreads to infinity with decay-

ing amplitude. The high frequency of the radiated waves
stems from the short wave behavior displayed in the WKB
solutions.

The situation for the opposite casex0,2M is shown in
Fig. 8. The chosen mass parameter wasM510 and the initial
value was taken to bex054. Here we have the opposite
situation occurring, namely that the evolution is confined to
the left of x52M , while for x0.2M we found that the
solution was concentrated to the right ofx52M . This obser-
vation may be explained in terms of the WKB amplitude
given in Eqs.~36! and~37!. From those equations it follows
that the amplitudeA2 is small atx52M and this, in turn,
blocks the passage of the wave function from one region to
the other. The above result can also be understood by noting
that atx52M the equations lose the highest order derivative
responsible for propagation and thus the group velocity goes
to zero atx52M and the probability current also goes to
zero ~similar to critical layer absorption at the barrier!.

FIG. 4. WKB solution given by Eqs.~38! and ~39! with M
510 andn53.

FIG. 5. Evolution of the WKB solution as an initial condition.
Numerical solution of Eqs.~57! and ~58! at t55: – – –; WKB
initial condition: —.

FIG. 6. Numerical solution of Eqs.~57! and ~58! for the initial
condition~59! with l51.0 andx0515.0 forM55. Initial condition
is outside event horizon atx510. Initial condition: —; solution at
t55: – – –. Solution in 0,x,200.

FIG. 7. Numerical solution of Eqs.~57! and ~58! for the initial
condition~59! with l51.0 andx0515.0 forM55. Initial condition
is outside event horizon atx510. Initial condition: —; solution at
t55: – – –. Solution in 0,x,50 showing decay behind event
horizon atx510.
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These numerical results confirm our analysis and show
that when the radius of the initial shell is larger than its
‘‘Schwarzschild radius,’’ the wave function is concentrated
outsidex52M . While when the radius of the initial shell is
inside the ‘‘Schwarzschild radius,’’ the wave function leaks
out very slowly. Note that the regionx'0 is always a region
of small probability. Finally, note that these solutions show
the evolution of the probability density of the radius of the
shell measured as an intrinsic variable. As they stand, they
provide no information about the space-time geometry gen-
erated by the collapsing shell. This geometry must be calcu-
lated and then quantized making use of the operators gener-
ated by the motion of the shell. This is the subject of ongoing
work.

VI. CONCLUSIONS

We have shown how the quantum evolution of the rela-
tivistic collapse of a shell of matter can be described by
making use of the dimensionally reduced true relativistic
Hamiltonian describing this process. In our analysis we have
also given a procedure for quantizing a multi-valued Hamil-
tonian, and we have chosen an appropriate lapse function to
produce a tractable Schro¨dinger equation. This equation has
several novel features which were analyzed in the process of
constructing the WKB solutions. These solutions have an
infinite set of bound states as well as a set of continuum
eigenstates. The discrete eigenstates were shown to concen-
trate away fromR50. Thus, in analogy to@15#, this suggests
that the shell does not enter on average the singularity. The
following possibility is also suggested by the present analy-
sis: an incoming wave packet which classically collapses
into the singularityR50 now, due to the quantum fluctua-
tions, is bounced back but into a new expanding space-time
because of the small quantum fluctuations atR;0. This is a
consequence of the uncertainty principle which in@15# keeps
open the throat of the wormhole and in this work bounces the
wave function into a new expanding space-time.

The numerical solutions show that the quantum dynamics

of an initial condition, representing a Gaussian distribution
of shell radii, evolves into a sum over the discrete eigen-
states. The critical layer nature of the process is contrasted
with the behavior of otherad hoc models appearing in the
literature which turn out to be closer to that of the hydrogen
atom.

The quantum mechanics developed in this work does not
directly answer questions about the quantum geometry of the
space. It does, however, set the framework for analyzing the
local geometry of the space-time around the shell in terms of
the operators defined in this work. In addition, the viewpoint
we have presented provides a completely consistent quanti-
zation from first principles and a choice of time, related to
the proper time on the shell, which explains in WKB terms
the behavior of the dynamics observed in previousad hoc
models. It must be stressed that the combination of the WKB
approximation and numerics that we used provides a com-
plete description of a consistent quantum dynamics for the
radius of collapsing shells of matter in a wide parameter
regime.

There are several possible directions for future work. An
important study would be to investigate the external geom-
etry of the system as mentioned above and the embedding of
the shell in this spacetime. This is not an easy job. In@18#,
which discusses the collapse of null shells, it was necessary,
in order to obtain a tractable problem, to define new canoni-
cal variables, and the results for the exterior geometry and
embedding were not those that would seem obvious at first
glance. Finding the exterior geometry would allow us to un-
derstand whether the quantum mechanical expansion of the
shells we found corresponds to a quantum mechanical tun-
neling through a horizon or expands into a different space-
time. Another direction would be to study superpositions of
states with different values ofM. This would lead to a
‘‘fuzzy’’ horizon. Note that in our approximation~53!, these
superpositions will have a very different evolution from the
M-eigenstate we have used.

Finally, it is important to remark that the results here ob-
tained are within the mini-superspace formalism, where one
first reduces the classical system and then quantizes. Recent
results in isotropic~loop! quantum cosmology indicate that
the inverse strategy, namely to first quantize and then reduce,
might yield qualitative different physical predictions at the
Planck scale@19#.
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APPENDIX

We here consider the transition layer behavior atx
5R* (E). To do this, expand Eq.~30! aboutR* (E) to obtain

FIG. 8. Numerical solution of Eqs.~57! and ~58! for the initial
condition~59! with l51.0 andx054.0 for M510. Initial condition
is inside event horizon atx520. Initial condition: —; solution at
t510: – – –.
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f ~x,E !5

2E2/21x2
2Mx

x3/2~x22M !1/2
'11

u8
2

2
, ~A1!

or

11 f 8~R* ,E !@x2R* ~E !#511

u8
2

2
. ~A2!

Now u8
2 is replaced by the second derivative of the bound-

ary layer function,w, and we obtain

w91 f 8@R* ~E !,E#@x2R* ~E !#w. ~A3!

Since f 8,0, we have the Airy equation forw @11#. It has
solutions of the form

w5Ai „b1/3@x2R* ~E !#…, ~A4!

b52U2~M 2
1E2!R* 1

3

2
ME2

R* 2
22MR*

U . ~A5!

The Airy function matches the oscillatory solution asx
2R* (E)→2`, and decays exponentially asx2R* (E)
→`. In the matching of the phases of the Airy function and
sinw2(x), we obtain the WKB energy quantization rule in the
usual way@11#.

To consider the matching at the pointR̃(E), we follow the
same procedure. Expanding aroundR̃(E), we obtain

f 8@ R̃~E !#@x2R̃~E !#u5

1

2p
E

2`

`

usinhkue ikxû dk.

~A6!

Changing variables tox8[x2R̃(E), we have

f 8@ R̃~E !#x8u5

1

2p
E

2`

`

usinhkue ikx8û dk. ~A7!

This equation can be solved by means of Fourier transforms
to give

i
d

dk
û5usinhkuû, ~A8!

which yields

û5Ae2i*0
kusinhjudj, ~A9!

or

û5H Ae2i(coshk21), k>0,

Ae2i(coshk11), k,0.
~A10!

Note that this function is not analytic atk50. Thus, the
only path of integration for the inversion is the real axis. We
obtain

u~x8!5

A

2p
E

0

`

e ikx8e2i(coshk21) dk

1

A

2p
E

2`

0

e ikx8e i(coshk21) dk. ~A11!

For x.0 the points of stationary phase satisfy

usinhku5x8, ~A12!

as they should to match the behavior forx.0. On the other
hand, forx,0 there are no points of stationary phase. The
integral, after an integration by parts, shows thatu decays as

u~x !;
const

x8
as x8→2`. ~A13!

This is due to the nonanalyticity ofusinhku.
This behavior shows us the reason for the sharp decay of

amplitude observed in the numerics. Note that although this
analysis is only local aroundx5R̃(E), it is sufficient to com-
plete the WKB solution and to explain the numerics.
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